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Preface

The purpose of this book is to give a self-contained and comprehensive intro-
duction to the theory of general valuations, in contrast to classical absolute
values. In particular, we present some applications of the general theory going
beyond the use of absolute values. The book does not aim for an encyclopaedic
presentation, but rather prefers a streamlined style, leading eventually to deep
results of recent research.

While the classical theory of absolute values can be found in many books,
in particular those on number theory, there are few textbooks devoted to the
general theory of valuations. To our knowledge, these are O. Schilling (1950,
[27]), P. Ribenboim (1965, [23]), and O. Endler (1972, [6]). Besides those, one
can find, however, chapters on general valuation theory in several books, such
as in O. Zariski – P. Samuel (1960, [33]) or Y. Ershov (2001, [8]). Concerning
the history of valuation theory, the reader is referred to P. Roquette [25].

Both authors of this book have been deeply influenced by the late Otto
Endler – the first author as a student, the second as a colleague. It was at the
IMPA in Rio de Janeiro where we all met in the mid seventies. Since then we
became followers of Krull’s development of henselian valued fields, and since
then we have tried to convince other mathematicians of the beauty of this
theory.

The book is based on courses given by the first author in Brazil, and
by the second author in Pisa, Freiburg and Konstanz. We are grateful to
K. Becher, M. Illengo, I. Klep, J. Koenigsmann, J. Schmid and T. Unger for
reading parts of the book and making many valuable comments. We are also
grateful to C. N. Delzell for checking the layout and the use of the English
language.

Last not least we thank Mrs. Otterbeck for preparing the manuscript of
this book.

Campinas, Brazil Antonio J. Engler
Konstanz, Germany Alexander Prestel
May 2005
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Introduction

Absolute values of a field and their completions – like the p-adic number
fields – played an important role in the development of number theory in the
beginning of the 20th century. In the 1930’s Krull generalized the notion of
an absolute value to that of a valuation. This generalization made possible
applications in other branches of mathematics, such as algebraic and real
algebraic geometry. In the theory of valuations, the notion of a completion
had to be replaced by that of the so-called henselization. In this book, the
theory of valuations as well as of henselizations is developed, and applications
are given that could not be obtained by the use of absolute values only.

To be more precise, let us start by recalling the notion of an absolute value
on a field K. It is a map

| | : K −→ R

satisfying for all x, y ∈ K the axioms

(i) |x| = 0 ⇐⇒ x = 0 ,
(ii) |xy| = |x||y| ,
(iii) |x+ y| ≤ |x|+ |y| .

In case the following, stronger version of (iii),

|x+ y| ≤ max (|x|, |y|) ,
holds, | | is called a non-archimedean absolute value.

The archimedean absolute values turn out to be induced by the canonical
absolute value of the field C of complex numbers; more precisely, in this case
K may be identified with a subfield of C together with the induced absolute
value.

Every absolute value | | canonically defines a metric, by taking |x− y| as
the distance between x and y. The completion of K with respect to this metric
yields again a field K̂ to which the absolute value | | of K extends canonically
and which contains K as a dense subfield. In the archimedean case the only
completions possible are R and C.
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The non-archimedean absolute values of the field Q of rational numbers
are in one-to-one correspondence with the prime numbers p. The absolute
value | |p corresponding to p assigns to p the value e−1 (where e is the base of
the natural logarithm) and e0 = 1 to any other prime q. The completion of Q
with respect to | |p is known as the field Qp of p-adic numbers. With its use
we can formulate the famous and very useful local-global principle of Hasse-
Minkowski concerning quadratic forms: Let f(X1, . . . , Xn) be a homogeneous
polynomial of degree 2 over Q. Then f has a non-trivial zero in Q if it has
one in R and one in each Qp.

The reason this principle is so useful lies in the fact that solving equations
is much easier in R and in Qp than in Q. For R this is pretty clear. Let us
explain this fact for Qp, or more generally for a field K that is complete with
respect to a non-archimedean absolute value | |. In such a field (even without
being complete) the set

O = {x ∈ K | |x| ≤ 1}
forms a subring of K with

M = {x ∈ K | |x| < 1}
as its unique maximal ideal. The field O/M is called the residue class field of
| | and is denoted by K. This field is usually much simpler than K itself. For
instance, if | |p is the p-adic absolute value of Q or of Qp then K is just the
finite field Fp consisting of only p elements. Now if K is complete, “Hensel’s
Lemma” holds, saying that a polynomial over O that has a simple zero in K,
already has a zero in K. By this lemma, many algebraic problems of K are
reduced to K. It is this lemma that matters for the completion K̂ of K, and
not the fact that K is dense in K̂.

Now let us come to valuations of a fieldK. Before doing so, let us, however,
replace a non-archimedean absolute value | | on a field K by the map

v : K −→ R ∪ {∞} ,
defined by v(x) := − ln |x|. Now the properties (i)-(iii) read as follows

(i′) v(x) =∞ ⇐⇒ x = 0 ,
(ii′) v(xy) = v(x) + v(y) ,
(iii′) v(x+ y) ≥ min (v(x), v(y)) .

Accordingly, we get
O = {x ∈ K | v(x) ≥ 0}

and
M = {x ∈ K | v(x) > 0} .

One should observe that the map v uses only the additive structure and the
ordering of R. Thus when searching for a generalization of absolute values, we
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may replace (R,+,≤) by an arbitrary ordered abelian group Γ . This is what
Krull did.

We now define a valuation of K to be a map

v : K −→ Γ ∪ {∞}

satisfying the axioms (i′) to (iii′). The definitions of O and M and of the
residue class field K remain the same as above.

Unfortunately, the notion of a completion now becomes more involved,
and, as it turns out, is not very useful. The reason for this is that Hensel’s
Lemma no longer holds in general. As a substitute one therefore introduces a
certain algebraic extension field Kh of K that canonically extends the valu-
ation of K and satisfies Hensel’s Lemma. This extension, which is unique up
to value isomorphism, is called the henselization of (K, v). Although K need
no longer be dense in Kh, the henselization still has the same residue class
field and takes the same values as K, a property which, for the completion,
is a consequence of the density. It is the henselization that will open up to us
the opportunity for further applications.

After presenting the basic facts about absolute values in Chap. 1, we shall
introduce valuations in Chap. 2. In Chap. 3 we study extensions of valuations
from one field K to a bigger one, and in Chap. 4 we deal with fields satisfying
Hensel’s Lemma. In Chap. 5, finally, we study henselizations and the structure
of their algebraic extension fields. Chapter 6 is devoted to three interesting
applications of the general theory developed so far.

As a first application we give Ax-Kochen’s solution of ‘Artin’s Conjecture’
about the p-adic number fields Qp. This conjecture deals with the solvability
of certain diophantine equations over Qp, and thus does not involve any valu-
ations except the p-adic absolute value in the definition of Qp. The solution,
however, makes essential use of quite general valuation theory, in particular
of the theory of henselian fields. No proof avoiding this is known.

In the second application we use the notion of (general) valuations and
henselizations in order to give a description of those fields that share with Qp

all its ‘algebraic’ properties (like the real closed fields do with R).
Finally, in the third application we give a general local-global principle for

‘weak’ isotropy of quadratic forms over a given fieldK. Here again general val-
uation theory is needed, as the ‘local’ objects are henselizations of valuations
that do not admit a useful completion.

In Appendix B we give one more justification for the consideration of
valuations besides the absolute values. Both, the absolute values as well as
the valuations on a field K, canonically induce a topology on K for which all
field operations are continuous, with the extra property that the product of
two elements can be small only if at least one of the factors is already small.
Such field topologies are called V -topologies. It turns out that, conversely,
every V -topology on K must be induced by an absolute value or a valuation.
Thus the valuations complement the absolute values in a natural way.



1

Absolute Values

In this chapter we give a short introduction to the classical theory of absolute
values as it can be found in many books on basic algebra, e.g., [15]. In par-
ticular we introduce the p-adic number field Qp, p a rational prime, and the
field Fp((X)) of formal Laurent series over the finite field Fp of p elements.

1.1 Absolute Values – Completions

Let K be a field. An absolute value on K is a map

| | : K −→ R

satisfying the following axioms for all x, y ∈ K:

(1) |x| > 0 for all x 	= 0, and |0| = 0
(2) |xy| = |x||y|
(3) |x+ y| ≤ |x|+ |y|

(1.1.1)

The absolute value sending all x 	= 0 to 1 is called the trivial absolute
value on K.

We observe that |1|2 = |12| = |1|, whence |1| = 1. Similarly | − 1|2 =
|(−1)(−1)| = |1| = 1 implies | − 1| = 1. Thus we obtain | − x| = |x|, for all
x ∈ K. Since | | is a homomorphism on K× we also have |x−1| = |x|−1 for
x 	= 0.

Proposition 1.1.1. The set {|n · 1| | n ∈ Z} is bounded if and only if | |
satisfies the “ultrametric” inequality

|x+ y| ≤ max{|x|, |y|} (1.1.2)

for all x, y ∈ K.
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Proof. If | | satisfies (1.1.2), then by induction, the set {|n · 1| | n ∈ Z} is
bounded by 1.

Conversely, let |n · 1| ≤ C. Then

|x+ y|n = |(x+ y)n| ≤
∑

ν

∣∣∣∣(nν
)
xνyn−ν

∣∣∣∣ ≤ (n+ 1)Cmax(|x|, |y|)n .

Taking n-th roots and letting n go to infinity proves the assertion of the
proposition. 
�

If an absolute value satisfies (1.1.2), it is called non-archimedean; other-
wise it is called archimedean. Clearly, if char K 	= 0, K cannot carry any
archimedean absolute value.

A typical example of an archimedean absolute value is

|x|0 =

{
x if x ≥ 0

−x if x ≤ 0 ,

for all x ∈ R; we shall call | |0 the usual absolute value on R. In fact, the set

{|n · 1|0 | n ∈ Z} = N

is unbounded in R.
Next, let us consider the most basic examples of non-archimedean absolute

values.
For every rational prime p, the p-adic absolute value | |p on Q is defined

by |0|p = 0 and ∣∣∣pνm

n

∣∣∣
p

=
1
eν

, (1.1.3)

where e is the base of the natural logarithms, ν ∈ Z, and n,m ∈ Z � {0} are
not divisible by p. In this case the set

{ |n · 1|p | n ∈ Z } = { e−ν | ν ∈ N }
in bounded in R.

Similarly we define for every irreducible polynomial p ∈ k[X], k a field,
the following absolute value | |p on the rational function field K = k(X):
Let |0|p = 0 and ∣∣∣∣pν f

g

∣∣∣∣
p

=
1
eν

, (1.1.4)

where ν ∈ Z, and f, g ∈ k[X] � {0} are not divisible by p. Hence the set
{|n · 1|p | n ∈ Z} contains only 0, and thus is bounded in R.

An absolute value | | on K defines a metric by taking |x− y| as distance,
for x, y ∈ K. In particular, | | induces a topology on K. If two absolute
values induce the same topology on K, they are called dependent (otherwise
independent).
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Proposition 1.1.2. Let | |′ and | |′′ be two non-trivial absolute values on K.
They are dependent if and only if for all x ∈ K,

|x|′ < 1 implies |x|′′ < 1 .

If they are dependent, then there exists a real number λ > 0 such that |x|′ =
(|x|′′)λ for all x ∈ K.

Proof. For | |′ and | |′′ non-trivial and dependent absolute values on K there
exists ε > 0 such that {x ∈ K | |x|′ < ε} ⊆ {x ∈ K | |x|′′ < 1}. If |x|′ < 1,
there is m ≥ 1 such that |xm|′ = (|x|′)m < ε. Hence (|x|′′)m = |xm|′′ < 1 and
consequently |x|′′ < 1, as required.

Conversely, by the non-triviality of | |′, there exists z ∈ K with |z|′ > 1.
Thus |z−1|′ < 1 and so |z−1|′′ < 1, by assumption. Hence |z|′′ > 1, too.

Claim: for every x ∈ K, x 	= 0,

log |x|′
log |x|′′ =

log |z|′
log |z|′′ .

In fact, for m,n ∈ Z, n > 0, such that

m

n
>

log |x|′
log |z|′ ,

it follows that (|z|′)m > (|x|′)n. Consequently, |xnz−m|′ < 1 and then, by
assumption, |xnz−m|′′ < 1. Walking back the steps of the last argument one
gets

m

n
>

log |x|′′
log |z|′′ .

Therefore
log |x|′
log |z|′ ≥

log |x|′′
log |z|′′ .

Similarly one proves the reverse inequality. So

log |x|′
log |z|′ =

log |x|′′
log |z|′′

implying the claim.
Therefore for

λ =
log |z|′
log |z|′′

it follows that |x|′ = (|x|′′)λ, for every x ∈ K, as required. Finally, the last
equation implies that | |′ and | |′′ are dependent. 
�

By taking into account the axioms (1.1.1), one gets |x| = |x − y + y| ≤
|x − y| + |y|. Thus |x| − |y| ≤ |x − y|. Permuting x and y and recalling that
|y − x| = |x− y|, it follows that ||x| − |y||0 ≤ |x− y|, where | |0 is again the



8 1 Absolute Values

usual absolute value on the real numbers. Consequently, an absolute value | |
is a uniformly continuous map from K, provided with the topology given by
| |, to R with the usual topology defined by | |0.

The next theorem deals with independent absolute values on K.

Approximation Theorem 1.1.3. (Artin-Whaples) Let K be a field and
| |1, . . . , | |n non-trivial pairwise-independent absolute values on K. Moreover
let x1, . . . , xn ∈ K, and 0 < ε ∈ R. Then there exists x ∈ K such that

|x− xi|i < ε

for all i.

Proof. The proof will be achieved in three steps.
Step 1. We shall prove that for every 1 ≤ i ≤ n there exists ai ∈ K such
that |ai|i > 1 and |ai|j < 1, for all j 	= i. We may fix i = 1 without loss of
generality, and write a = a1.

Proceeding by induction on n, for n = 2, Proposition 1.1.2 implies the
existence of b, c ∈ K such that

|b|1 < 1 and |b|2 ≥ 1
|c|1 ≥ 1 and |c|2 < 1 .

Thus a = b−1c has the desired properties.
Assume next that there is y ∈ K such that |y|1 > 1 and |y|j < 1 for all

j = 2, . . . , n − 1. Applying the first case to | |1 and | |n, one has |z|1 > 1
and |z|n < 1, for some z ∈ K. Therefore, if |y|n ≤ 1, then |zyν |1 > 1 and
|zyν |n < 1 for every integer ν ≥ 1. On the other hand, for a sufficiently large
integer ν ≥ 1, |zyν |j < 1 for every j = 2, . . . , n − 1. For such a ν, a = zyν

satisfies the requirements.
Consider now the case |y|n > 1, and form the sequence

wν =
yν

1 + yν
, ν ∈ N .

The usual properties of sequences of ordinary real numbers imply that

lim
ν→∞ |wν |j = 0 for j = 2, . . . , n− 1

and
lim

ν→∞ |wν − 1|j = 0 for j = 1, . . . , n .

Consequently,
lim

ν→∞ |zwν |j = 0 for j = 2, . . . , n− 1

and
lim

ν→∞ |zwν |j = |z|j for j = 1, . . . , n .
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Hence, for sufficiently large ν, a = zwν has the required properties.
Step 2. Now we prove that for any real number ε > 0 and every i such that
1 ≤ i ≤ n, there exists ci ∈ K such that |ci − 1|i < ε and |ci|j < ε, for all
j 	= i. As in Step 1, it is enough to consider the case i = 1.

Let a ∈ K satisfy the conditions of Step 1. Then the sequence∣∣∣ aν

1 + aν

∣∣∣
j

converges to 1 for j = 1, and converges to 0 if j > 1. Thus for sufficiently
large ν,

c1 =
aν

1 + aν

has the required property.
Final step. According to Step 2 there exist elements c1, . . . , cn in K such
that ci is close to 1 at | |i, and for every j 	= i, ci is close to 0 at | |j . The
element x = c1x1 + · · ·+ cnxn is then arbitrarily close to xi at | |i, for every
i = 1, . . . , n, and therefore satisfies the requirements of the theorem. 
�

Since a non-trivial absolute value | | defines a metric on K, we may con-
sider the completion of K with respect to | |. In what follows, | | is fixed.

A sequence (xn)n∈N of elements of K is called a Cauchy sequence if to
every ε > 0 there exists N ∈ N such that for all n,m > N we have

|xn − xm| < ε .

Similarly, we say that a sequence (xn)n∈N converges to x ∈ K, and we
write limn→∞ xn = x, if for every ε > 0 there is an N ∈ N such that for all
n > N we have

|xn − x| < ε .

K is called complete if every Cauchy sequence from K converges to some
element of K.

The next theorem will show that every field K with a non-trivial absolute
value can be densely embedded into a field complete with respect to an ab-
solute value extending the given one on K. (Note that K is always complete
with respect to the trivial absolute value.) Before we do so, let us recall that
Q is not complete with respect to the usual absolute value | |0. Moreover, Q
is not complete with respect to the p-adic absolute value vp.

Theorem 1.1.4. There exists a field K̂, complete under an absolute value
|̂|, and an embedding ι : K −→ K̂, such that |x| = ∣∣ι̂(x)∣∣ for all x ∈ K. The

image ι(K) is dense in K̂. If
(
K̂

′
, ι′

)
is another such pair, then there exists

a unique continuous isomorphism ϕ : K̂ −→ K̂
′
preserving the absolute value

and making the diagram
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K̂ K̂ ′

K

ι ι′

ϕ

�
�

���

�
�

���

�

commutative.

Proof. The existence of K̂ is proved by standard arguments. Let C be the set
of all Cauchy sequences (xn)n∈N of elements of K. Componentwise addition
and multiplication make C with these operations a commutative ring with
1 = (1)n∈N. The set

N =
{

(xn)n∈N

∣∣∣ lim
n→∞xn = 0

}
is an ideal of C. In fact, the sum of two sequences in N clearly lies in N . To
check the multiplicative property of N , observe first that if (an)n∈N ∈ C, then
there exists an N ∈ N such that |am − aN+1| < 1 for every m > N . Thus

|am| = |am − aN+1 + aN+1| ≤ |am − aN+1|+ |aN+1| < 1 + |aN+1| ,

for every m > N (i.e., each Cauchy sequence is bounded from above). Given
(bn)n∈N ∈ N and ε > 0, there is N ′ ∈ N such that

|bn| < ε

1 + |aN+1|
for every n > N ′. Consequently, for every n > max{N,N ′} it follows that
|anbn| < ε. Hence (anbn)n∈N ∈ N . In particular, we see that every sequence
from N admits an upper bound.

On the other hand, each (an)n∈N ∈ C � N has a positive lower bound.
Indeed, suppose, for the sake of obtaining a contradiction, that for every real
η > 0 and every N ∈ N, |am| < η for some m > N . Then, given ε > 0, take
N ′ ∈ N such that p, q > N ′ implies |ap− aq| < ε/2. Let m > N ′ be an integer
for which |am| < ε/2. Then for every p > N ′ it follows that

|ap| = |ap − am + am| ≤ |ap − am|+ |am| < ε ,

contrary to the assumption that (an)n∈N 	∈ N . Consequently, for (an)n∈N ∈
C �N , an M ∈ N and a real number η > 0 must exist such that

|an| > η for every n > M .

Setting cn = 1 for every n = 1, . . . , M and cn = a−1
n for every n > M , by the

usual arguments one sees that (cn)n∈N is a Cauchy sequence. In fact, given a
real number ε > 0, let N ∈ N and η > 0 be such that |ap − aq| < εη−2 for all
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p, q > N . Now, if p, q > max{N,M}, then |cp−cq| = |aq−ap||ap|−1|aq|−1 < ε,
as desired. Finally, it is clear that (an)n∈N(cn)n∈N − (1)n∈N ∈ N . Therefore
the ideal N is a maximal ideal (actually the unique such ideal) of C, and the
quotient ring K̂ is a field.

The map ι : K −→ K̂ defined by ι(x) = (xn)n∈N, where xn = x for every
n, embeds K in K̂.

Now for (an)n∈N ∈ C the sequence (|an|)n∈N is a Cauchy sequence of real
numbers, because ||ap| − |aq||0 ≤ |ap − aq|, for all p, q, as we observed before
Theorem 1.1.3. Moreover, for every sequence (an)n∈N ∈ N the sequence of
real numbers (|an|)n∈N has limit 0. Consequently, for ξ = (an)n∈N + N the
value ∣∣ξ̂ ∣∣ = lim

n→∞ |an|
does not depend on the representative (an)n∈N of ξ. Combining the properties
of | | and limits it follows that |̂| is an absolute value on K̂ that induces | |
on K.

Next, we prove that ι(K) is dense in K̂ with respect to |̂|. For ζ ∈ K̂ let
(an)n∈N be a representative sequence of ζ. Given a real number ε > 0, take
N ∈ N such that |ap − aq| < ε for all p, q > N . Then∣∣ ̂ζ − ι(an)

∣∣ = lim
p→∞ |ap − an| < ε

for every n > N . Hence
lim

n→∞ ι(an) = ζ .

It follows also from the last limit that given a Cauchy sequence (an)n∈N,
an ∈ K, the sequence (ι(an))n∈N converges to the residue class (an)n∈N +N ,
with respect to |̂|. This remark is the key to seeing that K̂ is complete with
respect to |̂|. Take a Cauchy sequence (ξn)n∈N in K̂, |̂|. As ι(K) is dense in
K̂, we can choose xn ∈ K, for each number n, such that∣∣ ̂ξn − ι(xn)

∣∣ < 1/n .

For any real number ε > 0, there exists N ∈ N such that for p, q > N , the
inequalities

1/p < ε/3, 1/q < ε/3,
∣∣ξ̂p − ξq∣∣ < ε/3

hold. Thus

|xp − xq| ≤
∣∣ ̂ι(xp)− ξp

∣∣ +
∣∣ξ̂p − ξq∣∣ +

∣∣ ̂ξq − ι(xq)
∣∣ < ε

for all p, q > N . Hence (xn)n∈N ∈ C. Moreover, for ξ = (xn)n∈N +N ∈ K̂, it
follows from limn→∞ ι(xn) = ξ that∣∣ξ̂n − ξ∣∣ ≤ ∣∣ ̂ξn − ι(xn)

∣∣ +
∣∣ ̂ι(xn)− ξ∣∣ < ε ,
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for ε > 0 and all n sufficiently large. Consequently, (ξn)n∈N converges to ξ,
and so K̂ is complete.

Finally, let
(
K̂

′
, ι′

)
be any other pair with the same properties. For every

ξ = (an)n∈N +N ∈ K̂, the sequence (ι′(an))n∈N is a Cauchy sequence of K̂
′
.

Let ξ′ be its limit in K̂
′
. Define ϕ(ξ) = ξ′. From the uniqueness of limits

it follows that ϕ is a map. As ι′(K) is dense in K̂
′
, ϕ is surjective. The

assumption that ι and ι′ are homomorphisms and again the uniqueness of
limits imply that ϕ is a homomorphism. Clearly ϕ makes the required diagram
commutative, and by standard strictly topological arguments ϕ is continuous.
Finally, as a non-trivial ring homomorphism, ϕ is injective, which completes
the proof of the uniqueness of the completion. 
�

Note that for the trivial absolute value on K, every Cauchy sequence is
eventually constant, and thus K is complete. We are not interested in this
case.

A pair
(
K̂, |̂|) as in Theorem 1.1.4 is called a completion of the valued

field (K, | |). We shall see examples in the next two sections.

1.2 Archimedean Complete Fields

In this section let K be a field complete with respect to an archimedean
absolute value | |. Since the set { |n · 1| | n ∈ Z} is not bounded, char K = 0.
Thus K contains the field Q of rationals. We shall first show that | | restricted
to Q is dependent on the usual absolute value of Q. Thus the complete field K
contains the completion of Q with respect to the ordinary absolute value, i.e.,
K contains R as a closed subfield. We shall then show that K must be equal
to R or to C. Consequently, every field K admitting an archimedean absolute
value may be considered as a subfield of C or even R with the absolute value
dependent on the induced one from C (or from R).

Proposition 1.2.1. Every archimedean absolute value on Q is dependent on
the usual one.

Proof. Let | | be an archimedean absolute value on Q. Denote by | |0 the
usual absolute value on Q.

Next, for integers m,n ≥ 2 and t ≥ 1 expand mt in powers of n:

mt = c0 + c1n+ · · ·+ csn
s where 0 ≤ c0, . . . , cs < n and cs 	= 0 .

Since |ci| ≤ ci < n, for each i such that 0 ≤ i ≤ s, it follows that

|m|t ≤
∑

0≤i≤s

|ci||n|i ≤ n
∑

0≤i≤s

|n|i ≤ n(s+ 1)max{1, |n|s} .

As ns ≤ mt, s ≤ t(logm)/ log n. Thus
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|m|t ≤ n

(
t logm
log n

+ 1
)

max{1, |n|}t(log m)/ log n

or equivalently,

|m| ≤ n1/t

(
t logm
log n

+ 1
)1/t

max{1, |n|}(log m)/ log n .

Letting t go to infinity and taking limits, one gets

|m| ≤ max{1, |n|}(log m)/ log n .

Now, if |n| < 1 for some n ∈ N, the above inequality implies |m| < 1 for
every integer m ≥ 2, contradicting the archimedeanness of | |.

Therefore, |n| > 1 for all integers n ≥ 2, and thus

|m| ≤ |n|(log m)/ log n .

Interchanging the roles of m and n in the above inequality gives the reverse
inequality. Hence

|m| = |n|(log m)/ log n .

Therefore, if m > n ≥ 2, then (logm)/ log n > 1 and so |m| > |n|. Since
| − m| = |m| for all m ∈ Z, it follows that |m|0 > |n|0 implies |m| > |n|,
for non-zero m,n ∈ Z. Consequently, if m/n ∈ Q satisfies |m/n|0 < 1, then
|m/n| < 1. By Proposition 1.1.2, | |0 and | | are dependent. 
�

For the next proposition we do not require the absolute value | | onK to be
archimedean. Thus for the time being let | | be just a non-trivial absolute value
on K. Then if E is a vector space over K, by a norm ‖ ‖ on E (compatible
with | | on K) we understand a map

‖ ‖ : E −→ R

satisfying the following axioms for all ξ, η ∈ E and x ∈ K:

(1) ‖ξ‖ > 0 for ξ 	= 0 and ‖0‖ = 0
(2) ‖xξ‖ = |x|‖ξ‖
(3) ‖ξ + η‖ ≤ ‖ξ‖+ ‖η‖

(1.2.1)

A norm ‖ ‖ on E defines a metric on E by taking ‖x−y‖ as distance. For
r ∈ R, the “open ball” of radius r and center x0 ∈ E is {x ∈ E | ‖x−x0‖ < r }.

Two norms ‖ ‖1 and ‖ ‖2 are called equivalent if there exist numbers
C1, C2 > 0 such that for all ξ ∈ E we have

C1‖ξ‖1 ≤ ‖ξ‖2 ≤ C2‖ξ‖1 .
If E is finite dimensional, and ω1, . . . , ωn is a basis of E over K, the most

basic norm on E is obtained by setting
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‖x1ω1 + · · ·+ xnωn‖ := maxi |xi|.
It may be worth mentioning that the above norm induces the “product

topology” on E. Indeed, once a basis ω1, . . . , ωn is fixed, there is a canonical
isomorphism from E onto the vector space Kn. This isomorphism is clearly a
homeomorphism when E is endowed with the topology induced by this “max-
norm”, and Kn with the product topology, where we take on K the topology
induced by the absolute value | |. Observe also that if K is complete with
respect to | |, then E is complete with respect to the max-norm.

In case E is a field extension of K, every absolute value | |′ of E that
restricts to | | on K is a norm of E compatible with | |. If E has finite
degree over K and K is complete with respect to | |, the next proposition
will imply that up to equivalence of norms (and hence up to dependence as
absolute values, by Proposition 1.1.2), E admits only one absolute value | |′
restricting to | | on K. Moreover, E is complete with respect to | |′.
Proposition 1.2.2. Let K be a field complete with respect to a non-trivial
absolute value | |. Then every two norms (compatible with | |) of a finite
dimensional K-vector space E are equivalent.

Proof. We shall prove that any such norm on E is equivalent to the max-norm
of the previous example. This will be done by induction on the dimension n
of the K-vector space E. For n = 1 the statement is obvious. Assume the
proposition is proved for n− 1, n ≥ 2. One inequality is very simple to prove.
Fix a basis ω1, . . . , ωn of E over K, and for ξ = x1ω1 + · · ·+xnωn ∈ E, denote

‖ξ‖max = max
i
|xi| .

Then
‖ξ‖ ≤

∑
1≤i≤n

|xi|‖ωi‖ ≤ C‖ξ‖max for C = nmax
i
‖ωi‖

We must now prove that there exists a number C ′ > 0 such that for all ξ ∈ E,

‖ξ‖max ≤ C′‖ξ‖ .
Suppose no such number exists. Then, for every positive integer m there exists
ξ ∈ E such that

‖ξ‖max > m‖ξ‖ . (1.2.2)

Let j be such that
|xj | = max

1≤i≤n
|xi| .

Letting ξm = x−1
j ξ, we get ‖ξm‖max = 1 and thus ‖ξm‖ < 1/m, by (1.2.2).

For everym ≥ 1, one of the components of ξm equals 1. Thus there must be
an infinite subset T of N and a fixed number j such that the j-th component
of ξm equals 1 for all m ∈ T . We fix this number j from now until the end of
the proof.
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Consider the subspace E1 of E consisting of all vectors whose j-th coordi-
nate is equal to 0, equipped with the norm induced by ‖ ‖. By induction, the
restrictions of ‖ ‖ and max-norm ‖ ‖max to E1 are equivalent. In particular,
a sequence of elements of E1 converges to ζ ∈ E1 with respect to ‖ ‖max if
and only if it converges to ζ with respect to ‖ ‖.

For each m ∈ T we can write ξm = ωj + ζm, for some ζm ∈ E1. Now, for
every ε > 0, take N ∈ N such that 2/N < ε. If m,n ≥ N , m,n ∈ T , then

‖ζm−ζn‖ = ‖ζm+ωj−ωj−ζn‖ ≤ ‖ξm−ξn‖ ≤ ‖ξm‖+‖ξn‖ < 1
m

+
1
n
≤ 2
N
< ε .

Consequently, (ζm)m∈T , is a Cauchy sequence with respect to the restriction
of ‖ ‖ to E1. From the induction hypothesis, it follows that this sequence is
also a Cauchy sequence with respect to the max-norm. Since E1 is complete
with respect to the max-norm, this sequence converges to some ζ ∈ E1 (with
respect to the max-norm).

The choice of T implies

‖ωj + ζm‖ < 1/m ,

for each m ∈ T .
Since the restrictions of ‖ ‖ and the max-norm to E1 are equivalent,

‖ζm − ζ‖ ≤ C‖ζm − ζ‖max ,

for some number C > 0. Therefore,

‖ωj + ζ‖ ≤ ‖ωj + ζm‖+ ‖ζ − ζm‖ ≤ 1
m

+ C‖ζm − ζ‖max .

Letting m ∈ T go to infinity, the right-hand side of the preceding inequality
tends to 0. Hence ωj + ζ = 0. But, this cannot occur, because ζ ∈ E1 has
the j-th coordinate equal to 0 and ω1, . . . , ωn is a basis of E over K. This
contradiction finishes the proof of the proposition. 
�
Theorem 1.2.3. Let K be a field containing R and having an absolute value
that induces the ordinary one on R. Then K = R or K = C.

In particular, the only fields complete with respect to an archimedean
absolute value | | are (up to isomorphism) R and C with | | dependent on
the ordinary absolute value.

This theorem is a consequence of the following proposition:

Proposition 1.2.4. (Gelfand-Mazur) Let A be a commutative algebra with
an identity element 1 over the real numbers. Suppose that A has a norm
compatible with the absolute value of R satisfying

‖1‖ = 1 and ‖xy‖ ≤ ‖x‖‖y‖
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for all x, y ∈ A. Moreover, assume that A contains an element j such that
j2 = −1, and let C = R + jR ⊆ A (identifying R · 1 with R). Then for every
x0 ∈ A� {0}, there exists an element c ∈ C such that x0 − c is not invertible
in A.

Proof. Suppose that x0 − z is invertible for all z ∈ C. The map f : C −→ A,
z �→ (x0−z)−1, is then well defined. Moreover, we shall see that taking inverses
is a continuous operation on the group of units of A, from which it will follow
that f is continuous.

In order to show that x �→ x−1 is continuous on the group of units of A,
note that for any units a and x in A,

‖x−1 − a−1‖ = ‖(a− x)a−1x−1‖ ≤ ‖x− a‖ ‖a−1‖ ‖x−1‖ .

Thus it remains to show that ‖x−1‖ is bounded as x varies through units near
a. Let ‖a−1‖ ‖x − a‖ ≤ 1

2
, and set w = a−1(x − a). Then clearly ‖w‖ ≤ 1

2
.

Hence we get∥∥∥∥ 1
1 + w

∥∥∥∥ =
∥∥∥∥1− w

1 + w

∥∥∥∥ ≤ 1 + ‖w‖
∥∥∥∥ 1

1 + w

∥∥∥∥ ≤ 1 +
1
2

∥∥∥∥ 1
1 + w

∥∥∥∥ .

This implies ‖(1 + w)−1‖ ≤ 2. Thus finally we get

‖x−1‖ = ‖a−1(1 + w)−1‖ ≤ 2‖a−1‖ .

Back to the proof of the proposition, observe that for 0 	= z ∈ C,

f(z) =
1
z

(
1

x0/z − 1

)
.

Since z−1 and x0z
−1 approach 0 when z goes to infinity in C, it follows that

f(z) → 0 when z →∞. On the other hand, the map z �→ ‖f(z)‖ is continuous,
being the composition of two continuous maps. Consequently, ‖f(z)‖ → 0
when z →∞. Hence this map may be considered as a real valued continuous
map on the one-point compactification C̃ = C ∪ {∞} of C. Hence ‖f‖ has
a maximum M ∈ R, M > 0. Let D be the set of elements z ∈ C such that
‖f(z)‖ = M . D is a non-empty, bounded, and closed subset of C. We shall
prove that it is also open, a contradiction.

For z0 ∈ D we shall see that if r > 0 is a sufficiently small real number,
then all points in the open ball of center z0 and radius r lie in D.

To this end, write y = x0 − z0, and consider the sum

S(n) =
1
n

n∑
j=1

1
y + ςjr

,

where ς ∈ C is a primitive n-th root of unity. Let
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h(X) = Xn − rn =
n∏

j=1

(X − ςjr) ,

whence
h′(X)
h(X)

=
nXn−1

Xn − rn
=

n∑
j=1

1
X − ςjr ,

where h′(X) is the formal derivative of the polynomial h(X). Dividing by n
and replacing every occurrence of X by y, we obtain

1
y − r(r/y)n−1

= S(n) .

Thus f(z0 + r(r/y)n−1) = S(n). If r < ‖y−1‖−1, then

lim
n→∞(z0 + r(r/y)n−1) = z0

and so

lim
n→∞ ‖S(n)‖ = lim

n→∞ ‖f(z0 + r(r/y)n−1)‖ = ‖f(z0)‖ = M ,

by the continuity of f .
We now claim that every z ∈ C such that ‖z0 − z‖ < r lies in D. This

inequality means that z can be written in the form z0+cs, where c is a complex
number of absolute value 1, and 0 < s < r is real. If the claim were false, then
there would exist such c and s for which ‖f(z)‖ = ‖f(z0 + cs)‖ < M . From
this we shall obtain a contradiction.

Let S be the circle of center z0 and radius s. The arc A = S ∩ D is a
closed subset of C, and z ∈ S �A. Taking m points equally spaced on S for
a sufficiently large m, a closed arc S1 of length 2sπ/m is contained in S �A
and z lies on it. Since S1 is also compact, f has a maximum M1 on this arc.
As S1 ∩ D = ∅, we have that 0 < M1 < M . Now for every q, if we consider
the points z0 + ςjs, 1 ≤ j ≤ mq, we have q of them in the arc S1. We can
rewrite S(mq) in the form:

S(mq) =
1
mq

(∑
I

1
y + ςjs

+
∑
II

1
y + ςjs

)
,

where the first sum is taken over those roots of unity ςj corresponding to the
points lying in S1, and the second sum is taken over the others.

Each term in the second sum has norm ≤M , because M is the maximum.
Hence we obtain

‖S(mq)‖ ≤ 1
mq

(∥∥∥∥∑
I

1
y + ςjs

∥∥∥∥ +
∥∥∥∥∑

II

1
y + ςjs

∥∥∥∥)
≤ 1
mq

(qM1 + (mq − q)M)

≤M − M −M1

m
= M ′ < M .
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Thus ‖S(mq)‖ ≤ M ′ for every q. This contradicts the fact that the limit of
‖S(n)‖ is equal to M . 
�
Proof of Theorem 1.2.3. We apply Proposition 1.2.4 to the R-algebra K, and
let the given absolute value serve as norm. If K contains C, then K = C,
because every element of K is invertible.

If K does not contain C, let L = K(j), where j2 = −1. Define a norm on
L by putting ‖x+ yj‖ = |x|+ |y| for x, y ∈ K. This clearly makes L a normed
R-algebra. Moreover, by standard calculations one proves that ‖1‖ = 1 and
‖zz′‖ ≤ ‖z‖‖z′‖. Now, applying Proposition 1.2.4 to A = L, we obtain L = C
as before. Thus K must be R. 
�

1.3 Non-Archimedean Complete Fields

Since the trivial absolute value makes any field complete, we assume in this
section that | | is a non-trivial, non-archimedean absolute value on the field
K.

In Chap. 2 we shall generalize the notion of a non-archimedean absolute
value. For this generalization it is more convenient to use the so-called “addi-
tive” presentation of the absolute value | |. One simply defines

v(x) := − ln |x| .

In the case of the p-adic absolute value | |p on Q, we obtain from (1.1.3)

vp

(
pνm

n

)
= ν . (1.3.1)

vp is called the p-adic valuation on Q. We proceed similarly in (1.1.4). Note
that in case k = C and p = X, vp of a rational function 
 just gives the
“order” of 
 at 0, i.e., if vp(
) = ν > 0, then 
 has a zero of order ν at 0, and
if vp(
) = ν < 0, then 
 has a pole of order ν at 0.

Using the additive notation, the axioms of a non-archimedean absolute
value

v : K −→ R ∪ {∞}
now read as follows for all x, y ∈ K:

(1) v(x) ∈ R for x 	= 0, and v(0) =∞
(2) v(xy) = v(x) + v(y)
(3) v(x+ y) ≥ min{v(x), v(y)} .

(1.3.2)

Two observations are important here. First we note that only the additive
structure of R together with the ordering on R is used. In the next chapter
we shall therefore generalize (1.3.2) by requiring only that v takes its values
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in a given ordered abelian group. Secondly, we note that ∞ is a symbol (the
value of 0) that satisfies, for all γ ∈ R, the following axiom:

∞ =∞+∞ = γ +∞ = ∞+ γ (1.3.3)

For the rest of this section, v will continue to denote a non-archimedean
absolute value. After making the generalization in Chap. 2, v will then be
called a “valuation of rank 1.”

Note that for v the trivial absolute value, v would take only the value 0
in R.

Now let us assume that v is a non-archimedean absolute value on K, i.e.,
v satisfies (1.3.2). Then the set

Ov := {x ∈ K | v(x) ≥ 0 }
is a subring of K. Indeed, for all x, y ∈ Ov we have

v(x± y) ≥ min{v(x), v(±y)} ≥ 0

and
v(xy) = v(x) + v(y) ≥ 0 .

Hence x± y, xy ∈ Ov. (Recall that | − y| = |y|.) From v(x−1) = −v(x) (recall
|x−1| = |x|−1), we find that x is a unit in Ov if and only if v(x) = 0, and
that for every x ∈ K, either x or x−1 or both lie in Ov. A subring O of K
satisfying

x ∈ O or x−1 ∈ O
for all x ∈ K× is called a valuation ring of K. Thus Ov is a valuation ring of
K. Moreover, one easily sees that

Mv := {x ∈ K | v(x) > 0 }
is an ideal of Ov. Since Mv consists exactly of the non-units of Ov, Mv is a
maximal ideal, and in fact the only maximal ideal of Ov. Thus Ov is a local
ring. Its residue class field

Kv := Ov/Mv

is called the residue class field of v. The residue class of a ∈ Ov is denoted by
a. Note that v is trivial if and only if Ov = K, and hence also Kv = K. The
group v(K×) will be called the value group of v.

Next, let us determine the valuation ring, the maximal ideal and the
residue class field in the concrete case K = Q and v = vp, the p-adic val-
uation at the beginning of this section. From definition (1.3.1) we easily see
that

Ovp =
{ a

b

∣∣∣ a, b ∈ Z, b not divisible by p
}

Mvp =
{ pa

b

∣∣∣ a, b ∈ Z, b not divisible by p
}
.
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ClearlyOvp
is the localization Z(p) of the ring Z at the prime ideal (p) = pZ,

and Mvp
is pZ(p). Thus the residue class field Kvp

is isomorphic to the finite
prime field Fp.

Similarly, for the example in (1.1.4), we get for the valuation ring the local-
ization k[X](p) of k[X] at the prime ideal (p) = pk[X]; pk[X](p) is the maximal
ideal, and the residue class field is canonically isomorphic to k[X]/(p).

So far we have not made use of the fact that v(K) is a subgroup of the ad-
ditive reals. The next theorem, however, heavily depends on that fact. Before
we come to the theorem, let us note the following, frequently used implication:

v(x) < v(y) implies v(x+ y) = v(x) . (1.3.4)

For if we had v(x+ y) > v(x), then we find

v(x) = v((x+ y)− y) ≥ min{v(x+ y), v(−y)} > v(x) ,

a contradiction.
Let us also recall that for b ∈ Ov, we have

b = 0 if and only if v(b) > 0 ,

b 	= 0 if and only if v(b) = 0 .

These little facts are important when making computations with valuations,
but they may cause some confusion at the beginning.

Now we come to an important property of a field K complete with respect
to a (non-trivial) non-archimedean absolute value v. This theorem is widely
known as Hensel’s Lemma.

Theorem 1.3.1. (Hensel’s Lemma) Let K be a field complete with respect to
a non-archimedean absolute value v. Let f ∈ Ov[X] be a polynomial, and let
a0 ∈ Ov be such that v(f(a0)) > 2v(f ′(a0)). Then there exists some a ∈ Ov

with f(a) = 0 and v(a0 − a) > v(f ′(a0)).

Proof. The natural way to reach the conclusions of the theorem is to construct
a suitable Cauchy sequence which must converge to a root a of f (recall that
every polynomial f is a continuous map).

Let b0 = f ′(a0), and choose ε > 0 so that

v(f(a0)) ≥ v(b20) + ε .

Then f(a0) = b20c0, where c0 = f(a0)/b20 ∈ K and v(c0) ≥ ε. Set a1 :=
a0 − b0c0. Using the fact that f is a polynomial and a0, b0, c0 ∈ Ov, we find
d0 ∈ Ov such that

f(a1) = f(a0 − b0c0) = f(a0)− b0c0f ′(a0) + b20c
2
0d0 = b20c

2
0d0 .

Hence
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v(f(a1)) ≥ v(b20) + 2ε . (1.3.5)

Applying the same procedure to f ′, it follows that

f ′(a1) = f ′(a0)− b0c0b, for some b ∈ Ov

= b0(1− c0b) =: b1 .

Then v(b1) = v(b0), since by (1.3.4) v(1− c0b) = 0. Therefore, (1.3.5) implies
f(a1) = b21c1, where c1 ∈ K and v(c1) ≥ 2ε. By repeating “verbatim” the
above arguments with ε, b0 and a1 replaced by 2ε, b1 and a2 = a1 − b1c1,
respectively, we get f ′(a2) = b2, for some b2 such that

v(b2) = v(b0), and f(a2) = b22c2, for some c2 with v(c2) ≥ 4ε .

Iterating this process we get a sequence an+1 = an − bncn, where

f ′(an+1) = bn+1 v(bn+1) = v(b0)

f(an+1) = b2n+1cn+1 v(cn+1) ≥ 2n+1ε .

Since 2nε→∞ as n→∞, the sequence (an)n∈N is Cauchy: for m ≤ n,

v(an − am) = v

(n−1∑
i=m

(ai+1 − ai)
)

≥ min
m≤i<n

{v(ai+1 − ai)}
≥ v(b0) + 2mε .

(1.3.6)

Let
a = lim

n→∞ an .

Recalling that polynomials are continuous maps, we see that

f(a) = lim
n→∞ f(an) ,

and (bn)n∈N is also a Cauchy sequence. Moreover

f ′(a) = lim
n→∞ f ′(an) = lim

n→∞ bn .

Since v(f(an)) = v(b20) + v(cn) ≥ 2nε for every n ∈ N, the first limit is given
the value ∞; i.e., f(a) = 0.

From the other limit we can deduce that v(f ′(a)) = v(b0). In fact, since
v(f(a0)) > 2v(b0), we get b0 	= 0. Then, for δ > v(b0) 	= ∞, there is some n
such that

v(f ′(a− bn)) > δ > v(b0) = v(bn) .

By (1.3.4), this inequality implies v(f ′(a)) = v(bn) = v(b0), as required.
Furthermore, it follows from (1.3.6) that v(an−a0) ≥ v(b0)+ε. Therefore,

v(a− a0) = v((a− an) + (an − a0)) ≥ v(b0) + ε ,

for a sufficiently large n. Consequently v(a−a0) > v(b0) = v(f ′(a)), as desired.

�
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For a polynomial f ∈ Ov[X] written as

f = c0 + c1X + · · ·+ cnX
n ,

we call
f̄ = c0 + c1X + · · · cnXn

the residue polynomial of f .
The next corollary is an easy consequence of Theorem 1.3.1.

Corollary 1.3.2. Let K, v be as in Theorem 1.3.1. If f ∈ Ov[X] has a simple
zero a0 in the residue class field Kv, i.e., f(a0) = 0 and f

′
(a0) 	= 0, then f

has a zero a ∈ Ov such that a = a0.

The proof of Theorem 1.3.1 clearly shows that under the assumption of
Theorem 1.3.1 (or of Corollary 1.3.2), the sequence (f(an))n∈N converges to
0. At this point, essential use is made of the fact that v(K×) is a subgroup
of the additive reals. Thus even without the completeness of K, we could still
notice:

Remark 1.3.3. Let v be a non-archimedean absolute value on K. Then for
every f ∈ Ov[X], if f has a simple zero in Kv, then f(K) approximates 0.

As we shall see, for the generalizations considered in Chap. 2 this need no
longer be true.

Now consider the completion
(
K̂, v̂

)
of the field with respect to a non-

archimedean absolute value v as stated in Theorem 1.1.4, but now using the
additive notation for absolute values. The density of K in K̂ has the following
important consequence.

Theorem 1.3.4. Denote by Ov̂, K v̂ and Ov, Kv the valuation ring and the
residue class field of v̂ and v, respectively. Then the residue class fields Kv

and K v̂, as well as the groups v(K×) and v̂
(
K̂×)

, are canonically isomorphic.

Proof. It follows from the constructions that Ov̂ ∩K = Ov and Mv̂ ∩ Ov =
Mv, where Mv̂ and Mv are the respective maximal ideals. Thus the map
that sends the residue class of a ∈ Ov to the residue class a ∈ Ov̂/Mv̂ is well
defined; and it is clearly a ring homomorphism. It remains to be seen that it
is surjective. For every x ∈ Ov̂, the set x+Mv̂ is an open neighbourhood of
x. It consists of all elements z such that v̂(z − x) > 0, or

∣∣ẑ − x∣∣ < 1 in terms
of the absolute value. Thus the set (x+Mv̂)∩K is non-empty, by the density
property. Hence the residue class of y ∈ (x +Mv̂) ∩ K is sent by the map
above to x, as required.

Similarly, the map v(K×) → v̂
(
K̂×)

sending v(x) to v̂(x) for every x ∈ K×

is an order-preserving group monomorphism. In order to show surjectivity,
let x ∈ K̂× be given. By the density of K in K̂ there exists z ∈ K with
v̂(z − x) > v(x), or

∣∣ẑ − x∣∣ < |x| in terms of the absolute value. But then
v̂(z) = v(x). 
�
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Let us return to the examples in (1.1.3) (or in (1.3.1) in the additive
notation) and (1.1.4). In these examples, the value group v(K×) is the additive
group Z of rational integers. Such an absolute value is called discrete (of rank
1, as we shall add later). Any element π ∈ K with v(π) = 1 is called a
uniformizer for v, or a local parameter.

Every element x of K× can be written as a product

x = uπν ,

where u is a unit of Ov and ν is from Z. Indeed, if ν = v(x), then

v(xπ−ν) = v(x)− νv(π) = 0 .

Thus u = xπ−ν is a unit in Ov. In particular, the maximal ideal Mv is
principal, generated by π. It is easy to see that every ideal of Ov is generated
by some power πn, with n = 0, 1, 2, . . . . Hence Ov is factorial.

In the case of (1.3.1), the completion of (Q, vp) is denoted by Qp, and
is called the field of p-adic numbers. The valuation ring of Qp, denoted by
Zp, is the ring of p-adic integers; it is the topological closure of Z in Qp,
as we shall see below. According to our previous discussion of this example,
Theorem 1.3.4 implies that the residue class field of Zp is Fp. Observe also
that p is a local parameter for vp in both fields, Q and Qp.

If we fix X as the irreducible polynomial p in the example in (1.1.4), then
the completion of (k(X), vX) is the field k((X)) of formal Laurent series over
k, and the valuation ring is k[[X]], the ring of formal power series (see below).

The last two examples above are special cases of the following more general
result:

Proposition 1.3.5. Let v be a discrete absolute value on the field K, with
uniformizer π. Then every element x ∈ K× can be written uniquely as a
convergent series

x = rνπ
ν + rν+1π

ν+1 + rν+2π
ν+2 + · · · = lim

n→∞

n∑
i=ν

riπ
i ,

where ν = v(x), rν 	= 0, and the coefficients ri are taken from a set R ⊆ Ov of
representatives of the residue classes in the field Kv (i.e., the canonical map
Ov −→ Kv induces a bijection of R onto Kv).

Proof. We proceed by induction. As observed above, u = xπ−ν is a unit in
Ov. Choose rν ∈ R such that rν = u. Then clearly v(xπ−ν − rν) > 0 or,
equivalently,

v(x− rνπν) > ν(πν) = ν .

Let x1 = x − rνπ
ν and µ = v(x1) > ν. Then by the same argument we get

rµ ∈ R such that

v(x− (rνπν + rµπ
µ)) = v(x1 − rµπµ) > µ .
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Repeating this argument and adding “zero coefficients” (i.e. a representative
for zero in Kv) if necessary, we obtain the existence of the “series”

rνπ
ν + rν+1π

ν+1 + · · · .

At the same time we see that it converges to x.
The uniqueness of the coefficients is clear. Indeed, otherwise 0 would have

a representation

0 = (rm − r′m)πm + (rm+1 − r′m+1)π
m+1 + · · ·

with rm 	= r′m ∈ R, and hence rm − r′m 	= 0, for some m ∈ N. Thus v(0) = m,
a contradiction. 
�

Returning once more to our typical examples, any p-adic number z ∈ Q×
p

has a unique representation in the form

z =
∞∑

i=m

aip
i ,

where m = vp(z), 0 ≤ ai < p for every i, and am 	= 0. The set of representa-
tives chosen here is then R = {0, . . . , p − 1}. If z ∈ Zp, i.e., if v(z) ≥ 0, then
z =

∑∞
i=0 aip

i = limn→∞
∑n

i=0 aip
i. This shows, in particular, that Z is dense

in Zp. The reader should be aware of the fact that addition of two “series”
of the form

∑∞
i=m aip

i is not coefficientwise, as the set R is not closed under
addition. As a simple example observe that (choosing p = 7)

5pi + 4pi = pi+1 + 2pi .

For the X-adic valuation of k(X), we can take the elements of k itself as
representatives of the residue class field. In this case every z ∈ k((X))× has a
unique representation in the form

z =
∞∑

i=m

aiX
i ,

where vX(z) = m ∈ Z and ai ∈ k for every i. This time, addition of two such
series is coefficientwise. These series are called formal Laurent series. They
form a field k((X)), the field of formal Laurent series. The canonical discrete
absolute value on k((X)) is just given by

v

( ∞∑
i=m

aiX
i

)
= m if am 	= 0 .

Clearly its valuation ring consists of the ring k[[X]] of formal power series,
i.e., series of the type

∑∞
i=0 aiX

i.
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Valuations

In this chapter we introduce Krull’s generalization of non-archimedean ab-
solute values – the valuations. In Sect. 2.2 we shall give three important meth-
ods for constructing a valuation. All of them will be used in later chapters.

Every valuation induces a topology on its field K of definition. As we
did for absolute values, we shall give a characterization of those valuations
inducing the same topology. Moreover, we shall generalize the Approximation
Theorem, and also study the completion of K with respect to a valuation.
For valuations, however, the completion turns out not to have such good
properties as the completion of absolute values. In Remark 2.4.6 we shall see
that Hensel’s Lemma need not always be true. This is the reason why we shall
replace later the completion by the so-called “henselization”.

In Appendix B we shall present a characterization of those topologies on
a field K that come from a valuation or an absolute value.

2.1 Ordered Abelian Groups – Valuations

As already explained in Sect. 1.3, we shall generalize non-archimedean ab-
solute values v on a field K by relaxing the conditions on the value group
v(K×). In order to do so, let us first recall the notion of an ordered abelian
group.

By an ordered abelian group we understand an abelian group (Γ,+, 0),
together with a binary relation ≤ on Γ , satisfying the following axioms:
for all γ, δ, λ ∈ Γ ,

(1) γ ≤ γ

(2) γ ≤ δ, δ ≤ γ =⇒ γ = δ

(3) γ ≤ δ, δ ≤ λ =⇒ γ ≤ λ

(4) γ ≤ δ or δ ≤ γ

(5) γ ≤ δ =⇒ γ + λ ≤ δ + λ .

(2.1.1)
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The first four axioms simply say that≤ is a linear ordering on Γ . Axiom (5)
expresses the monotonicity of addition. As usual, we shall write merely Γ for
(Γ,+, 0).

A subgroup ∆ of an ordered abelian group Γ is called convex in Γ if each
γ ∈ Γ with 0 ≤ γ ≤ δ ∈ ∆ already belongs to ∆. Clearly, the collection of all
proper convex subgroups of Γ is linearly ordered by inclusion. The order type
of this collection is called the rank of Γ . Thus, if there are exactly n proper
convex subgroups of Γ , we shall say that Γ is of rank n. In particular, if {0}
is the only proper convex subgroup of Γ , we say that Γ is of rank 1.

An ordering ≤ of an abelian group Γ is called archimedean if the following
condition holds:

for all γ, ε ∈ Γ such that ε > 0, there exists n ∈ N such that γ ≤ nε .

It is clear that an archimedean ordered group has no non-trivial convex
subgroup. Hence it is of rank 1. Every subgroup ∆ of the additive group
(R,+, 0) of the reals is archimedean with respect to the canonical ordering ≤
induced from R. Thus ∆ has rank 1, exept for ∆ = {0}. The converse to this
observation is also true.

Proposition 2.1.1. An ordered abelian group Γ is of rank 1 if and only if it
is order-isomorphic to a non-trivial subgroup of (R,+, 0) with the canonical
ordering induced from R.

Proof. The proof will be achieved in several steps. Let us first prove that a
rank-one ordered group is archimedean. Given ε ∈ Γ with ε > 0, we shall
prove that for every γ ∈ Γ , there is some n ∈ N such that −γ, γ < nε.

Set ∆ := { γ ∈ Γ | γ,−γ ≤ nε for some n ∈ N }. Clearly, 0 ∈ ∆, and
−γ ∈ ∆ for every γ ∈ ∆. Moreover, for γ1, γ2 ∈ ∆ and n1, n2 ∈ N such
that γ1,−γ1 < n1ε and γ2,−γ2 < n2ε, it follows that (γ1 + γ2),−(γ1 + γ2) <
(n1+n2)ε. Thus ∆ is a subgroup of Γ . Clearly ∆ is convex, i.e., 0 ≤ γ ≤ δ ∈ ∆
and γ ∈ Γ imply γ ∈ ∆. Since 0 	= ε ∈ ∆, it follows from the rank-one property
of Γ that ∆ = Γ . Thus Γ is archimedean ordered as desired.

For the rest of this proof, fix any positive element ε ∈ Γ .
For each α ∈ Γ , let

L(α) = {m/n ∈ Q | n > 0 and mε ≤ nα } ,
U(α) = {m/n ∈ Q | n > 0 and mε ≥ nα } .

We shall prove that for each α ∈ Γ , L(α) 	= ∅, U(α) 	= ∅, L(α)∪U(α) = Q,
and, if β ∈ L(α) and β′ ∈ U(α), then β ≤ β′. Consequently, L(α) and U(α)
will define a Dedekind cut in Q.

Since Γ is ordered, either mε ≤ nα or mε ≥ nα. Therefore every m/n ∈ Q
lies in L(α) or U(α). Thus L(α) ∪ U(α) = Q. Hence, if L(α) = ∅, we would
have U(α) = Q and mε ≤ α for all m ∈ Z, which is impossible since Γ is
archimedean. Similarly we can prove U(α) 	= ∅. Finally, mε ≤ nα and m′ε ≥
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n′α together imply mn′ε ≤ n′nα = nn′α ≤ nm′ε. Therefore mn′ ≤ nm′, since
ε > 0. Hence m/n ≤ m′/n′, as required.

Consequently, there is a mapping α �→ r(α) from Γ into the additive group
(R,+, 0), where r(α) is the real number corresponding to the Dedekind cut
L(α), U(α). Clearly, α ≤ β implies r(α) ≤ r(β). We now prove that r is a
group monomorphism. For α, β ∈ Γ let m/n ∈ L(α) and m′/n′ ∈ L(β). By
modifying m and m′ conveniently, we may assume n′ = n. Since mε ≤ nα
and m′ε ≤ nβ, (m +m′)ε ≤ n(α + β) and so (m +m′)/n ∈ L(α + β). Thus
r(α+β) ≥ r(α)+r(β). Similarly, one proves U(α)+U(β) ⊆ U(α+β). Since the
last inclusion implies r(α+β) ≤ r(α)+r(β), the equality r(α+β) = r(α)+r(β)
holds. Therefore r is a group homomorphism.

To finish the proof it remains only to show that the kernel of r is trivial.
If r(α) = 0, then for any positive integer n it follows that −1/n ∈ L(α) and
1/n ∈ U(α). Hence −ε ≤ nα ≤ ε for all n > 0. Because the group Γ is
archimedean, this implies α = 0. 
�

Let Γ be an ordered abelian group and ∆ ⊆ Γ a convex subgroup. Then
the quotient group Γ/∆ can also be made an ordered group. Indeed, let γ+∆
and γ′ +∆ be two different cosets. We can order them by defining

γ +∆ < γ′ +∆ iff γ < γ′ .

One easily checks that this definition is independent of the representatives γ
and γ′, and gives an ordering on Γ/∆. We then take

γ +∆ ≤ γ′ +∆ iff γ +∆ = γ′ +∆ or γ +∆ < γ′ +∆ .

If Γ and ∆ are two ordered abelian groups, we can order the direct product
lexicographically by taking, for γ, γ′ ∈ Γ and δ, δ′ ∈ ∆,

(γ, δ) ≤ (γ′, δ′) iff γ < γ′ or (γ = γ′ and δ ≤ δ′) .

Clearly {0}×∆ becomes a convex subgroup of Γ ×∆, order-isomorphic to ∆.
The additive group of the rational integers Z is ordered of rank 1. The

lexicographic product Z×Z, or more generally Z×· · ·×Z, n-times, is of rank
2, respectively n. We may give, however, the direct product Z × Z another
ordering that makes it a rank 1 ordered abelian group. Indeed, we may just
identify Z× Z with the subgroup Z + Z

√
2 of the additive reals and take the

ordering induced from R.
With respect to the lexicographic ordering, Z × Z is discrete1, i.e., an

ordered abelian group that admits a minimal positive element, with respect
to the ordering induced from R, Z× Z is densely ordered.

Now, after this short excursion into ordered abelian groups, let us define
valuations. For this, let Γ be an ordered abelian group, and ∞ a symbol
1 In classical valuation theory ‘discrete’ very often stands for ‘isomorphic to Z’. In

this book, however, we use ‘discrete of rank 1’ in that case.
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satisfying the rules (1.3.3). We then define a valuation v on a field K to be a
surjective map

v : K −→→ Γ ∪ {∞}
satisfying the following axioms: for all x, y ∈ K,

(1) v(x) = ∞ =⇒ x = 0
(2) v(xy) = v(x) + v(y)
(3) v(x+ y) ≥ min{v(x), v(y)} .

(2.1.2)

Clearly this definition generalizes that of a non-archimedean absolute value.
It should be noted, however, that surjectivity was not required in (1.3.2).

If Γ = {0}, we call v the trivial valuation; if Γ has rank 1, we call v a
rank-1 valuation. More generally, we define the rank of v as the rank of the
value group Γ = v(K×).

As in Sect. 1.3, we get for all x, y ∈ K:

v(1) = 0, v(x−1) = −v(x), v(−x) = v(x) ,
v(x) < v(y) =⇒ v(x+ y) = v(x) .

Moreover, the set
Ov := {x ∈ K | v(x) ≥ 0 }

is a valuation ring of K, i.e., a subring of K such that for all x ∈ K×,

x ∈ Ov or x−1 ∈ Ov .

The group O×
v of units of Ov is given by

O×
v = {x ∈ K | v(x) = 0 } ,

and the set of non-units

Mv = {x ∈ K | v(x) > 0 }

forms a maximal ideal of Ov—in fact, the only such. As in Sect. 1.3, we call
the quotient

Kv := Ov/Mv

the residue class field of v.
If K is a subfield of L, v a valuation on K, and w a valuation on L, we

say that w extends v, if w restricts to v, i.e., w|K = v.
As we saw above, every valuation v on K determines a valuation ring Ov

in K. Now we show that, conversely, every valuation ring O in K determines
a valuation v on K.

Proposition 2.1.2. Let O ⊆ K be a valuation ring of K. There exists a
valuation v on K such that O = Ov.
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Proof. Denote by O× the group of units of O. The multiplicative quotient
group Γ = K×/O× is an abelian group. We rewrite it additively by setting
for the cosets xO× and yO×:

xO× + yO× := xyO× .

Furthermore we define a binary relation ≤ on Γ by

xO× ≤ yO× iff
y

x
∈ O .

It is easily checked that this turns Γ into an ordered abelian group. The
linearity (2.1.1)(4) of this ordering follows from the defining property of a
valuation ring. The desired valuation is now defined by

v(x) = xO× ∈ Γ
for x ∈ K×, and v(0) = ∞. Indeed, v(xy) = v(x) + v(y) is trivial. If v(x) ≤
v(y), then y/x ∈ O. Hence also (x + y)/x = 1 + y/x ∈ O. Thus v(x + y) ≥
v(x) = min{v(x), v(y)}. Obviously,

Ov = {x ∈ K | v(x) ≥ 0 } =
{
x ∈ K

∣∣∣ x
1
∈ O

}
= O. 
�

This proposition implies that the set M = O � O× is an ideal of the
valuation ring O. Actually, the unique maximal one. Extending the concept
of rank to valuation rings, we call rank Γ the rank of O.

The valuation ring O = K clearly corresponds to the trivial valuation,
thus will be called the trivial valuation ring. Let us mention at this point
that the only valuation ring of a finite field is the trivial one. In fact, for a
corresponding valuation, the value group has to be a finite ordered group,
hence must be {0}.

We now call two valuations vi : K −→→ Γi ∪ {∞} (i = 1, 2) equivalent if
they define the same valuation ring in K, i.e., Ov1 = Ov2 .

Proposition 2.1.3. Two valuations vi : K −→→ Γi∪{∞} on K are equivalent
if and only if there exists an order-preserving isomorphism 
 : Γ1 −→ Γ2 such
that 
 ◦ v1 = v2.

Proof. If such a 
 : Γ1 → Γ2 exists, then clearly Ov1 = Ov2 . Conversely, since
vi : K× −→→ Γi is a group homomorphism having kernel O×

vi
, for i = 1, 2,

there exists an isomorphism τi : K×/O×
vi
−→ Γi satisfying τi(xO×

vi
) = vi(x),

for i = 1, 2. From Ov1 = Ov2 we get K×/O×
v1

= K×/O×
v2

. Thus 
 = τ2 ◦ τ−1
1

is the required isomorphism. 
�
Using Proposition 2.1.3 we may say that valuation rings of K correspond

one-to-one to valuations of K up to an order-isomorphism of the value group.
In this sense, we will identify valuations with valuation rings in the rest of
this book. We use whatever is more convenient.
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The first non-trivial examples of valuations that we saw in Sect. 1.3 were
the p-adic valuation vp on Q where p is a rational prime, and similarly the
p-adic valuation vp on the rational function field k(X) where p is any irre-
ducible polynomial from k[X], k being an arbitrary field. In the second case,
vp restricted to k is trivial.

There is one more interesting valuation on k[X], trivial on k. This is the
degree valuation v∞ defined by v∞(0) = ∞ and, for non-zero polynomials
f, g ∈ k[X], by

v∞

(
f

g

)
= deg g − deg f .

One easily checks the axioms of a valuation. f
g is a unit in the valuation

ring Ov∞ if and only if deg f = deg g. Thus if

f = cnX
n + cn−1X

n−1 + · · ·+ c0 ,

with ci ∈ k and cn 	= 0, then we see that f(X)/Xn is a unit that maps to cn
in the residue class field. Hence it follows that the residue class field is exactly
k. In fact, if deg f = deg g = n, we simply use the identity

f

g
=
f(X)/Xn

g(X)/Xn
.

The next theorem shows that there are no valuations v on Q and k(X)
other than the ones just mentioned, assuming in the second case triviality
on k.

Theorem 2.1.4.
(a) Every non-trivial valuation on Q is a p-adic valuation for some rational
prime p.
(b) Every non-trivial valuation on k(X), trivial on k, is either the degree
valuation v∞ or a p-adic valuation for some irreducible polynomial p ∈ k[X].

Proof. LetK be either Q or k(X) and v some non-trivial valuation onK. Then
the valuation ring Ov is different from K. In the second case v is assumed to
be trivial on k. This means that k ⊆ Ov. Let us simply write O for Ov.

(a) Since 1 ∈ O, we have Z ⊆ O. As O 	= Q, at least one prime p must lie
in M. If q is a prime different from p, we have

ap+ bq = 1 ,

for some a, b ∈ Z. This shows that q 	∈ M. Hence all primes q 	= p are units
in O. Using the factorization of integers we therefore see that for a, b ∈ Z,
relatively prime, we have

a

b
∈ O iff p � b .

This proves that O = Z(p), i.e., v is equivalent to the p-adic valuation vp.
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(b) If X ∈ O, then k[X] ⊆ O and we can argue as in case (a) replacing Z
by k[X]. If X 	∈ O, then X−1 ∈M. In this case v(X) < 0 and

v(Xm) < v(Xn)

whenever 0 ≤ n < m. Since v(a) = 0 for every a ∈ k×, we get

v(anX
n + an−1X

n−1 + · · ·+ a0) = v(anX
n) = nv(X)

in case an 	= 0. Hence the value group v(k(X)×) is Zv(X). By sending v(X)
to −1, we therefore get an order-preserving isomorphism with Z, showing that
v is equivalent to the degree valuation. 
�

2.2 Constructions of Valuations

In this section we shall discuss some ways to construct valuations and therefore
also give more examples. We first deal with the case of a rational function field
F = K(X) in one variable, where K already carries a valuation v, and we
give many ways to extend v to F . Next we shall study orderings on a field K,
since they are naturally linked to valuations of K. This linkage is very useful;
it works both ways. From orderings we can construct certain valuations, and
conversely from valuations we can construct certain orderings. Finally we
construct valuations from so-called rigid elements in a quite unusual way.
This construction will be important in Sect. 5.4.

2.2.1 Rational Function Fields

Theorem 2.2.1. Suppose K is a field, Γ is an ordered subgroup of an or-
dered group Γ ′, v : K −→→ Γ ∪ {∞} is a valuation, and γ ∈ Γ ′. For
f =

∑n
i=0 aiX

i ∈ K[X], define

w(f) :=

{ ∞ if f = 0 ,
min

0≤i≤n
{v(ai) + iγ} otherwise . (2.2.1)

For f, g ∈ K[X] \ {0} let w(f/g) = w(f)− w(g). The above equations define
a valuation w : K(X) −→ Γ ′ ∪ {∞} on K(X) that extends v.

Proof. For f, g ∈ K[X] \ {0}, let n = max{deg f, deg g}, and write f =∑n
i=0 aiX

i and g =
∑n

i=0 biX
i, ai, bi ∈ K. Then f + g =

∑n
i=0(ai + bi)Xi,

and

v(ai + bi) + iγ ≥ min{v(ai), v(bi)}+ iγ

= min{v(ai) + iγ, v(bi) + iγ}
≥ min{w(f), w(g)} , whence

w(f + g) ≥ min{w(f), w(g)} . (2.2.2)
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Next we show that for f, g ∈ K[X]\{0}, w(fg) = w(f)+w(g). This time
write f =

∑n
i=0 aiX

i and g =
∑m

j=0 bjX
j . Then

fg =
n∑

i=0

m∑
j=0

aibjX
i+j =

n+m∑
k=0

( ∑
i+j=k

aibj

)
Xk =

n+m∑
k=0

ckX
k ,

where ck =
∑

i+j=k aibj . For i+ j = k we have

v(aibj) + kγ = v(ai) + iγ + v(bj) + jγ ≥ w(f) + w(g) .

Thus

v(ck) + kγ ≥ min{v(aibj) | i+ j = k }+ kγ ≥ w(f) + w(g) .

Therefore
w(f) + w(g) ≤ min

0≤k≤n+m
{v(ck) + kγ} = w(fg) ,

whence
w(f) + w(g) ≤ w(fg) . (2.2.3)

To show the opposite inequality, let

i0 = min{ i | v(ai) + iγ = w(f) } ,
j0 = min{ j | v(bj) + jγ = w(g) } ,
k0 = i0 + j0 .

Then

ck0 =
∑

i+j=k0

aibj =

( ∑
i+j=k0

i<i0

aibj

)
+ ai0bj0 +

∑
i+j=k0

i>i0

aibj . (2.2.4)

In the summation in parentheses we always have i < i0, whence v(ai) + iγ >
w(f), by the definition of i0. Thus for each summand aibj in that summation,

v(aibj) + k0γ = v(ai) + iγ︸ ︷︷ ︸
> w(f)

+ v(bj) + jγ︸ ︷︷ ︸
≥ w(g)

> w(f) + w(g) .

Symmetrically for the last summation in (2.2.4). Since i > i0, then j < j0.
Whence v(bj) + jγ > w(g), by the definition of j0. Thus for each summand
aibj in that summation,

v(aibj) + k0γ = v(ai) + iγ︸ ︷︷ ︸
≥ w(f)

+ v(bj) + jγ︸ ︷︷ ︸
> w(g)

> w(f) + w(g) .

Consequently,
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v

( ∑
i+j=k0

i<i0

aibj

)
> w(f) + w(g)− k0γ = v(ai0bj0)

and

v

( ∑
i+j=k0

i>i0

aibj

)
> w(f) + w(g)− k0γ = v(ai0bj0) .

Thus v(ck0) = v(ai0bj0)
2 and therefore v(ck0) + k0γ = w(f) + w(g). Hence

w(fg) ≤ v(ck0) + k0γ = w(f) + w(g) ,

which, together with (2.2.3), gives

w(fg) = w(f) + w(g) , (2.2.5)

as promised.
The map w : K(X) −→ Γ ′ ∪ {∞} is well defined: if f1/g1 = f2/g2, then

f1g2 = f2g1. Hence (2.2.5) implies w(f1) + w(g2) = w(f2) + w(g1) and so
w(f1)− w(g1) = w(f2)− w(g2).

It remains to extend (2.2.2) and (2.2.5) from the case of f, g ∈ K[X] \ {0}
to the case of arbitrary elements h1, h2 of K(X) \ {0}. For this, let g be a
common denominator of h1 and h2: hi = fi/g, where f1, f2, g ∈ K[X] \ {0}.
Then

w(h1 + h2) = w

(
f1 + f2
g

)
= w(f1 + f2)− w(g)

≥ min{w(f1), w(f2)} − w(g)
= min{w(f1)− w(g), w(f2)− w(g)}
= min{w(h1), w(h2)} .

Finally,

w(h1h2) = w

(
f1f2
g2

)
= w(f1f2)− w(g2)

= w(f1)− w(g) + w(f2)− w(g)
= w(h1) + w(h2) ,

as required. 
�
The valuation considered in the next corollary is commonly known as the

Gauss extension of v from K to the rational function field K(X).

2 If x1, . . . , xn ∈ K are such that min{v(x1), . . . , v(xn)} is assumed for a unique i,
then v(x1 + · · · + xn) = min{v(x1), . . . , v(xn)}.
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Corollary 2.2.2. Suppose v : K −→→ Γ ∪ {∞} is a valuation on K. Then
there is exactly one extension w of v to K(X) such that w(X) = 0 and
X is transcendental over K. For this w, we have K(X) = K(X) and
w(K(X)×) = Γ .

Proof. For the uniqueness, let f =
∑n

i=0 aiX
i ∈ K[X] \ {0}. Pick k ≤ n such

that
v(ak) = min

0≤i≤n
v(ai) .

Then

f = ak

n∑
i=0

biX
i

︸ ︷︷ ︸
=: g

, where bi =
ai

ak
and v(bi) ≥ 0 . (2.2.6)

Then w(g) ≥ 0, since w(X) = 0. Moreover,

g =
n∑

i=0

biX
i 	= 0 ,

since bk = 1 andX is transcendental over K. Therefore g ∈ O×
w , i.e., w(g) = 0,

whence w(f) = v(ak), i.e.,

w(f) = min
0≤i≤n

v(ai) .

For the existence, let f ∈ K[X], and define w(f) by (2.2.1), taking Γ ′ =
Γ and γ = 0. Then w(X) = 0. To see that X is transcendental, suppose∑n

i=0 aiX
i
= 0, for some ai ∈ Ov. Then

0 < w

( n∑
i=0

aiX
i

)
= min

0≤i≤n
v(ai) ,

whence v(ai) > 0 for each i; i.e., each ai = 0.
Next, w(K(X)×) = Γ is clear.
The last property to show is that K(X) = K(X). For this, let h ∈ O×

w ,
and write h = f1/f2, with f1, f2 ∈ K[X] \ {0}. As in 2.2.6, for each i = 1, 2
write fi = cigi, where ci ∈ K×, and gi ∈ O×

w . Therefore h = c g1/g2, where
c = c1/c2 ∈ K×. Also, c ∈ O×

w , since h ∈ O×
w . Then h = cg1/g2 ∈ K(X). 
�

Corollary 2.2.3. Suppose v : K −→→ Γ ∪ {∞} is a valuation of the field K,
Γ is an ordered subgroup of an ordered group Γ ′, and γ ∈ Γ ′ has the property:

if n ∈ Z satisfies nγ ∈ Γ , then n = 0 .

Under these conditions, there is exactly one valuation w on K(X) extending
v, with w(X) = γ. For this w, we have K(X) = K and w(K(X)×) = Γ ⊕Zγ
with the ordering induced from Γ ′.
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Proof. The existence of w follows from Theorem 2.2.1. To prove uniqueness,
let w be any such extension. Consider an f ∈ K[X], say, f = a0 + a1X +
· · · + anX

n, with ai ∈ K. Then for each i ≤ n, w(aiX
i) = v(ai) + iw(X) =

v(ai) + iγ. For i 	= j and ai 	= 0 	= aj we claim that w(aiX
i) 	= w(ajX

j).
Indeed, v(ai) + iγ = v(aj) + jγ implies that (i − j)γ = v(aj) − v(ai) ∈ Γ .
Whence by hypothesis i− j = 0, i.e., i = j.

Now the claim above yields

w(f) = min{w(a0), . . . , w(anX
n)} = min

0≤i≤n
(v(ai) + iγ) ,

which implies that w is uniquely determined on K[X], and hence on K(X).
It is now clear that w(K(X)×) = Γ ⊕ Zγ; and it remains to show that

K(X) = K.
First we show that every f ∈ K[X] \ {0} is of the form f = aXm(1 + u),

where a ∈ K×, m ∈ N, u ∈ K(X), and w(u) > 0. For this, write f =∑n
i=0 aiX

i, with ai ∈ K. We have seen above that there is exactly one i0 such
that w(f) = v(ai0) + i0γ = w(ai0X

i0). Therefore

f = ai0X
i0

(
1 +

n∑
i=0
i�=i0

aiX
i

ai0X
i0

︸ ︷︷ ︸
=: u

)
.

Observe that

w

(
aiX

i

ai0X
i0

)
= w(aiX

i)− w(ai0X
i0) > 0

for i 	= i0, whence w(u) > 0.
Second, we consider any h ∈ K(X) \ {0}, and write h = f/g, with f, g ∈

K[X] \ {0}. Write f = aXm(1 + u) and g = bXn(1 + u′), with a, b ∈ K×,
m,n ∈ N, and w(u), w(u′) > 0. Then

h =
f

g
=
a

b
Xm−n 1 + u

1 + u′
= cXr

(
1 +

u− u′
1 + u′

)
,

where c = a/b ∈ K× and r = m − n ∈ Z. Since w(u′) > 0, w(1 + u′) = 0;
therefore w(u − u′/1 + u′) > 0. Consequently, there exists u′′ ∈ K(X) with
w(u′′) > 0 such that h = cXr(1 + u′′).

We now show that K(X) = K. Let h ∈ O×
w be written in the form h =

cXr(1 + u′′) as described above. We then have

0 = w(h) = w(cXr(1 + u′′)) = v(c) + rγ ,

whence rγ = −v(c) ∈ Γ . By assumption, r = 0. Consequently, v(c) = 0.
Therefore h = c(1 + u′′) = c ∈ K (since u′′ = 0). 
�
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2.2.2 Ordered Fields

Next we deal with orderings on a field K. An ordering ≥ on K is a binary
relation that makes the additive group of K an ordered abelian group, and in
addition satisfies the following: for all x, y ∈ K,

0 ≤ x, y =⇒ 0 ≤ xy .

A field K is called real if it admits some ordering ≤. The set

P≤ := {x ∈ K | 0 ≤ x }

is called the positive cone of ≤. For a subring R of K, we define the ≤-convex
hull of R in K by

OR(≤) := {x ∈ K | x,−x ≤ a for some a ∈ R } .

One easily sees that OR(≤) is a subring of K containing R.
We say that a subring R of K is ≤-convex if OR(≤) = R.
Clearly, R is ≤-convex if and only if R is a convex subgroup of the additive

group K. Moreover, any ≤-convex subring O of K containing 1, is a valuation
ring of K. Indeed, let 0 < x 	∈ O. Then 1 < x, and hence 0 < x−1 < 1, proving
that x−1 ∈ O. If R = Z, we simply write O(≤) for OZ(≤). The ring O(≤) is
the minimal ≤-convex subring of K containing 1.

In dealing with orderings ≤ on K it is sometimes more convenient to use
their positive cones P≤. In fact, there is a one-to-one correspondence between
orderings ≤ and positive cones P ⊆ K defined by the axioms

(1) P + P ⊆ P, P · P ⊆ P

(2) − 1 	∈ P
(3) P ∪ −P = K

(2.2.7)

If ≤ is an ordering, then clearly P≤ satisfies these axioms. Conversely, if
P ⊆ K is a positive cone, a little exercise shows that

x ≤ y iff y − x ∈ P

defines an ordering on K with P≤ = P . Because of this correspondence we
simply call P as well an ordering. Similarly we say that a valuation ring O is
P -convex if O is ≤-convex for the ordering ≤ defined by P .

Proposition 2.2.4. Let P be an ordering of K and let O be a valuation ring
of K with maximal ideal M. The following conditions are equivalent:

(1) O is P -convex;
(2) M is a P -convex subgroup of the additive group of O;
(3) P := {p+M | p ∈ P ∩O} is an ordering of the residue class field K of O;



2.2 Constructions of Valuations 37

(4) 1 +M⊆ P .

Proof. (1) =⇒ (2) For x ∈ O and y ∈M such that 0 < x < y ∈M, it follows
that 0 < y−1 < x−1. Since y−1 	∈ O, also x−1 	∈ O. Thus x ∈M, as required.

(2) =⇒ (3) The only condition to check is (2) of (2.2.7). Assume that
−1+M∈ P . Then there exists p ∈ P such that p+1 ∈M. Now 0 < 1 ≤ p+1
and the convexity of M imply 1 ∈M, a contradiction.

(3) =⇒ (4) Arguing by contradiction, take x ∈ M such that 1 + x 	∈ P .
But then −(1 + x) ∈ P ∩ O implies −1 ∈ P , a contradiction.

(4) =⇒ (1) Suppose there is 0 < x < y ∈ O such that x 	∈ O. Then
x−1 ∈ M. Hence −x−1y ∈ M and by (4), 1 − x−1y ∈ P . Multiplying by x,
one gets x− y ∈ P , contradicting the assumption x < y. 
�

The next theorem is known as the Baer-Krull Representation Theorem. In
order to formulate it, letK be a field and v : K −→→ Γ ∪ {∞} a valuation with
valuation ring O. The quotient group Γ := Γ/2Γ becomes, in a canonical way,
an F2-vector space. Let {πi | i ∈ I } be a family of elements of K× such that
{ v(πi) | i ∈ I } is an F2-basis of Γ . (Here v(πi) denotes the coset v(πi) + 2Γ
of Γ/2Γ .) Such a family is called a quadratic system of representatives of K
with respect to v.

Theorem 2.2.5. Let X(K) and X
(
Kv

)
denote the set of all orderings of K

and Kv, respectively, and fix a quadratic system {πi|i ∈ I} of representations
of K. Then there exists is a bijective correspondence

{P ∈ X(K) | O is P -convex} ≈←→ {−1, 1}I × X
(
Kv) (2.2.8)

described as follows:
Given an ordering P on K such that O is P -convex, let ηP : I → {−1, 1},

where ηP (i) = 1 iff πi ∈ P . Then the map P �→ (
ηP , P

)
is the above bijection.

Proof. We shall show that the above correspondence is bijective, by construct-
ing the inverse map.

The choice of {πi | i ∈ I } implies that for each a ∈ K×, there exist
uniquely determined indices i1, . . . , ir ∈ I such that v(a) = v(πi1)+· · ·+v(πir

).
Thus for some b ∈ K one has v(a) = v(πi1)+ · · ·+ v(πir

)+2v(b). Hence there
exists u ∈ O× for which a = ub2πi1 · · ·πir

. Since b is determined only up to a
unit, u, too, is determined only up to a unit square.

Now, given a mapping η : I → {−1, 1} and an ordering Q on Kv, define
P (η,Q) ⊆ K by 0 ∈ P (η,Q) and for each a ∈ K×:

a ∈ P (η,Q) if and only if η(i1) · · · η(ir)u ∈ Q .

By what we said about u and i1 . . . , ir above, P (η,Q) is well-defined.
We have to show that P (η,Q) is an ordering on K such that O is P (η,Q)-

convex and P (η,Q) = Q. Take a, a′ ∈ P (η,Q), a, a′ 	= 0, and write
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a = u b2 πε1
1 · · ·πεn

n ,

a′ = u′(b′)2πε′
1

1 · · ·πε′
n

n ,

where ε1, . . . , εn, ε
′
1, . . . , ε

′
n ∈ {0, 1}.

If v(a) 	= v(a′), say v(a) < v(a′), then v(a+ a′) = v(a). Hence a+ a′ = ca
for some c ∈ O×. Dividing both sides of this equation by a, and taking the
residue class, one gets 1 = c. Therefore a + a′ = cub2πε1

1 · · ·πεn
n ∈ P (η,Q).

The case v(a) = v(a′) occurs only if εj = ε′j , for every j = 1, . . . , n, because
v(π1), . . . , v(πn) is an F2-linearly independent family of elements of Γ . Con-
sequently, also b′ = bu′′ with u′′ ∈ O× and a+a′ = (u+u′(u′′)2)b2πε1

1 · · ·πεn
n .

Finally, u, u′ ∈ ±Q implies 0 	= u + u′(u′′)2 ∈ ±Q. Therefore a + a′ ∈
P (η,Q), by the very definition of P (η,Q). Hence, we have already shown
that P (η,Q) + P (η,Q) ⊆ P (η,Q).

In order to prove that P (η,Q) is closed under multiplication, we first
extend η to an F2-linear map from Γ to {−1, 1}. (This is clearly possible
since

{
v(πi)

∣∣ i ∈ I} is an F2-basis of Γ .) By composing

K× v−→Γ −→ Γ
η−→{−1, 1} ,

we have a group homomorphism K× → {−1, 1}, which we shall also denote
by η. Observe now that a ∈ P (η,Q) if and only if η(a)u ∈ Q. It follows from
this that P (η,Q)P (η,Q) ⊆ P (η,Q), as required.

It remains to show that P (η,Q)∪−P (η,Q) = K and −1 /∈ P (η,Q). Both
conditions, however, are immediate by the definition of P (η,Q).

It is also clear that 1+M⊆ P (η,Q). Hence Proposition 2.2.4 implies that
O is P (η,Q)-convex. Finally, if u ∈ O× ∩ P (η,Q), it follows from the very
definition of P (η,Q) that u ∈ Q. Therefore P (η,Q) = Q, as required.

What we have done so far shows that the ordering P (η,Q) is sent to the
pair (η,Q) by the map (2.2.8) This proves surjectivity. Injectivity is seen as
follows. If P is mapped to (η,Q) by (2.2.8), the construction of P (η,Q) shows
that P (η,Q) ⊆ P . But inclusion of two positive cones implies equality. 
�

An ordering ≤ of a field K is called archimedean if it is an archimedean
ordering of the additive group. Thus for every ε ∈ K with ε > 0, every γ ∈ K
can be exceeded by some multiple nε, with n ∈ N. Since we are working
with a field ordering, it clearly suffices to require this for ε = 1. Thus ≤ is
archimedean on K if and only if to every γ ∈ K there exists n ∈ N such that
γ ≤ n.

The next corollary gives an interesting characterization of fields that admit
a non-archimedean ordering.

Corollary 2.2.6. The field K admits a non-archimedean ordering if and only
if K carries a non-trivial valuation with a real residue class field K.

Proof. Assume that ≤ is a non-archimedean ordering ofK. Then the valuation
ring O(≤) defined above is non-trivial and ≤-convex. Thus by Theorem 2.2.5
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the positive cone P of ≤ corresponds to the pair (ηP , P ). In particular, K
admits an ordering, and thus is real.

Conversely, let O be a non-trivial valuation ring of K, and let Q be an
ordering of K. Choosing for η the constant map 1 yields an ordering P of K
for which O is convex and such that η = ηP and Q = P . Clearly, the ordering
≤ defined by P is non-archimedean as O(≤) ⊆ O, and therefore O(≤) cannot
be the whole field K. 
�

As a simple consequence of this corollary we see that every valuation v of
a field extension K of R (e.g., a function field over R) with real residue class
field must be trivial on R. In fact, if v|R were not trivial, then by the last
corollary R would admit a non-archimedean ordering, an absurdity.

2.2.3 Rigid Elements

The ultrametric triangle inequality (2.1.2) (3) for a valuation v on a field K
implies that for x ∈ K× �O×

v ,

O×
v + xO×

v ⊆ O×
v ∪ xO×

v .

The same ‘rigidity’ holds when O×
v is replaced by any subgroup T of K×

with O×
v ⊆ T . In fact, let a, b ∈ T and x ∈ K× � T . Then v(a) 	= v(xb) and

thus
v(a+ xb) = min{v(a), v(xb)} .

We shall now show that, conversely, subgroups of K× with the above
property may give rise to valuations. Given a subgroup T of K×, any x ∈
K× � T will be called T -rigid if

T + xT ⊆ T ∪ xT .

If T = O×
v , then every x ∈ K× �T actually is T -rigid. We shall show that

a subgroup T ⊆ K× with ‘many’ T -rigid elements comes from some valuation.
To be more precise, let us define

O1(T ) = {x ∈ K � T | 1 + x ∈ T }
O2(T ) = {x ∈ T | xO1(T ) ⊆ O1(T ) }
O(T ) = O1(T ) ∪ O2(T ) .

In the next theorem we shall see that under certain conditions on T , the set
O(T ) turns out to be a non-trivial valuation ring ofK. Although the definition
of O(T ) looks quite strange and the proof of the theorem is by no means
straight forward, the theorem has an important application in Sect. 5.4 where
we deduce from certain assumptions on the structure of the absolute Galois
group G(Ks/K) of K the existence of a non-trivial “henselian” valuation
on K.
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Theorem 2.2.7. Fix a rational prime p. Let K be a field and T ⊆ K× a
subgroup with (K×)p ⊆ T such that every element x ∈ K× � T is T -rigid.

(1) For p 	= 2, O(T ) is a valuation ring of K with O(T )× ⊆ T .
(2) In case p = 2 assume also −1 ∈ T . Then there exists a subgroup T1

containing T such that (T1 : T ) ≤ 2 and O(T1) is a valuation ring of K
with O(T1)× ⊆ T1.

Proof. We simplify the notation and just write O1, O2 and O = O1 ∪ O2.
Observe that, trivially 0 ∈ O1 and 1 ∈ O2.

First we suppose T has additionally the property:

for all x, y ∈ O1, 1− xy ∈ T . (2.2.9)

We then prove that O is the required valuation ring.
Step 1. 1 + O1 ⊆ O2.

Let x, y ∈ O1. Since 1 + (−y)(1 + y)−1 = (1 + y)−1 ∈ T it follows that
−y(1 + y)−1 ∈ O1. Thus property (2.2.9) applies to x and −y(1 + y)−1, i.e.,
1 + xy(1 + y)−1 ∈ T . Consequently,

1 + (1 + x)y = (1 + y)
(

1 +
xy

1 + y

)
∈ T ,

and so (1 + x)y ∈ O1, showing that 1 + x ∈ O2, as contended.
Step 2: O · O ⊆ O.

By definition O2 · O1 ⊆ O1 and O2 · O2 ⊆ O2. It remains to be seen that
O1 ·O1 ⊆ O. We shall prove for x, y ∈ O1 that xy ∈ O1 if xy 	∈ T , and xy ∈ O2

otherwise.
Case 1: xy 	∈ T . Suppose −x ∈ O1 or −y ∈ O1 occurs for at least one of
the elements x, y. Say −x ∈ O1. It then follows from (2.2.9) that 1 + xy =
1− (−x)y ∈ T . Thus xy ∈ O1, as desired.

We shall now prove that −x ∈ O1 or −y ∈ O1 is in fact true, and so Case 1
is done. By contradiction let us assume that −x, −y 	∈ O1. As x, y are rigid,
1 − x ∈ xT and 1 − y ∈ yT (observe that −1 ∈ T ). On the other hand, by
(2.2.9), 1− xy ∈ T . Hence

1− xy = (1− x) + x(1− y) ∈ T ∩ (xT ∪ xyT ) = ∅ ,
a contradiction.
Case 2: xy ∈ T .

Observe first that for all a ∈ O1 we have that −a(1 + a)−1 ∈ O1. In fact,
−a(1 + a)−1 	∈ T and 1 + (−a(1 + a)−1) = (1 + a)−1 ∈ T .

Since by Step 1, 1 + x ∈ O2 we get (1 + x)(−y)(1 + y)−1 ∈ O1. Once
again Step 1 says that 1 + y and 1 + (1 + x)(−y)(1 + y)−1 are in O2. Since
O2 · O2 ⊆ O2, we get

1− xy = (1 + y)
(

1 + (1 + x)
( −y

1 + y

))
∈ O2 .



2.2 Constructions of Valuations 41

Now take any z ∈ O1. As proved above, −z(1 + z)−1 ∈ O1. Hence

(1− xy)(−z)(1 + z)−1 ∈ O1 .

Therefore

1 + xyz = (1 + z)
(

1 + (1− xy) −z
1 + z

)
∈ T .

Thus xyz ∈ O1 and xy ∈ O2, as desired.
Step 3. For x ∈ K×, either x ∈ O or x−1 ∈ O. In particular, −1 ∈ O2.
Case 1. x 	∈ T . If x 	∈ O1, then 1 + x 	∈ T . But x is T -rigid. Thus 1 + x ∈ xT .
Hence 1 + x−1 ∈ T and x−1 ∈ O1.
Case 2: x ∈ T . If x 	∈ O2, there exists y ∈ O1 such that xy 	∈ O1. Since xy 	∈ T ,
(xy)−1 ∈ O1, by Case 1. Thus, by Case 2 of Step 2, x−1 = (xy)−1y ∈ O2.
Step 4. 1+O2 ⊆ O. More precisely, for x ∈ O2 we have 1+x ∈ O1 if 1+x 	∈ T ,
and 1 + x ∈ O2 otherwise.
Case 1: 1 + x 	∈ T . Since −(1 + x) 	∈ T and 1− (1 + x) = −x ∈ T , it follows
that −(1 + x) ∈ O1. By Step 2 and Step 3, 1 + x = (−1)(−(1 + x)) ∈ O1 as
required.
Case 2: 1 + x ∈ T . Observe first that −x = (−1)x ∈ O2 (Step 2 and Step 3).
Moreover, we saw in the proof of Case 2 of Step 2 that for each y ∈ O1 it
follows that −y(1 + y)−1 ∈ O1. Then (−x) (−y(1 + y)−1

) ∈ O1, and so

1 + (1 + x)y = (1 + y)
(

1 + (−x) −y
1 + y

)
∈ T .

Consequently, (1 + x)y ∈ O1 and 1 + x ∈ O2, as claimed.
Final Step. O is a valuation ring of K satisfying O× ⊆ T , and so the result

is proved in this case:
By Step 2, O·O ⊆ O. Since Step 3 implies −1 ∈ O, it follows that −x ∈ O

for every x ∈ O. To prove that O is a subring of K, it remains to be seen that
O +O ⊆ O. Take any x, y ∈ O. From Step 3, either xy−1 ∈ O or yx−1 ∈ O.
Say xy−1 ∈ O. Then Step 1 and Step 4 imply 1 + xy−1 ∈ O. Finally, Step 2
yields x+ y = y(1 + xy−1) ∈ O. Moreover, Step 3 says that O is a valuation
ring of K.

To show O× ⊆ T , note that if x ∈ O1, then 1 + x−1 ∈ x−1T . Therefore,
x−1 	∈ O1. Additionally, x−1 	∈ T implies x−1 	∈ O. Hence O× ⊆ O2 ⊆ T , as
contended.

To complete the proof we shall show next for every prime p 	= 2 that T
has the property (2.2.9). For p = 2 we shall see that if (2.2.9) does not hold
for T , then there exists a subgroup T1 of K× containing T , with (T1 : T ) = 2,
for which (2.2.9) holds.

Indeed, if there exists d, e ∈ O1 such that 1− de 	∈ T , then

1− de = (1 + d)− d(1 + e) ∈ T ∪ dT
= (1 + e)− e(1 + d) ∈ T ∪ eT ,

consequently, 1− de ∈ dT = eT .

(2.2.10)



42 2 Valuations

On the other hand, if p 	= 2 and dT = eT , then de 	∈ T . Indeed, if de ∈ T ,
then d

e
de = d2 ∈ T , and as p is odd, also d ∈ T . Thus de is T -rigid. Hence

1− de ∈ T ∪ deT , contradicting 1− de ∈ dT . We may therefore conclude for
p 	= 2 that 1− xy ∈ T for all x, y ∈ O1.

Consider now the case p = 2. Defining T1 = T ∪ eT we get a subgroup of
K× such that (T1 : T ) = 2, and clearly each x ∈ K�T1 is T1-rigid. Moreover,
O1(T1) = {x ∈ O1(T ) | x 	∈ eT }. We shall prove next that condition (2.2.9)
holds for T1, i.e., for all x, y ∈ O1(T1) we have that 1− xy ∈ T1. Then O(T1)
would be the required valuation ring.

Pick x, y ∈ O1(T1). In order to prove that 1 − xy ∈ T1 we have to use
the T -rigidity of x, y, e and d. We first claim that −dy ∈ O1(T ). Indeed, from
x, y 	∈ eT = dT ⊆ T1, it follows −ey−1, −dy 	∈ T (recall that −1 ∈ T ) and
also 1− dy ∈ T , as a conclusion of (2.2.10). Proving the claim.

Next, looking for a contradiction, assume that 1−xy 	∈ T1. Then 1−xy 	∈ T ,
too. As x, y ∈ O1(T1) ⊆ O1(T ), arguing as in (2.2.10) we see that xT = yT =
(1− xy)T .

From −ey−1 	∈ T , it follows that −ey−1 is T -rigid. Therefore, either 1 −
ey−1 ∈ T or 1−e−1y ∈ T . We shall prove that both possibilities cannot occur,
which gives the desired contradiction.

Suppose 1−ey−1 ∈ T . Then−ey−1 ∈ O1(T ), and since 1−(−ey−1)(−dy) =
1− ed 	∈ T , the argument in (2.2.10) implies

(−dy)T = (1− (−ey−1)(−dy))T = (1− ed)T = dT .

Since dyT = dT implies y ∈ T ⊆ T1, we get a contradiction.
On the other hand, if 1 − e−1y ∈ T , then −e−1y ∈ O1(T ). Observe now

that 1− (−ex)(−e−1y) = 1− xy 	∈ T . Again as in (2.2.10), it follows that

(−ex)T = (1− (−ex)(−e−1y))T = (1− xy)T = xT .

Finally, exT = xT contradicts e 	∈ T . 
�

2.3 Dependent Valuations – Induced Topology

Below we shall study the topology induced by a valuation on a field K. It will
then turn out that the dependence of valuation rings we are going to introduce
now means nothing else than inducing the same topology on K.

Let O1 and O2 be two valuation rings on K. We call O1 and O2 dependent
if their product O1O2 (= the smallest subring of K containing both O1 and
O2) is different from K. By the elements of the dependence class [O] of O we
just mean all non-trivial valuation rings O′ of K, dependent on O. Note that
by the very definition of a valuation ring O, every overring O′ of O in K is as
well a valuation ring of K. Such an overring O′ of O is called a coarsening of
O. Thus two dependent valuation rings O1 and O2 of K always have a lowest
common coarsening with respect to inclusion–namely, their product O1O2.
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We are now going to show that the set of overrings O′ of O in K is linearly
ordered by inclusion. Moreover, the non-trivial valuation rings above O are
in one-to-one correspondence with the proper convex subgroups of the value
group Γ of O. Thus the rank of Γ is as well the order type of the set of non-
trivial valuation rings of K above O. In particular, Γ has rank 1 if and only
if O is maximal.

Furthermore, we see from this fact that the dependence relation is an
equivalence relation. Indeed, if O1 and O2 are dependent and also O2 and O3

are dependent, then O1O2 and O2O3 are both overrings of O2. Thus there is
some inclusion, say O1O2 ⊆ O2O3. But then O1 and O3 are both contained
in O2O3. Hence they are dependent.

In what follows, let O be a fixed non-trivial valuation ring of K (i.e.,
O 	= K). Let O′ ⊆ K be an overring of O, and hence a valuation ring. We
then have

M′ ⊆M ,

whereM andM′ denote the maximal ideals of O and O′ respectively. Indeed,
x ∈M′ implies x−1 /∈ O′. Thus also x−1 /∈ O. But then x ∈M.

Since M′ is a prime ideal in O′, it is also prime in O. Localizing O at M′

we actually get back O′:
O′ = OM′ .

To prove this it suffices to show that every element x in O′ has the form
a/b with a, b ∈ O and b 	∈ M′. If x ∈ O, write x = x/1. If x 	∈ O, we
have x−1 ∈ M � M′. Now write x = 1/x−1. Since we did not exclude the
case O′ = K, this argument also shows that K is the quotient field for every
valuation ring O of K, a fact that we did already mention earlier.

Conversely, if p is a prime ideal of O, the localization Op is an overring of
O with maximal ideal p = pOp. Thus we have shown that the overrings O′ of
O correspond 1-1 with the prime ideals p of O. The next lemma will give the
promised linearity.

Lemma 2.3.1. Let O be a non-trivial valuation ring of K corresponding to
the valuation v : K −→→ Γ ∪ {∞}. Then there is a 1–1 correspondence of
convex subgroups ∆ of Γ with prime ideals p of O, and hence with overrings
Op of O. This correspondence is given by

∆ �→ p∆ = {x ∈ K | v(x) > δ for all δ ∈ ∆ }
p �→ ∆p = { γ ∈ Γ | γ,−γ < v(x) for all x ∈ p } .

In particular, if O has finite rank, this rank coincides with the Krull dimension
of O.

Proof. Clearly the set p∆ is an ideal of O. It remains to show that p∆ is prime.
Thus let x, y ∈ O, and let v(xy) > δ for all δ ∈ ∆. Assume that v(x), v(y) ≤ δ
for some δ ∈ ∆. Then v(xy) = v(x) + v(y) ≤ 2δ ∈ ∆, a contradiction.
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The convexity of the set ∆p is clear at once. Moreover, −∆p = ∆p follows
from the construction. Thus it remains to show that ∆p is closed under ad-
dition. Since two elements of ∆p are always comparable, and ∆p is convex, it
actually suffices to show that 0 ≤ δ ∈ ∆p implies δ+ δ ∈ ∆p. Let δ = v(x) for
some x ∈ O and assume that v(x2) = δ+ δ 	∈ ∆p. Thus v(y) ≤ v(x2) for some
y ∈ p. Since v(x2y−1) ≥ 0, x2y−1 ∈ O and hence x2 = y(x2y−1) ∈ p. As p is
a prime ideal, also x ∈ p. This, however, gives δ = v(x) 	∈ ∆p, a contradiction.

Actually, the two operations are inverse to each other, i.e., for all ∆ and
p one gets

∆ = ∆(p∆) and p = p(∆p) 
�
From this lemma and Proposition 2.1.1 we immediately get

Corollary 2.3.2. Let O be a non-trivial valuation ring of K. Then O has
rank 1 if and only if O is a maximal subring of K.

Let us return to the non-trivial valuation ring O of K and a correspond-
ing valuation v : K −→→ Γ ∪ {∞}. Assume again that p is a prime ideal
of O with corresponding convex subgroup ∆ in Γ . The canonical valuation
corresponding to Op induces an order-preserving group homomorphism

K×/O× −→ K×/O×
p ,

by sending for each x ∈ K× the coset xO× to xO×
p . The kernel consists of

the elements x ∈ K× such that

x =
a

b
,

with a, b ∈ O�p. Hence 0 ≤ v(a), v(b) ∈ ∆. Thus also v(x) = v(a)−v(b) ∈ ∆.
This shows that the valuation vp of Op is obtained from v : K −→→ Γ ∪ {∞}
simply by dividing Γ by the convex subgroup ∆:

vp : K −→→ Γ/∆ ∪ {∞}

where vp(x) = v(x) +∆.
The residue homomorphism

ϕp : Op −→ Op/p = Kp

sends the valuation ring O to a valuation ring O in Kp. One easily checks
that

v : Kp −→→ ∆ ∪ {∞}
with v(x) := v(x) is well-defined and yields a valuation on Kp corresponding
to O. The residue class field of the latter valuation v is actually O/M = K
as

O/M = (O/p)/(M/p) = O/M .
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Thus, passing from a non-trivial valuation ring O to some coarsening Op

of O, we obtain from a valuation v : K −→→ Γ ∪ {∞}, corresponding to O,
two other valuations, namely

vp : K −→→ Γ/∆p ∪ {∞}
with valuation ring Op, and the valuation

v : Kp −→→ ∆p ∪ {∞}
on the residue class field of vp.

This last process can also be reversed. Given a valuation v′ : K −→→
Γ ′∪{∞} and another one on its residue class field, say v : Kv′ −→→ ∆′∪{∞},
we can define a ‘composition’ of v′ with v as follows: we simply let

O = ϕ−1(Ov) ,

the pre-image of the valuation ring Ov via the canonical residue homomor-
phism ϕ : Ov′ −→ Kv′ . O is a valuation ring of K and Ov′ a coarsening
of O as described above. Let v : K −→→ Γ ∪ {∞} be the canonical valuation
corresponding to O. There exists a prime ideal p of O such that

Ov′ = Op .

From what we have explained above we see that ∆′ is isomorphic to a convex
subgroup ∆ of Γ , and Γ ′ ∼= Γ/∆. We call v the composition of v′ with v.

We shall now study the topology induced by a valuation on a field K.
As in the case of absolute values (cf. Sect. 1.1), also valuations of a field K
induce topologies on K making all field operations continuous and satisfying
one more property, saying that “a product can only be small, if one of the
factors is small.” Such field topologies are called V -topologies. A classical
theorem, proved in Appendix B, says that every V -topology comes from either
an archimedean absolute value or a valuation.

Returning to the dependency relation introduced above, we shall see that
two valuations are dependent if and only if they induce the same topology.

Let v : K −→→ Γ ∪ {∞} be a valuation of K. For each γ ∈ Γ and each
a ∈ K we define the set

Uγ(a) := {x ∈ K | v(x− a) > γ } .
These sets form a basis of open neighborhoods of a:

(1) a ∈ Uγ(a);
(2) Uγ(a) ∩ Uλ(a) = Uδ(a), where δ = max{γ, λ};
(3) b ∈ Uγ(a) , b 	= a , v(b− a) = γ′ > γ implies Uγ′(b) ⊆ Uγ(a).

Indeed, v(x − b) > γ′ = v(b − a) implies v(x − a) = v((x − b) + (b − a)) =
v(b− a) = γ′ > γ.

One easily sees that the topology constructed above has the Hausdorff
property. Moreover Γ = {0} if and only if Uγ(a) = {a} for every a ∈ K and
every γ ∈ Γ . Thus v is trivial if and only if the induced topology is discrete.
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Remark 2.3.3. (1) The sets {x | v(x − a) ≥ γ }, {x | v(x − a) ≤ γ }, and
{x | v(x − a) = γ } are open. For since v(x − b) > v(b − a) implies
v(x− a) = v(b− a), we have, for example,

{x | v(x− a) ≤ γ } =
⋃

v(b−a)≤γ

Uv(b−a)(b) .

Therewith are all of these sets (and naturally also Uγ(a)) both open and
closed. This applies, for example, to O = {x | v(x) ≥ 0 } and M = {x |
v(x) > 0 }.

(2) The field operations are continuous with respect to this topology. For
example, v(x+ y) ≥ min{v(x), v(y)} implies Uγ(a) + Uγ(b) ⊆ Uγ(a+ b).
Moreover, since

xy − ab = (x− a)(y − b) + (x− a)b+ (y − b)a ,
it follows that Uγ(a)Uγ(b) ⊆ Uδ(ab), where δ = min{2γ, γ+v(a), γ+v(b)}.

(3) Moreover, we observe that the topology induced by v satisfies the char-
acteristic property of a V -topology (cf. Appendix B). For all x, y ∈ K we
have

xy ∈ U2γ(0) implies x ∈ Uγ(0) or y ∈ Uγ(0) .

Indeed, if x, y 	∈ Uγ(0), then v(x), v(y) ≤ γ. Hence v(xy) = v(x) + v(y) ≤
2γ.

Theorem 2.3.4. Two nontrivial valuation rings O1 and O2 of K are depen-
dent if and only if they induce the same topology on K.

Proof. Since two dependent valuation rings have a common non-trivial coars-
ening, to show that they induce the same topology it is enough to consider
the particular case O1 ⊆ O2.

Let v : K −→→ Γ ∪ {∞} be a valuation corresponding to O1. By Lem-
ma 2.3.1 and its consequences there exists a convex subgroup∆ of Γ connected
with O2 in such a way that K× −→→ Γ −→→ Γ/∆ = Γ2 is a valuation v2
corresponding to O2. Since O2 	= K, Γ2 	= {0}. Write

Uγ(0) = { a ∈ K | v(a) > γ } and
Uγ+∆(0) = { a ∈ K | v2(a) > γ +∆ }

= { a ∈ K | v(a) > λ for all λ with λ ≡ γ mod ∆ } .
Therefore Uγ+∆(0) ⊆ Uγ(0).

On the other hand, v(a) > 2γ implies v2(a) ≥ 2γ +∆. Thus for γ > 0, if
in addition v2(a) ≤ γ+∆, then γ+∆ ≥ 2γ+∆. Hence γ ∈ ∆. Consequently,
for 0 < γ 	∈ ∆ it follows that U2γ(0) ⊆ Uγ+∆(0).

Therefore the topologies induced by O1 and O2 are identical.
Conversely, let M1 and M2 be the maximal ideals of O1 and O2. If O1

and O2 induce the same topology on K, then M2 is an open neighbourhood
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of 0 in the topology induced by O1. Consequently, there exists an a ∈ K×

with aM1 ⊆M2.
As M2 is the maximal ideal of the valuation ring O2, the set K �M2 is

multiplicatively closed. Thus we can form the ring

O3 =
{
x

y
| x ∈ O1, y ∈ O1 �M2

}
.

Since O3 contains O1, it is a valuation ring too. O3 also contains O2. In fact,
if x ∈ O2 � {0}, then x−1 	∈ M2. Hence x = 1

x−1 ∈ O3 in case x−1 ∈ O1.
If, however, x−1 	∈ O1, we have x ∈ O1 and thus x ∈ O3. Finally, O3 	= K.
Indeed, let z ∈M1 � {0}. Then 1

az 	∈ O3. To see this let 1
az = x

y with x ∈ O1

and y ∈ O1 �M2. Then y = a(zx) ∈ aM1 ⊆M2, a contradiction.
Hence we have proved that O1 and O2 are dependent. 
�
The last theorem is another way to see that the dependence relation among

the valuation rings of a field K is an equivalence relation, as we already saw
above. Let O be a non-trivial valuation ring of K and take the dependence
class [O] of all non-trivial valuation rings of K dependent on O. Clearly [O]
is an upwardly directed set with respect to the partial order of inclusion.

Proposition 2.3.5. Let O be any non-trivial valuation ring of K. Then we
have the following case distinction:

(1) [O] has a maximal valuation ring O1 which is a maximal non-trivial over-
ring of O; moreover O1 has rank 1 and its maximal ideal is the intersection
of all non-zero prime ideals of O, or

(2) there is no maximal non-trivial overring of O. Then the maximal ideals
M′ of valuation rings O′ ∈ [O] form a neighborhood system of 0 for the
topology induced by O. In this case the set of all non-zero prime ideals of
O is also a neighborhood system of 0.

Proof. The first item is a consequence of Lemma 2.3.1.
For the second item suppose we are given a positive δ ∈ Γ . We seek a

valuation ring O′ ⊇ O such that O′ 	= K and whose maximal ideal M′

satisfies M′ ⊆ Uδ(0). Let ∆ be the convex hull of the subgroup generated by
δ in Γ , i.e.,

∆ = { γ ∈ Γ | γ,−γ < nδ for some n ∈ N } .
∆ is a convex subgroup of Γ , and defines by Lemma 2.3.1 a valuation ring
O′ ⊇ O with M′ ⊆ Uδ(0). It remains to show that O′ 	= K.

If O′ = K, then ∆ = Γ and thus δ is an element of Γ such that Γ is the
convex hull of Zδ. Let ∆∗ be the largest convex subgroup of Γ not containing
δ. Then Γ ∗ = Γ/∆∗ is archimedean ordered and thus the overring O∗ of O,
corresponding to ∆∗ by Lemma 2.3.1, is maximal according to Corollary 2.3.2.
This contradicts our assumption. 
�
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2.4 Approximation – Completion

The next theorem extends Theorem 1.1.3 to non-archimedean valuations of
arbitrary rank.

Approximation Theorem 2.4.1. Suppose O1, . . . ,On are pairwise inde-
pendent valuation rings of K. For every i such that 1 ≤ i ≤ n, let

vi : K −→→ Γi ∪ {∞}
be a valuation corresponding to Oi. Then for any a1, . . . , an ∈ K and γ1 ∈
Γ1, . . . , γn ∈ Γn, there exists an x ∈ K with

vi(x− ai) > γi, for all i ∈ {1, . . . , n} .
Proof. For each i such that 1 ≤ i ≤ n, we pick δi ∈ Γi satisfying δi ≥ γi and
−δi ≤ vi(a1), . . . , vi(an). Some new restrictions will be imposed on each δi in
the course of argumentation.

Next take the open sets

Mi = {x ∈ K | 2δi < vi(x) } and
Ai = {x ∈ K | −2δi ≤ vi(x) } .

(1) We may choose the δi so that

M1 ∩
n⋂

j=2

(K \Aj) 	= ∅ .

Proof of (1): Induction on n.
n = 2: If M1 ∩ (K \A2) = ∅, then M1 ⊆ A2.
Choosing ci ∈ Mi (i = 1, 2), we find that ciAi ⊆ Mi and ciMi ⊆ Mi.

Therefore M1 ⊆ A2 implies

(c2c1)M1 = c2(c1M1) ⊆ c2M1 ⊆ c2A2 ⊆M2 .

Taking a = c2c1 yields aM1 ⊆ M2, and we are exactly in the situation of
the proof of Theorem 2.3.4. Thus we obtain that O1 and O2 are dependent,
a contradiction.

n > 2: By the induction hypothesis there exists r ∈ M1 ∩ (K \ A2). We
choose the δ3, . . . , δn large enough so that r ∈ Aj , for all j = 3, . . . , n.

By the induction hypothesis there further exists an

s ∈M1 ∩
⋂

3≤j≤n

(K \Aj) .

If s /∈ A2, we’re done. In the case s ∈ A2, since all Mi and Ai are closed under
addition and subtraction,
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s+ r ∈M1 ∩
⋂

2≤j≤n

(K \Aj) ,

proving (1).
Analogously we find via “belated improvement” of the δν that

Mi ∩
⋂
j �=i

(K \Aj) 	= ∅ .

An element from this intersection “approximates infinity” with respect to vj

for each j 	= i, and it approximates 0 with respect to vi.

(2) It now follows that

(1 +Mi) ∩
⋂
j �=i

Mj 	= ∅

(i.e., we can approximate 1 with respect to vi, and 0 with respect to vj for all
j 	= i); indeed,

x ∈Mi ⇒ 1
1 + x

= 1− x

1 + x
∈ 1 +Mi ,

and

x ∈ K \Aj ⇒ vj(1 + x) = vj(x), whence
1

1 + x
∈Mj .

(3) Then we choose

di ∈ (1 +Mi) ∩
⋂
j �=i

Mj

and finally set
x := a1d1 + · · ·+ andn .

Since di−1 ∈Mi and dj ∈Mi for all j 	= i, vi(di−1), vi(dj) > 2δi. Therewith
follows

vi(x− ai) = vi(a1d1 + · · ·+ ai(di − 1) + · · ·+ andn)
> min

1≤j≤n
{vi(aj) + 2δi} ≥ −δi + 2δi = δi ≥ γi ,

as desired. 
�
Remark 2.4.2. The above Approximation Theorem for valuations does apply
to non-archimedean absolute values, but does not apply to archimedean ab-
solute values. Hence it does not really generalize the Approximation Theorem
1.1.3 for absolute values. If one wants the archimedean absolute values to be
included, one should look at the paper [29] of A. L. Stone. Another possibility
is to “transform” them by model theoretic arguments also into valuations and
then apply Theorem 2.4.1. This approach can be found in [22].
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Once again let v : K −→→ Γ ∪ {∞} be a non-trivial valuation on K. We
are now going to introduce the completion of K with respect to v. In case Γ
has rank 1 (i.e. Γ is a subgroup of the additive reals), v is a non-archimedean
absolute value and the more general definition below will coincide with that
of Sect. 1.

As we shall see later (Remark 2.4.6) the completion with respect to a
higher rank valuation will in general not satisfy Hensel’s Lemma (i.e., the
statement of Theorem 1.3.1). This is the reason why the completion will be
replaced by the so-called “henselization” (cf. Sect. 5.2), a uniquely determined
algebraic extension of K that satisfies Hensel’s Lemma. Nevertheless, we shall
introduce3 the completion, but shall only sketch the proofs for its existence
and uniqueness.

Let κ be the smallest cardinal number serving as the index set of a sequence
γν (ν < κ, γν ∈ Γ ) that is “cofinal” in Γ (i.e., to each δ ∈ Γ there exists
a ν < κ with δ < γν). The cardinal κ is called the cofinality of Γ . As the
rationals are dense in R we see that the cofinality of every subgroup Γ of R
is ℵ0.

Similar to what we did in Sect. 1.1, we now consider sequences (aν)ν<κ of
length κ. We define convergence and Cauchy sequences as follows:

lim
ν<κ

aν = a

if and only if for every γ ∈ Γ there exists ν0 < κ such that for all ν ≥ ν0,

v(a− aν) > γ .

And (aν)ν<κ is a Cauchy sequence if and only if for every γ ∈ Γ there exists
ν0 < κ such that for all ν, µ ≥ ν0,

v(aν − aµ) > γ .

K is called complete if every Cauchy sequence converges in K. If we restrict to
the case where κ = ℵ0 (so that (yi)i<κ = (yi)i∈N), then we have the ordinary
concepts of convergence, Cauchy sequence, and completeness.

Theorem 2.4.3. Every valued field (K, v) possesses one and (up to valuation
isomorphism) only one valued extension

(
K̂, v̂

)
that is complete and in which

K is dense.(
K̂, v̂

)
is called the completion of (K, v).

Proof. As in the proof of Theorem 1.1.4, the set C of all Cauchy sequences
(aν)ν<κ of elements of K with componentwise addition and multiplication is
a commutative ring. The set
3 In this introduction we shall assume some familiarity with basic fact about ordi-

nals and cardinals. In the course of the book we shall, however, not return to this
general notion of completions.
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N =
{

(aν)ν<κ

∣∣∣ lim
ν<κ

aν = 0
}

is a maximal ideal of C. Thus the quotient ring K̂ = C/N is a field.
The ultrametric triangle inequality implies for any Cauchy sequence

(aν)ν<κ that either:

(i) there is (exactly) one γ ∈ Γ such that, for some η < κ, v(aν) = γ for all
ν ≥ η; or

(ii) for all γ ∈ Γ , there exists η < κ such that v(aν) > γ for every ν > η.

It is pretty clear that case (ii) occurs if and only if (aν)ν<κ ∈ N .
The above remark shows that there is a well defined function

v̂ : C −→→ Γ ∪ {∞}
given by

v̂((aν)ν<κ) :=

{
γ where γ is given in (i) .
∞ in case (ii) .

Next, one can construct a valuation on K̂ (also denoted by v̂) as follows:
for â = (aν)ν<κ +N ∈ K̂ set

v̂(â) = v̂((aν)ν<κ) .

Let (aν)ν<κ, (bν)ν<κ ∈ C and denote γ = v̂((aν)ν<κ), λ = v̂((bν)ν<κ) ∈
Γ ∪ {∞}. By a “three-triangle-inequality” argument one sees that

v̂((aν + bν)ν<κ)

{
= min{γ, λ} if γ < λ

≥ min{γ, λ} if γ = λ

It follows from this that v̂ : K̂ −→→ Γ ∪ {∞} is well defined and satisfies the
ultrametric triangle condition. To show that v̂ preserves multiplication is an
easy exercise. Thus v̂ is a valuation on K̂.

The map which associates to each x ∈ K the class (xν)ν<κ + N of the
constant sequence xν = x for every ν, embeds K in a canonical way in K̂. It
is also true that v̂ restricts to v on the image of K.

Every Cauchy sequence (aν)ν<κ in K has â = (aν)ν<κ +N as its limit in
K̂. Whence K is dense in K̂.

To show the completeness of K̂, note first that there is a monotonically
increasing sequence (γt)t<κ that is cofinal in Γ . Now take (âν)ν<κ a Cauchy
sequence in K̂. For each t < κ, we can find an element xt ∈ K such that
v̂(ât − xt) > γt. Then one verifies immediately that (xt)t<κ is a Cauchy
sequence in K. Put x̂ = (xt)t<κ +N . One shows that (âν)ν<κ converges to x̂,
thus proving the completeness of K̂.

If K̂ and K̂ ′ are completions of the valued field K, then by standard
arguments one verifies that there exists exactly one isomorphism φ : K̂ → K̂′

of valued fields whose restriction to K is the identical map. (In fact, there
does exist a commutative diagram like in 1.1.4.) 
�
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A valued field (K, v) is called relatively complete if K is relatively separa-
bly closed in K̂. For a valued field (K, v), we write (Ka, va) for the relative
separable closure of K in K̂, where va is the restriction of v̂ to Ka.

Proposition 2.4.4. (K, v) ⊆ (Ka, va) ⊆ (K̂, v̂) are immediate extensions,
i.e., all residue class fields and all value groups are canonically isomorphic
(cf. Theorem 1.3.4).

Proof. For â ∈ K̂, the density of K in K̂ implies the existence of a ∈ K
satisfying v̂(â−a) > v̂(â). Then v(a) = v̂((â−a)− â) = v̂(â). Thence v̂ and v
have the same value group. Moreover, if v̂(â) = 0, it follows from v̂(â−a) > 0
that â and a have the same residue class. Thus v̂ has K as its residue class
field. 
�
Theorem 2.4.5. A valued field (K, v) is relatively complete if and only if
every separable4 polynomial f ∈ K[X] that comes arbitrarily close to 0 over
K (i.e., that is such that 0 is in the closure of f(K)) has a zero in K.

Proof. Suppose (K, v) 	= (Ka, va) and let â ∈ Ka � K. Take an irreducible
polynomial f ∈ K[X] such that f(â) = 0. Let (aν)ν<κ be a sequence in K
that converges to â. The continuity of the function defined by the polynomial
f implies that (f(aν))ν<κ converges to 0 over K. Yet f has no zero in K.

Conversely, suppose K = Ka, and let f ∈ K[X] be a separable polynomial
which comes arbitrarily close to 0 over K. Denote d = deg f . We may assume
f is monic. Consider next a cofinal sequence (γν)ν<κ in Γ . Then for each
ν < κ there exists an aν ∈ K with v(f(aν)) > dγν .

As before, v̂ denotes the canonical extension of v to K̂. By Theorem 3.1.2
there exists a valuation w of a separable closure K̂s of K̂ whose restriction to
K̂ equals v̂. From Theorem 3.2.4 (1) we shall see that the value group Γ s of
w is contained in the divisible hull of Γ . In particular, (γν)ν<κ is still cofinal
in Γ s.

In K̂s we have f(X) = (X − â1) · · · (X − âd). From

dγν < v(f(aν)) =
d∑

i=1

w(aν − âi)

it follows that for at least one i,

γν < w(aν − âi) .

Since we have only finitely many zeros âi of f(X) there exists an i and a
subsequence of (aν)ν<κ that converges to âi. From the completeness of K̂ it
follows that âi ∈ K̂. Since K is relatively complete, âi even lies in K. 
�
4 In this book, by a separable polynomial we always mean a polynomial without

multiple zeros.
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Clearly, every complete valued field (K, v) is relatively complete. Thus if
we want the statement of Corollary 1.3.2 to hold, every polynomial f ∈ Ov[X]
that has a simple zero a0 in the residue class field Kv (i.e., f(a0) = 0 and
f
′
(a0) 	= 0), should approach 0, i.e., 0 should belong to the closure of f(K).

This is always true if v is a rank 1 valuation (see Remark 1.3.3). For higher rank
valuations, however, this need no longer be true. Here is a counterexample:

Remark 2.4.6. Let vY : R(Y ) −→→ Z ∪ {∞} be the Y -adic valuation on the
rational function field R(Y ). Clearly the residue class field is R. We identify
Z with the subgroup {0} × Z of Z × Z, ordered lexicographically. Thus the
element γ = (1, 0) is greater than any element (0, δ) from {0}×Z. In particular
({0} × Z) ∩ Zγ = {(0, 0)}. Thus by Corollary 2.2.3, vY extends uniquely to a
valuation w : R(X,Y ) −→→ (Z× Z) ∪ {∞} with w(X) = γ. The residue class
field of w remains to be R.

Now consider the polynomial f = Z2−(1+Y ) ∈ K[Z] whereK = R(X,Y ).
Obviously, a0 = 1 yields the simple zero a0 = 1 of f in the residue class field.
However, 0 is not in the closure of f(K).

Proof. We shall show that

w(a2 − (1 + Y )) < (1, 0) (∗)

for every a ∈ K. Thus f(K) cannot approach 0.
In order to show (∗), observe that w is the composition of the X-adic

valuation vX on the rational function field k(X) with residue class field k =
R(Y ), and the Y -adic valuation vY on R(Y ). In fact,

vX : K −→ (Z× Z)/({0} × Z) ,

with vX(a) = w(a)+ ({0}×Z). Therefore, showing that vX(a2− (1+Y )) ≤ 0
implies (∗). Now, if vX(a) < 0, then vX(a2 − (1 + Y )) < 0, too. If vX(a) ≥ 0,
then by passing to the residue class field R(Y ) of vX , we obtain

a2 − (1 + Y ) 	= 0

(as 1 + Y is not a square in R(Y )), showing that vX(a2 − (1 + Y )) = 0. 
�
We end this section with a result that deals with the continuity of roots

of a separable polynomial.

Theorem 2.4.7. Let (K, v) be a valued field and let

f(X) = a0 + a1X + · · ·+ an−1X
n−1 +Xn ∈ K[X]

be a polynomial with distinct roots x1, . . . , xn ∈ K. To every α ∈ v(K) there
exists γ ∈ v(K) such that whenever y1, . . . , yn ∈ K,
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g(X) =
n∏

i=1

(X − yi) = b0 + · · ·+ bn−1X
n−1 +Xn ,

and
min

0≤i<n
v(ai − bi) > γ ,

then to every xi there is at least one yj with v(xi − yj) > α. Moreover, if
α ≥ maxi�=j v(xi − xj), then there exists only one yj with v(xi − yj) > α.

Proof. Let β := min{ v(xj) | 1 ≤ j ≤ n }, and assume that

α ≥ max
i�=j

v(xi − xj) .

Observe that α ≥ v(xi − xj) ≥ min{v(xi), v(xj)} ≥ β. Now let γ >
max{nα, n(α− β)}.

For every y ∈ K such that v(y − xj) ≤ α for all 1 ≤ j ≤ n it follows that

v(f(y)) =
n∑

j=1

v(y − xj) ≤ nα .

On the other hand, if g(y) = 0 and v(y) ≥ 0, we get

v(f(y)) = v(f(y)− g(y)) = v

(n−1∑
k=0

(ak − bk)yk

)
≥ min

0≤k<n
{v(ak − bk) + kv(y)} > γ.

Hence nα < γ < v(f(y)) ≤ nα, a contradiction. Therefore, v(y − xj) > α
for at least one zero xj of f .

If, however, g(y) = 0 and v(y) < 0, we consider

f(y)y−n = a0y
−n + a1y

−(n−1) + · · ·+ an−1y
−1 + 1 ,

g(y)y−n = b0y
−n + b1y

−(n−1) + · · ·+ bn−1y
−1 + 1 ,

and obtain

v(f(y)y−n) = v(f(y)y−n − g(y)y−n) = v

(n−1∑
k=0

(ak − bk)y−n+k

)
≥ min

0≤k<n
{v(ak − bk) + (n− k)(−v(y))} > γ.

On the other hand, since v(f(y)y−n) = v(f(y))− nv(y) ≤ nα− nv(y), we
get
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n(α− β) < γ < v(f(y)y−n) ≤ nα− nv(y) . (∗)

Thus nβ > nv(y), and hence β > v(y). Therefore v(y − xi) = v(y) for all i
with 1 ≤ i ≤ n, and thus

v(f(y)) =
n∑

j=1

v(y − xj) = nv(y) .

This together with (∗) yields

n(α− β) < v(f(y)y−n) = v(f(y))− nv(y) = 0 ,

contradicting the inequality α ≥ β, observed at the very beginning of the
proof. Thus also in the case v(y) < 0 we find v(y − xj) > α for some j.

Finally, assume that there are xi 	= xj and v(y − xi), v(y − xj) > α. Then

v(xi − xj) = v((xi − y) + (y − xj)) ≥ min{v(xi − y), v(y − xj)} > α ,

a contradiction to the choice of α. 
�

2.5 Exercises

Exercise 2.5.1.
(a) Show that all local subrings of Q are valuation rings of Q.
(b) Is this also true for the rational function field Fp(X)?

Exercise 2.5.2.
Let O be a non-trivial valuation ring of K. Show the equivalence of the fol-
lowing conditions:
(i) O is factorial,
(ii) O is a principal ideal domain,
(iii) K×/O× ∼= Z, i.e., the value group is discrete of rank 1.

Exercise 2.5.3.
Let (K,O) be a valued field with residue class field K. Show that K is real if
and only if for all a1, . . . , an ∈ K,

v(a2
1 + · · ·+ a2

n) = min{v(a2
i ) | 1 ≤ i ≤ n}

Exercise 2.5.4.
Let K and L be fields. A map ϕ : K −→ L ∪ {∞} is a place of K, if for all
x, y ∈ K :
(i) ϕ(x+ y) = ϕ(x) + ϕ(y),
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(ii) ϕ(x · y) = ϕ(x) · ϕ(y),
(iii) ϕ(1) = 1.

Here for all a ∈ L the following operations are defined:

a+∞ = ∞+ a = ∞, a · ∞ =∞ · a =∞ ·∞ = ∞ .

The operations ∞+∞, 0 · ∞ and ∞ · 0 are not defined.
(a) Show that O = ϕ−1(L) is a valuation ring of K with maximal ideal

M = ϕ−1({0}) and residue class field K ∼= ϕ(K).
(b) For every valuation ring O of K with maximal ideal M, the map ϕ(x) =

x +M for all x ∈ O and ϕ(x) = ∞ for all x ∈ K � O defines a place
ϕ : K −→ ∪{∞} with L = O/M.

Exercise 2.5.5.
Let K(X,Y ) be the rational function field in X and Y over the field K. Define
ϕ : K(X) −→ K ∪ {∞} by

ϕ

(
f(X)
g(X)

)
=
f(0)
g(0)

with f, g ∈ K[X] coprime

(as usual, we let a
0

= ∞ if a 	= 0; note that 0
0

does not occur).
Similarly define ψ : L(Y ) −→ L ∪ {∞} with L = K(X) by

ψ

(
p(Y )
q(Y )

)
=
p(0)
q(0)

with p, q ∈ L[Y ] coprime .

Show that ϕ,ψ and χ = ϕ ◦ ψ (with ϕ(∞) = ∞) are places of K(X,Y ).
Describe the valuations, valuation rings, value groups, and residue class field
corresponding to ϕ,ψ and χ.
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Extension of Valuations

In this chapter we discuss the question whether, and in how many ways, a
valuation v of a field K can be extended to another field L containing K.

We have seen in Sect. 1.1 that for a rank-1 valuation there exists an ex-
tension of v to the completion K̂. If L is the rational function field K(X),
we also constructed extensions of v in Sect. 2.2. We shall now show that a
valuation v on a field K always allows at least one extension to every field L
containing K (Sect. 3.1).

In Sect. 3.2 and 3.3 we study the collection of all extensions w of a val-
uation v of K to an algebraic extension field L. The most important fact is
the Conjugation Theorem, stating that in a normal extension L/K (finite or
infinite), two extensions of v are always conjugate. Moreover, we prove the
Fundamental Inequality yielding in particular that for a finite extension L/K
there are only finitely many extensions of v to L.

In Sect. 3.4 we treat transcendental extensions L/K and prove the so-called
Dimension Inequality.

3.1 Chevalley’s Extension Theorem

We prove in this section that for every valuation v of a field K and every
extension L of K there is a valuation w of L lying over v, i.e., such that the
restriction of w to K equals v. This is a direct consequence of Chevalley’s
Theorem, our first result. We shall also apply Chevalley’s Theorem to char-
acterize the integral closure of a domain D by means of the valuation rings
containing D.

Theorem 3.1.1. (Chevalley) For a field K, let R ⊆ K be a subring and let
p ⊆ R be a prime ideal of R. Then there exists a valuation ring O of K such
that

R ⊆ O and M∩R = p ,

where M is the maximal ideal of O.
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Proof. We use the standard notation Rp for the localization of R at p. Let

Σ = { (A, I) | Rp ⊆ A ⊆ K, pRp ⊆ I ⊆ A, A a ring, I a proper ideal of A } .
Then Σ 	= ∅, since (Rp, pRp) ∈ Σ. Moreover, Σ may be partially ordered as
follows: for all (Aj , Ij) ∈ Σ (j = 1, 2), we declare

(A1, I1) ≤ (A2, I2) :⇔ A1 ⊆ A2, I1 ⊆ I2 .

Each chain { (Aj , Ij) | j ∈ J } of such pairs (where J is a nonempty index set)
possesses an upper bound in (Σ,≤), namely,(⋃

j∈J

Aj ,
⋃
j∈J

Ij

)
.

By Zorn’s Lemma, Σ has a maximal element (O,M).
Observe now that R ⊆ Rp ⊆ O, and since pRp is the maximal ideal of

Rp, M∩ Rp = pRp. Hence M∩ R = p. Therefore, to complete the proof it
remains to show that O is a valuation ring. From the maximality of (O,M)
we first conclude that O is a local ring.

Assume now that O is not a valuation ring. Then there exists an x ∈ K×

such that x, x−1 /∈ O. Then O � O[x], O[x−1]. The maximality of (O,M)
implies therefore MO[x] = O[x] and MO[x−1] = O[x−1]. Thus there exist
a0, . . . , an, b0, . . . , bm ∈M such that

1 =
n∑

i=0

aix
i and 1 =

m∑
i=0

bix
−i , (3.1.1)

with n, m minimal. Suppose, first, that m ≤ n. As b0 ∈M, we have
m∑

i=1

bix
−i = 1− b0 ∈ O× = O �M .

Hence

1 =
m∑

i=1

cix
−i, ci =

bi
1− b0 ∈M .

Multiplying this equation by xn, one gets

xn =
m∑

i=1

cix
n−i .

Combining this with the first part of (3.1.1) yields

1 =
n∑

i=0

aix
i =

n−1∑
i=0

aix
i +

m∑
i=1

cianx
n−i;

sincem ≤ n, this contradicts the minimality of n. If, on the other hand, n ≤ m,
then arguing in a similar way one gets a contradiction to the minimality
of m. 
�
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Let K2/K1 be a field extension, and O1 ⊆ K1, O2 ⊆ K2 be valuation
rings. We say that O2 is a prolongation of O1 if O2 ∩K1 = O1. We denote
this statement by (K1,O1) ⊆ (K2,O2). We shall also use expressions like “O2

is an extension of O1,” or “O2 lies over O1,” as synonyms of this expression.
Suppose (K1,O1) ⊆ (K2,O2) as above, and let M1, M2 be the maximal

ideals of O1 and O2, respectively. Then

M2 ∩K1 = M2 ∩ O1 =M1

O×
2 ∩K1 = O×

2 ∩ O1 = O×
1 .

For a field extension K1 ⊆ K2 and a valuation ring O2 of K2, one also sees
that O1 = O2 ∩K is a valuation ring of K1 such that (K1,O1) ⊆ (K2,O2).

Theorem 3.1.2. Let K2/K1 be a field extension, and let O1 ⊆ K1 be a val-
uation ring. Then there is an extension O2 of O1 in K2.

Proof. Since O1 is a subring of K2, according to Chevalley’s Theorem there
exists a valuation ring O2 of K2 with O1 ⊆ O2 and M2 ∩ O1 = M1 for
the maximal ideals. Since O2 ∩K1 and O1 are valuation rings with the same
maximal ideal they must coincide. 
�

Next we prove the other promised consequence of Chevalley’s Theorem.

Theorem 3.1.3.
(1) Every valuation ring O of a field K is integrally closed in K.
(2) Let D be a subring of a field K, and denote by V the set of all valuation

rings O in K with maximal idealM such that D ⊆ O andM∩D is a maximal
ideal of D. Then the integral closure R of D in K equals the intersection

R1 :=
⋂

O ∈ V
O .

Proof. (1) Suppose x ∈ K satisfies a0 + a1x + · · · + an−1x
n−1 + xn = 0, for

some a0, . . . , an−1 ∈ O. If x /∈ O, then x−1 ∈M, whence

−1 = a0x
−n + · · ·+ an−1x

−1 ∈M ,

a contradiction.
(2) By (1) above, each O ∈ V is integrally closed in K. Thus R ⊆ R1.
Conversely, if x ∈ K � R we shall show that x 	∈ R1. We first claim

that x 	∈ R[x−1]. In fact, otherwise x = b0 + b1x
−1 + · · · + bmx

−m, for some
b0, . . . , bm ∈ R. Multiplying this equation by xm, one gets that x is integral
over R, and by transitivity, integral over D, a contradiction.

Consequently, we conclude that x−1 ∈ m, for some maximal ideal m of
R[x−1]. According to Chevalley’s Theorem, 3.1.1, there exists a valuation
ring O of K such that R[x−1] ⊆ O and M∩ R[x−1] = m. Since x−1 ∈ M, it
follows that x 	∈ O. Therefore it remains only to show that O ∈ V, i.e., that
the ideal M∩D of D is maximal.
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To this end, observe first that the canonical map R −→ R[x−1]/m is a
surjective homomorphism. Indeed, for z = c0 + c1x

−1 + · · ·+ csx
−s ∈ R[x−1],

we find z+ m = c0 + m, as x−1 ∈ m. Thus M∩R = m∩R is a maximal ideal
of R.

Next, m∩D is a prime ideal of D. Thus considering D/(m∩D) ⊆ R/(m∩
R), it follows from R being integral over D that R/(m ∩ R) is integral over
D/(m∩D). Since R/(m∩R) is a field, so is D/(m∩D). Consequently m∩D
is a maximal ideal. Hence O ∈ V. 
�
Corollary 3.1.4. Let L/K be any field extension, and let O be a valuation
ring of K. Let R be the integral closure of O in L. Then R =

⋂O′, where O′

ranges over the set of all prolongations of O to L.

Proof. For each prolongation O′ of O to L, write M′ for its maximal ideal.
Then we have M′ ∩ O = M, the maximal ideal of O. Conversely, if O′ is a
valuation ring of L containing O, with maximal ideal M′ satisfying M′∩O =
M, then O′ ∩K = O. Thus the result follows from the above Theorem 3.1.3.


�
For later use we shall note one more result about extensions of valuations.

Lemma 3.1.5. Let L/K be an extension of fields, and let O′ be a valuation
ring of L. Then every valuation ring O ⊇ O′ ∩ K of K can be extended to
some valuation ring O′′ ⊇ O′ on L.

Proof. Let the value group of O′ be Γ ′, and denote by Γ ⊆ Γ ′ the value group
of O′∩K. Now by Lemma 2.3.1, the valuation ring O corresponds to a convex
subgroup ∆ of Γ . More precisely, if v denotes the valuation corresponding to
O′ ∩K, then

O = {x ∈ K | v(x) ≥ δ for some δ ∈ ∆ } .
If we now set

O′′ = {x ∈ L | v′(x) ≥ δ for some δ ∈ ∆ } ,

where v′ corresponds to O′, then clearly O′′ ⊇ O′ and O′′ ∩K = O. 
�

3.2 Algebraic Extensions

In this section, for a valued extension (K1,O1) ⊆ (K2,O2) with K2 alge-
braic over K1 we are concerned with the relationship between O1 and O2.
We shall describe the relations between the value groups and the residue class
fields. Moreover, we are also interested in the set V of all extensions of O1 to
K2. According to Theorem 3.1.2, V 	= ∅. Although V need not be finite for
infinite extensions K2/K1, its cardinality is always limited by the degree of
separability of K2 over K1. This will imply that V has just one element for
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purely inseparable extensions. Two different elements of V are never compa-
rable by inclusion. However, if K2 is a normal extension of K1, the elements
of V are pairwise K1-conjugate in the sense that they are isomorphic by some
σ ∈ Aut(K2/K1).

We start with an arbitrary extension of valued fields (K1,O1) ⊆ (K2,O2).
To each Oi, i = 1, 2, corresponds a valuation vi : Ki −→→ Γi ∪ {∞}. Recall
from Sect. 2.1 that vi|K×

i
: K×

i −→→ Γi is a group homomorphism with kernel
O×

i and K×
i /O×

i
∼= Γi. Moreover, the composite mapping

K×
1

id
↪→ K×

2 −→→ K×
2 /O×

2
∼= Γ2

has kernel O×
2 ∩K×

1 = O×
1 , whence Γ1

∼= K×
1 /O×

1 ↪→ K×
2 /O×

2
∼= Γ2, by the

homomorphism theorem. Therefore we may regard Γ1 as a ordered subgroup
of Γ2. Let us call e := e(O2/O1) := [Γ2 : Γ1] the ramification index of this
extension.

Similarly, denoting the maximal ideals by M1, M2, the composite map-
ping

O1
id
↪→ O2 −→→ O2/M2 = K2

has kernel M2 ∩O1 = M1. Thus, K1 = O1/M1 ↪→ O2/M2 = K2. Therefore
we may regard K1 as a subfield of K2. Now, we define f := f(O2/O1) :=[
K2 : K1

]
as the residue degree of this extension.

In particular, if e(O2/O1) = 1 and f(O2/O1) = 1, the extension O2/O1

is called immediate.
For example, a completion

(
K̂,Ov̂

)
of a rank-one valued field (K,Ov) is

an immediate extension, by Theorem 1.3.4.

Remark 3.2.1. The ramification index and the residue degree are multiplica-
tive. If (K1,O1) ⊆ (K2,O2) ⊆ (K3,O3) are valued extensions of fields, then

e(O3/O1) = e(O3/O2) e(O2/O1) and
f(O3/O1) = f(O3/O2)f(O2/O1) .

Next we shall study the connections between the value groups Γ1 ⊆ Γ2

and the residue class fields K1 ⊆ K2 as discussed above.

Lemma 3.2.2. Suppose (K1,O1) ⊆ (K2,O2), and, for i = 1, 2,

vi : Ki −→→ Γi ∪ {∞}

is the valuation corresponding to Oi. Choose ω1, . . . , ωf ∈ O2 and π1, . . . , πe ∈
K×

2 so that:

(1) the residues ω1, . . . , ωf ∈ K2 are linearly independent over K1;
(2) the values v2(π1), . . . , v2(πe) are representatives of the distinct cosets of

Γ2/Γ1.
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Then for all aij ∈ K1,

v2

( f∑
i=1

e∑
j=1

aijωiπj

)
= min{ v2(aijωiπj) | 1 ≤ i ≤ f, 1 ≤ j ≤ e } . (3.2.1)

In particular, the products {ωiπj | i = 1, . . . , f, j = 1, . . . , e } are linearly
independent over K1.

Proof. Let aij ∈ K1, not all zero, and pick any I ∈ {1, . . . , f} and J ∈
{1, . . . , e} such that

v2(aIJπJ ) = min{v2(aijπj) | (i, j) ∈ {1, . . . , f} × {1, . . . , e} } ,

and observe first that v2(aIJπJ) < v2(aijπj) for all j 	= J . Otherwise,

v2(πJ)− v2(πj) = v2(aij)− v2(aIJ ) ∈ Γ1 ,

for some j 	= J , which would contradict assumption 2.
Next, write z =

∑f
i=1

∑e
j=1 aijωiπj , and assume, for the sake of obtaining

a contradiction, that v2(z) > min{ v2(aijωiπj) | 1 ≤ i ≤ f, 1 ≤ j ≤ e }. Then
z(aIJπJ)−1 ∈ M2. According to the previous paragraph, aijπj(aIJπJ )−1 ∈
M2 for all j 	= J , too. Dividing everything by aIJπJ one gets

f∑
i=1

aiJa
−1
IJ ωi = z(aIJπJ)−1 −

f∑
i=1

e∑
j=1
j �=J

aijπj(aIJπJ )−1ωi ∈M2 .

Consequently,
f∑

i=1

aiJa
−1
IJ ωi = 0 ,

contradicting assumption 1. 
�
The above proposition has the following immediate consequence:

Corollary 3.2.3. Suppose (K1,O1) ⊆ (K2,O2), and set n = [K2 : K1], e =
e(O2/O1), and f = f(O2/O1). If n <∞, then e, f <∞ and ef ≤ n.

More generally, we can state:

Theorem 3.2.4. For (K1,O1) ⊆ (K2,O2) with K2 algebraic over K1 the
following statements hold:

(1) for every γ ∈ Γ2 there is an n ∈ N such that nγ ∈ Γ1; i.e., Γ2/Γ1 is a
torsion group;

(2) K2 is an algebraic extension of K1.
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Proof. (1) Pick x ∈ K2 such that v2(x) = γ ∈ Γ2. Set L = K1(x), O =
O2 ∩ L, and v = v2|L, the restriction of v2 to L. Let Γ = v(L×) ⊆ Γ2. By
Corollary 3.2.3, the quotient Γ/Γ2 is a finite group. Hence for γ = v(x) ∈ Γ
there is n ∈ N satisfying nγ ∈ Γ2, as desired.

(2) Similarly, for x ∈ O×
2 we take L and O as above. It follows from Corol-

lary 3.2.3 that the residue class field L is a finite extension of K2. Therefore
x ∈ L ⊆ K2 is algebraic over K1. 
�
Corollary 3.2.5. Let (K1,O1) ⊆ (K2,O2) be an extension as in Theo-
rem 3.2.4. Then Γ2 and Γ1 (resp. O2 and O1) have the same rank.

Proof. From the fact that Γ2/Γ1 is a torsion group it follows that the map
∆ �→ ∆ ∩ Γ1 is a bijective, inclusion-preserving correspondence between the
set of convex subgroups of Γ2 and Γ1. 
�

Next, we state some results needed to study the set of valuation rings of
an algebraic extension of a field K lying over a fixed valuation ring of K.

Lemma 3.2.6. Suppose O1, . . . ,On are valuation rings of a field K with max-
imal ideals M1, . . . ,Mn. Let

R :=
n⋂

i=1

Oi and pi := R ∩Mi .

Then for 1 ≤ i ≤ n, Oi = Rpi
.

Proof. Clearly Rpi
⊆ Oi. To prove the other inclusion, take a ∈ Oi, and let

Ia = { j | a ∈ Oj }. Write αj = a+Mj ∈ Kj for each j ∈ Ia. Choose a prime
number p ∈ N such that, for all j ∈ Ia: p > charKj , and αj is not a primitive
p-th root of 1.

Set b = 1 + a+ · · ·+ ap−1, and observe that

αj = 1 implies b = 1 + · · ·+ 1 = p 	= 0 in Kj , and

αj 	= 1 implies b =
1− αp

j

1− αj
	= 0 in Kj .

Thus, either way, b ∈ O×
j for all j ∈ Ia.

For j ∈ {1, . . . , n}� Ia, a /∈ Oj , whence a−1 ∈Mj . Hence

1 + a−1 + · · ·+ a−(p−1) ∈ O×
j ,

implying

b−1 = a−(p−1)(1 + a−1 + · · ·+ a−(p−1))−1 ∈ Oj , and

ab−1 = a−(p−2)(1 + a−1 + · · ·+ a−(p−1))−1 ∈ Oj .

Thus for all j = 1, . . . , n we have b−1, ab−1 ∈ Oj . So b−1, ab−1 ∈ R, and
b−1 /∈Mi ∩R = pi, since b ∈ O×

i . Hence a = ab−1/b−1 ∈ Rpi . 
�
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Theorem 3.2.7. With the assumptions and notations of Lemma 3.2.6, sup-
pose that Oi 	⊆ Oj, for all i 	= j. Then

(1) for all i 	= j, pi 	⊆ pj;
(2) p1, . . . , pn is the set of all maximal ideals of R;
(3) for each n-tuple (a1, . . . , an) ∈ O1 × · · · × On, there exists an a ∈ R with

a− ai ∈Mi;

Observe that item (3) of the above theorem is a weak version of the Ap-
proximation Theorem 2.4.1 in case O1, . . . ,On are pairwise independent. The
importance of Theorem 3.2.7, however, lies in the fact that independence is
not necessary in (3).

Proof. (1) If pi ⊆ pj then Oj = Rpj
⊆ Rpi

= Oi, by Lemma 3.2.6.
In order to prove (2), we shall show that every ideal a 	= R is contained

in some pi, i = 1, . . . , n. For the sake of obtaining a contradiction, assume
that there exists an ideal a 	= R such that for each i = 1, . . . , n, there exists
ai ∈ a � pi. For each i 	= j, use (1) to pick bij ∈ pi � pj . Then

cj :=
∏
i�=j

bij ∈ pi � pj ,

for every i 	= j. Consequently, ajcj ∈ pi for all i 	= j and ajcj 	∈ pj . Therefore

d :=
n∑

j=1

ajcj 	∈ pi, for all i = 1, . . . , n ,

implying d−1 ∈ Oi for every i such that 1 ≤ i ≤ n. Hence d−1 ∈ R, implying
1 = dd−1 ∈ a, a contradiction.

(3) For i 	= j, pi+pj = R, by (2) and (1). Therefore, the Chinese Remainder
Theorem implies that the canonical map

R −→ R/p1 × · · · ×R/pn

is surjective. Since for each i, Rpi
/piRpi

∼= R/pi, and, by Lemma 3.2.6,
Rpi

= Oi, it follows that R −→ O1/M1 × · · · × On/Mn is surjective. 
�
Lemma 3.2.8. Suppose K2/K1 is an algebraic extension of fields, O is a
valuation ring of K1, and O′, O′′ are valuation rings of K2 lying over O. If
O′ ⊆ O′′, then O′ = O′′.

Proof. The valuation ring O′ maps to a valuation ring O′ ∼= O′/M′′ of the
residue class field K′′ = O′′/M′′ of O′′. Since O′ is an extension of O, it
follows thatK = O/M ↪→ O′. According to Theorem 3.2.4,K ′′ is an algebraic
extension of K. Moreover, since K ′′ is the field of fractions of O′ it follows
that O′ is also a field. But O′ is a valuation ring of K ′′. Thus O′ = K ′′, and
so O′ = O′′. This last equality follows from M′′ ⊆M′. 
�
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Given an algebraic extensionK2 ofK1 and a valuation ringO1 ofK1, there
may exist infinitely many valuation rings of K2 lying over O1. Sometimes,
however, their number has a natural bound. This is the content of the next
result.

Let K2 ∩ Ks
1 = {x ∈ K2 | x is separable over K1 }. The field K2 ∩ Ks

1

is a separable extension of K1, and [K2 ∩ Ks
1 : K1] is called the degree of

separability of K2 over K1. Moreover, [K2 : K2 ∩Ks
1 ] is called the degree of

inseparability of K2 over K1. Every x ∈ K2 �K2 ∩Ks
1 is purely inseparable

over K2 ∩Ks
1 . We use the following notations:

[K2 : K1]s = [K2 ∩Ks
1 : K1] and [K2 : K1]i = [K2 : K2 ∩Ks

1 ] .

Theorem 3.2.9. Let K2 be algebraic over K1, and [K2 : K1]s <∞. Let O be
a valuation ring of K1. Then the number n of all prolongations of O to K2 is
finite, and

n ≤ [K2 : K1]s .

Proof. Let O1, . . . ,Om be some distinct prolongations of O to K2, with maxi-
mal ideals M1, . . . ,Mm, respectively. Our previous Lemma 3.2.8 implies that
these prolongations are pairwise incomparable. Therefore, Theorem 3.2.7 (3)
applies, and there exist c1, . . . , cm such that for all i, j ∈ {1, . . . ,m},

cj − 1 ∈Mj and ci ∈Mj for i 	= j .

If char K1 = p > 0, pick k large enough to guarantee that

cp
k

1 , . . . , c
pk

m ∈ K2 ∩Ks
1 .

In case char K1 = 0, replace pk by 1. We claim that the m elements just listed
are K1-linearly independent. Consequently, m ≤ [K2 : K1]s, and the result
follows.

We shall prove the claim by contradiction. For a1, . . . , am ∈ K1, not all
zero, such that

m∑
i=1

aic
pk

i = 0 ,

pick j such that 1 ≤ j ≤ m and

v(aj) = min{ v(a1), . . . , v(am) } .
Then aj 	= 0 and

cp
k

j = −
∑
i�=j

a−1
j aic

pk

i ∈Mj .

Since this would imply cj ∈ Mj and hence 1 ∈ Mj , we get the desired
contradiction. 
�

The last theorem has the following immediate consequence.
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Corollary 3.2.10. Suppose K2 is a purely inseparable extension of K1. Then
every valuation ring O of K1 has exactly one extension to K2.

Theorem 3.2.11. Suppose K is a separably closed field and O is a proper
valuation ring of K. Let K̃ be an algebraic closure of K and let Õ be the unique
extension of O to K̃. Then Õ/O is an immediate extension. In particular, the
residue class field K of O is algebraically closed, and the value group Γ of O
is divisible (i.e., for every γ ∈ Γ and any n ∈ N�{0}, there exists δ ∈ Γ such
that nδ = γ).

For the proof of this theorem we shall need the following technical lemma.

Lemma 3.2.12. Suppose K is a field with a non-trivial valuation v. For every
polynomial g(X) = a0 + a1X + · · · + an−1X

n−1 + Xn ∈ K[X] and every
γ in the value group Γ of v, there exists a separable polynomial h(X) =
b0 + b1X + · · ·+ bn−1X

n−1 +Xn ∈ K[X] such that v(ai − bi) > γ for every i
with 0 ≤ i < n.

Using the Gauss extension of Corollary 2.2.2 this condition would be writ-
ten as w(g − h) > γ. Therefore, this lemma means that the set of separable,
monic polynomials is dense in the set of all monic polynomials.

Proof. Let Y0, . . . , Yn−1 be indeterminates over K. Construct

fY (X) = fY0,...,Yn−1(X)

= (a0 + Y0) + (a1 + Y1)X + · · ·+ (an−1 + Yn−1)Xn−1 +Xn

∈ K(Y0, . . . , Yn−1)[X] ,

and consider the resultant Res(fY (X), f ′Y (X)) of f and its formal derivative
with respect to the variable X (this is also called the discriminant of f).
Since Y0, . . . , Yn−1 are algebraically independent over K, Res(fY , f

′
Y ) is a

nontrivial polynomial R(Y0, . . . , Yn−1) ∈ K[Y0, . . . , Yn−1].
Since v is non-trivial, K cannot be a finite field. Thus for every γ ∈ Γ , the

set {x ∈ K | v(x) > γ } has infinitely many elements. Consequently, there are

c0, . . . , cn−1 ∈ K with v(ci) > γ

such that R(c0, . . . , cn−1) 	= 0.1 Hence for

h(X) = (a0 + c0) + (a1 + c1)X + · · ·+ (an−1 + cn−1)Xn−1 +Xn ,

it follows that Res(h, h′) 	= 0. Therefore h and h′ have no common roots, i.e.,
h(X) has no multiple roots. Thus h fulfills the requirement of the lemma. 
�
1 For a non-constant polynomial g(X1, . . . , Xn) ∈ K[X1, . . . , Xn] and an infinite

subset M ⊆ K, one shows by induction on n that there exists (x1, . . . , xn) ∈ Mn

such that g(x1, . . . , xn) �= 0.
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Proof of Theorem 3.2.11. Let us denote by Γ̃ and K̃ the value group and
the residue class field of Õ, respectively. Observe first that the multiplicative
group K̃

×
of K̃ is divisible. Indeed, for every a ∈ K̃

×
and every n ∈ N,

the polynomial Xn − a has its roots in K̃. Consequently Γ̃ , as a quotient
of K̃

×
, is also divisible. Similarly, for a0, . . . , an ∈ Õ, n > 0, an ∈ Õ

×
, the

polynomial f = a0 + a1X + · · ·+ anX
n ∈ K̃[X] necessarily has a root in K̃,

since f = a0 + a1X + · · ·+ anX
n has a root in Õ (recall that Õ is integrally

closed in K̃).

We next prove K = K̃. Take x ∈ Õ×
, and let

g(X) = a0 + a1X + · · ·+ an−1X
n−1 +Xn ∈ O[X]

be a monic polynomial such that g is the minimal polynomial of x over K.
By Lemma 3.2.12, pick a separable polynomial

h(X) = b0 + b1X + · · ·+ bn−1X
n−1 +Xn ∈ K[X]

such that v(ai − bi) > 0 for every i such that 0 ≤ i < n. Since g ∈ O[X],
it follows also that h ∈ O[X]. Since h is separable, it has a root z in K. By
Theorem 3.1.3 (1), O is integrally closed in K; so z ∈ O. Consequently

g(z) = g(z) = g(z)− h(z) =
n∑

i=1

(ai − bi)zi = 0 .

As g is the minimal polynomial of x, it follows that g has degree one, and
x ∈ K, as required.

In order to prove Γ = Γ̃ , let δ ∈ Γ̃ . By Theorem 3.2.4 there are n > 1
and a ∈ K such that nδ = v(a) ∈ Γ , where v is a valuation corresponding
to O. Without loss of generality we may take δ > 0, and so a ∈ O. We
now take g(X) = Xn − a. By Lemma 3.2.12 we can approximate g(X) =
a0 + a1X + · · ·+Xn by a separable polynomial h(X) = b0 + b1X + · · ·+Xn

such that v(ai − bi) > nδ for every i = 0, . . . , n. Since K is separably closed
and O is integrally closed in K, h has a root z ∈ O. Moreover,

v(g(z)) = v(g(z)− h(z)) ≥ min
0≤i<n

{v(ai − bi) + iv(z)} > nδ = v(a) .

Now v(zn− a) > v(a) implies that v(zn) = v(a) = nδ. Hence δ = v(z) ∈ Γ . 
�
Next we shall show that the integral closure of a valuation ring in an

algebraic extension of its quotient field has a “localization property” like the
one in Lemma 3.2.6.

Theorem 3.2.13. Let L be an algebraic extension of a field K, and let O be
a valuation ring of K. Denote by R the integral closure of O in L and let O′

be an extension of O to L. If M′ is the maximal ideal of O′ and m =M′∩R,
then Rm = O′.
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Proof. The inclusion Rm ⊆ O′ is clear. For x ∈ O′, let K2 = K(x), and adopt
the following notations: R2 = R ∩ K2, m2 = m ∩ K2, O2 = O′ ∩ K2 and
M2 = M′ ∩K2. Clearly R2 is the integral closure of O in K2. According to
Corollary 3.1.4, R2 =

⋂O∗, where O∗ ranges over the set of all prolongations
of O to K2. By Theorem 3.2.9, O has only finitely many extensions to K2.
Hence Lemma 3.2.6 applies. Therefore, since M2 ∩ R2 = m2, it follows that
O2 is the localization of R2 with respect to m2. Consequently, there exist
a, b ∈ R2 with b 	∈ m2 such that x = ab−1. Obviously ab−1 ∈ Rm, proving the
theorem. 
�

Next we shall consider the set of all prolongations of a fixed valuation ring
of a field K to normal extensions of K.

Theorem 3.2.14. Suppose L/K is a finite normal extension of fields, with
G = Aut(L/K). Suppose O is a valuation ring of K, and O′ and O′′ are
valuation rings in L extending O. Then O′ and O′′ are conjugate over K,
i.e., there exists σ ∈ G with σO′ = O′′.

Proof. First, split the extension L/K into the steps K ⊆ L∩Ks and L∩Ks ⊆
L. Corollary 3.2.10 implies that every extension of O to L ∩Ks has just one
prolongation to L. Furthermore, Aut(L ∩ Ks/K) and G can be canonically
identified. Therefore, we see that it is enough to consider the case where L is
separable over K. In this case let

H ′ = {σ ∈ G | σO′ = O′ } and
H ′′ = { τ ∈ G | τO′′ = O′′ } .

Then H ′ and H ′′ are subgroups of G. Moreover, for every σ ∈ H ′, it follows
that σ(M′) =M′, for the maximal ideal of O′. Indeed, it is enough to observe
that σ(M′) must be the maximal ideal of σ(O′). Analogously for the maximal
ideal M′′ of O′′, it follows that τ(M′′) = M′′ for all τ ∈ H ′′. Next write G
as disjoint unions of cosets of H ′ and H ′′, respectively:

G =
n⋃

i=1

H ′σ−1
i and G =

m⋃
j=1

H ′′τ−1
j ,

for suitable σi, τj ∈ G. These partitions will be crucial in studying the set of
all extensions of O to L.

Suppose now, for the sake of contradiction, that σiO′ 	⊆ τjO′′ and τjO′′ 	⊆
σiO′ for all i, j.

Since σ−1
1 , . . . , σ−1

n is a complete set of representatives of cosets of H ′, for
all k 	= t, σk(O′) 	⊆ σt(O′). In fact, if σkO′ ⊆ σtO′ for some k, t such that
1 ≤ k, t ≤ n, then σkO′ = σtO′ by Lemma 3.2.8. Thus σ−1

t σk ∈ H ′, implying
k = t, as required. Similarly, τk(O′′) 	⊆ τt(O′′) for every k 	= t such that
1 ≤ k, t ≤ m.
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Now take

R =
n⋂

i=1

σiO′ ∩
m⋂

j=1

τjO′′ .

According to Theorem 3.2.7 (3), there exists an a ∈ R satisfying

a− 1 ∈ σi(M′) for i = 1, . . . , n, and
a ∈ τj(M′′) for j = 1, . . . ,m .

As a consequence, for σ ∈ G, writing σ = ρσ−1
i , with 1 ≤ i ≤ n and ρ ∈ H ′,

it follows that σ(a− 1) ∈ ρσ−1
i (σi(M′)) = ρ(M′) = M′. Analogously, σ(a) ∈

M′′ for every σ ∈ G.
Taking norms, it then follows

NL/K(a) =
∏
σ∈G

σ(a) ∈ (M′ + 1) ∩K = M+ 1, and

NL/K(a) =
∏
σ∈G

σ(a) ∈M′′ ∩K = M .

The above contradiction implies therefore σiO′ ⊆ τjO′′ or τjO′′ ⊆ σiO′, for
some i, j. Thus, by Lemma 3.2.8, σiO′ = τjO′′. Hence O′′ = τ−1

j σiO′. 
�
In the next theorem we prove that the last result holds for arbitrary normal

extensions.

Conjugation Theorem 3.2.15. Suppose L/K is an arbitrary normal exten-
sion of fields, O is a valuation ring of K, and O′ and O′′ are valuation rings
in L extending O. Then there exists σ ∈ Aut(L/K) with σ(O′) = O′′.

Proof. Consider the set of ordered pairs (K1, σ1), where K1 is an intermediate
normal extension of L/K, O′

1 = O′ ∩ K1, O′′
1 = O′′ ∩ K1, and σ1 is an

automorphism of K1/K with σ1(O′
1) = O′′

1 . Clearly this set contains (K, id).
We endow it with the partial ordering

(K1, σ1) ≤ (K2, σ2) :⇔ K1 ⊆ K2 and σ1 = σ2|K1 .

By Zorn’s lemma there exists a maximal such pair (Km, σm) with K ⊆ Km ⊆
L and σm(O′

m) = O′′
m, where O′

m := O′ ∩Km and O′′
m := O′′ ∩Km.

We have to show that Km = L. Otherwise, we could pick α ∈ L \ Km.
Let f be the minimal polynomial of α with respect to K, and let N be the
splitting field of f over Km inside L. We extend σm to an automorphism (still
denoted by σm) of the algebraic closure K̃ of K.

Then σm(L) = L and σm(N) = N . In fact, L/K is normal by assumption,
and N is the compositum of Km and the splitting field of α over K inside L.

Let O∗ := O′ ∩N and O∗∗ := σ−1
m (O′′ ∩N). Following the picture below

one sees that O∗ ∩Km = O∗∗ ∩Km = O′
m.
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Application of Theorem 3.2.14 toO∗ andO∗∗ gives a σ ∈ Aut(N/Km) with
O∗∗ = σ(O∗). Then σm ◦σ(O′∩N) = σm(O∗∗) = O′′∩N . Thus (N,σm ◦σ) >
(Km, σm), contradicting the maximality of (Km, σm). 
�

The next proposition collects very useful properties of normal extensions.

Proposition 3.2.16. Let N be a normal extension of a field K, O a valu-
ation ring of K, and O′ a valuation ring of N lying over O. Write M′ for
the maximal ideal of O′. Let v : K −→→ Γ ∪ {∞} and v′ : N −→→ Γ ′ ∪ {∞}
be valuations corresponding to O and O′, respectively, and assume that the
restriction of v′ to K is v. Denote the residue class field of O′ by N , and
write x �→ x for the corresponding quotient map.

(1) For σ ∈ Aut(N/K), the map v′ ◦ σ is the unique valuation of N that
corresponds to σ−1(O′) and Γ ′. In particular, if σ(O′) = O′, then v′ ◦σ =
v′.

(2) N is a normal extension of K.
(3) The map x �→ σ(x) is a ring homomorphism from σ−1(O′) onto N . This

homomorphism induces a K-isomorphism from σ−1(O′)/σ−1(M′) onto
N which satisfies σ(u + σ−1(M′)) = σ(u) for every u ∈ σ−1(O′). In
particular, if σ(O′) = O′, then σ ∈ Aut(N/K).

(4) e(σ−1(O′)/O) = e(O′/O) and f(σ−1(O′)/O) = f(O′/O), for every σ ∈
Aut(N/K).

Proof. (1) Clearly v′ ◦ σ : N −→→ Γ ′ ∪ {∞} is a valuation on N satisfying

{x ∈ N | v′ ◦ σ(x) ≥ 0 } = σ−1(O′) .
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Next let w : N −→→ Γ ′ ∪ {∞} be a valuation on N having σ−1O′ as valuation
ring. Then v′ ◦ σ and w are equivalent valuations. According to Proposi-
tion 2.1.3 there exists an order-preserving isomorphism 
 : Γ ′ −→ Γ ′ such
that 
 ◦ w = v′ ◦ σ. Thus 
(γ) = γ for every γ ∈ Γ (= the value group of v).
In general, for δ ∈ Γ ′, by Theorem 3.2.4, there is n > 1 such that nδ ∈ Γ .
Hence n
(δ) = 
(nδ) = nδ, yielding 
(δ) = δ, since Γ ′ is torsion-free.

(2) Let f ∈ K[X] be an irreducible polynomial with a root α ∈ N .
Let R be the integral closure of O in N and write m = M′ ∩ R. By

Theorem 3.2.13, O′ = Rm. Hence the map x �→ x induces a surjective map
R −→ N . Observe next that for every σ ∈ Aut(N/K), σ(R) = R. Indeed,
each σ permutes the valuation rings of N that lie over O. Thus for x ∈ R it
follows that σ(x) ∈ R for every σ ∈ Aut(N/K). Now take x ∈ R such that
x = α and let g ∈ O[X] be the minimal polynomial of x over K. Since N/K
is normal, g = (X − x1) · · · (X − xn), for n = deg g and x = x1, . . . , xn ∈ R.
From g(α) = 0, it follows that f divides g. But g = (X − x1) · · · (X − xn) in
N . Hence f has all its roots in N , proving (2).

(3) As a composition of ring homomorphisms, the map x �→ σ(x) is a ring
homomorphism. The other statements are proved by standard computations.

(4) An immediate consequence of (3). 
�
Remark 3.2.17. Let L/K be a finite Galois extension with [L : K] = n, and
write N : L −→ K for the norm map. Suppose that a valuation ring O of K
has a unique prolongationO′ to L, and let v be a valuation onK corresponding
to O. Then

w(x) =
1
n
v(N(x))

is the unique valuation of L extending v.
Actually, we can drop the finiteness assumption. In fact, in case L is the

separable closure of K, for x ∈ L let f(X) = an + an−1X + · · · +Xn be its
minimal polynomial over K. Then

w(x) =
1
n
v(an) .

Proof. Let x = x1, . . . , xn be all the conjugates of x. Then w(x) = w(xi), by
(1) of Proposition 3.2.16. Hence

v(N(x)) = w(x1x2 · · ·xn) = nw(x). 
�

3.3 The Fundamental Inequality

Let (K,O) be a valued field, and assume L/K is a finite extension. We would
then like to know as much as possible about all prolongations of O to L. In
the last section we saw (Theorem 3.2.9) that the number r of prolongations
is bounded by the degree n = [L : K]. We also saw (Corollary 3.2.3) that
ef ≤ n, where e = e(O1/O) is the ramification index and f = f(O1/O) the
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residue degree of a prolongation O1 of O to L. In this section we shall prove
even more, namely

r∑
i=1

e(Oi/O)f(Oi/O) ≤ n ,

where O1, . . . ,Or are all the prolongations of O to L. This inequality is called
the fundamental inequality. In case the value group of O is Z, and L/K is
separable, even equality will be proved.

We shall first treat the case of a Galois extension L/K. This can be done
with what we have developed so far. For the general case, however, we have to
refer to some results that need the structure theory of Chap. 5. Let us start
with a lemma that is also basic for the theory of henselian fields.

Lemma 3.3.1. Let (K,O) ⊆ (N,O∗) be an extension of valued fields. Assume
that N/K is a finite Galois extension with Galois group G(N/K). Let L be
the fixed field of the subgroup H = {σ ∈ G(N/K) | σ(O∗) = O∗ }, and set
O′ = O∗ ∩ L. Then (L,O′) is an immediate extension of (K,O). Moreover,
O∗ is the unique extension of O′ to N .

Proof. Let O∗ = O1,O2, . . . ,Om be the collection of all extensions of O to N ,
with corresponding maximal ideals M1, . . . ,Mm. Moreover, let O′

i = Oi ∩ L
for 1 ≤ i ≤ m. We then consider the subring

R = O′
1 ∩ · · · ∩ O′

m

of L. By Theorem 3.2.7 and Lemma 3.2.8, the maximal ideals of R are given
by pi = R ∩Mi. Note, however, that for i 	= j we may have pi = pj . This is
not the case if i = 1. In fact, if p1 = pj , then

O∗ ∩ L = O′
1 = Rp1 = Rpj

= O′
j = Oj ∩ L .

Hence by the Conjugation Theorem 3.2.15,Oj = σO∗ for some σ ∈ G(N/L) =
H. But then Oj = O∗, by the definition of H.

Let us next prove that O and O′ have the same residue class field. Given
α ∈ O′, by the approximation condition (3) of Theorem 3.2.7, we can find
β ∈ R such that β − α ∈ M1 and β ∈ Mi for all i with 1 < i ≤ m. Let
β = β1, β2, . . . , βn be the collection of all distinct K-conjugates of β in N ,
and assume

Irr(β,K) = Xn + a1X
n−1 + · · ·+ an .

Then clearly a1 = −(β1 + · · ·+ βn). We shall show that

α+ a1 = (α− β1)− β2 − · · · − βn ∈M1 .

Then α = −a1 ∈ K, showing that L = K. Since α − β1 ∈ M1, it remains
to show that βj ∈ M1 for every j ≥ 2. Since βj 	= β1, we get βj = τ(β)
for some τ ∈ G(N/K) � H, as β ∈ L. Hence τ−1(O1) = Oi for some i with
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1 < i ≤ m. Since by the approximation condition β ∈Mi = τ−1(M1), we get
βj = τ(β) ∈M1.

Now let us prove that O and O′ have the same value group. Write w for
the valuation corresponding to O∗, and let α ∈ L× be given. We have to find
some a ∈ K× such that w(a) = w(α).

As above we use the approximation property for R to find β ∈ R with
β − 1 ∈ M1 and β ∈ Mi for all 2 ≤ i ≤ m. From β − 1 ∈ M1 it follows that
w(τ(β)) = 0 for all τ ∈ H, and as above, β ∈ Mi for all 2 ≤ i ≤ m yields
w(τ(β)) > 0 for all τ ∈ G(N/K) � H. Since {w(τ(α)) | τ ∈ G(N/K) } is
finite, it is possible to choose ν ∈ Z such that

w(βνα) 	= w(τ(βνα))

for all τ ∈ G(N/K) �H.
Let α1, α2, . . . , αn be the collection of distinct conjugates of βνα = α1

in N . Note that for every j with 1 < j ≤ n we have αj = τ(α1) for some
τ ∈ G(N/K) � H, and thus w(αj) 	= w(α1). For the irreducible polynomial
Xn + a1X

n−1 + · · ·+ an of α1 over K we have

at = (−1)t ·
∑

1≤i1<···<it≤n

αi1 · · ·αit
.

Suppose now that j1 < · · · < jr are the indices j ≥ 2 for which w(αj) <
w(α1). In case there is no such j, obviously w(a1) = w(α1) = w(α), and we
are done. Otherwise we see that

w(ar) = w(αj1 · · ·αjr
) ,

since all other summands of ar have higher value. Similarly we see that

w(ar+1) = w(α1αj1 · · ·αjr
) .

Thus we obtain
w(ar+1)− w(ar) = w(α1) = w(α) .

Hence we may take a = ar+1/ar ∈ K in order to get w(α) = w(a).
Thus we have finally obtained that (L,O′) is an immediate extension of

(K,O). The last statement of the Lemma is clear from the proof. 
�
From Proposition 3.2.16(4) we know that, for a Galois extension N/K,

all prolongations O1, . . . ,Or of the valuation ring O from K to L have equal
ramification indices and equal residue degrees, i.e., e = e(Oi/O) and for f =
f(Oi/O) for all 1 ≤ i ≤ r. Thus, in the Galois case we expect ref ≤ n to
hold.

Lemma 3.3.2. Let N/K be a finite Galois extension of degree n. Assume that
O1, . . . ,Or are all prolongations of the valuation ring O from K to N . Then
ref ≤ n, where e = e(Oi/O) and f = f(Oi/O) for all i with 1 ≤ i ≤ r.
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Proof. Let H = {σ ∈ G(N/K) | σ(O1) = O1 }, and consider the decomposi-
tion

G = G(N/K) =
r⋃

i=1

σiH ,

where we choose σ1 = id. According to the Conjugation Theorem 3.2.15,
σ1(O1), . . . , σr(O1) are exactly all prolongations of O to N .

Now let L be the fixed field of H and set OL = O1 ∩ L. Then N/L is a
Galois extension with Galois group H and [N : L] = |H| = n/r. Applying
Corollary 3.2.3 to the extension N/L gives

e(O1/OL)f(O1/OL) ≤ [N : L] =
n

r
.

By Lemma 3.3.1, e(OL/O) = 1 = f(OL/O). This together with the multi-
plicativity of e and f (Remark 3.2.1) finally gives

ref = r · e(O1/O)f(O1/O) = r · e(O1/OL)f(O1/OL) ≤ r
n

r
= n 
�

For a Galois extension N/K, more can be said than just “ref ≤ n”.
Actually ref divides n and the quotient is a power of p in case charK = p,
where K is the residue class field of (K,O). If charK = 0, then we simply
get ref = n. From these improvements for Galois extensions we shall then
deduce the fundamental inequality in full generality. Before we can do so,
however, we need to refer to some specific results from Chap. 5. Although we
don’t use the improvement in the Galois case (and the general fundamental
inequality) before Chap. 5, we think that even those readers who will not make
it to Chap. 5 should already here be introduced to the (general) fundamental
inequality.

In Chap. 5 we shall fix a valued field (K,O), extend O to a valuation ring
Os of the separable closure Ks of K, and consider a certain sequence of valued
fields:

(K,O) ⊆ (Kh,Oh) ⊆ (Kt,Ot) ⊆ (Kv,Ov) ⊆ (Ks,Os) .

(Kh,Oh) will be called the “henselization” of (K,O), while (Kt,Ot) and
(Kv,Ov) will be called the “inertia field” and the “ramification field” of
(K,O).

Intersecting all fields from the sequence K ⊆ Kh ⊆ Kt ⊆ Kv ⊆ Ks with
the Galois extension N of K, we obtain

K ⊆ Kh ⊆ Kt ⊆ Kv ⊆ N

where Kh := Kh ∩ N = L,Kt := Kt ∩ N , and Kv := Kv ∩ N . The results
of Chap. 5 (collected in Corollary 5.3.8) we are going to use here, are the
following facts (since it is always clear to which valuation ring we refer, we
only mention the corresponding fields in e and f):
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(0) e(Kh/K) = 1 and f(Kh/K) = 1
(1) e(Kt/Kh) = 1 and f(Kt/Kh) = [Kt : Kh]
(2) f(Kv/Kt) = 1 and e(Kv/Kt) = [Kv : Kt]
(3) [N : Kv], e(N/Kv), f(N/Kv) are powers of p, where p = 1

if charK = 0, and p = charK, otherwise.

Using the multiplicativity of e and f , we therefore get

e(Kv/Kh)f(Kv/Kh) = [Kv : Kh] .

Using (3) and applying Corollary 3.2.3 to N/Kv, we obtain

d · e(N/Kh)f(N/Kh) = [N : Kh] ,

where d = 1 if charK = 0, and a certain power of p if charK = p.
Entering with this extra information into the proof of Lemma 3.3.2 and

observing that L = Kh (as is shown in the proof of Theorem 5.2.5), we get

Theorem 3.3.3. Let N/K be a finite Galois extension of degree n. Assume
that O1, . . . ,Or are the distinct prolongations of the valuation ring O from K
to N . Then n = refd, where e = e(Oi/O), f = f(Oi/O) for all 1 ≤ i ≤ r,
and d is a power of p if p = charK, and d = 1 otherwise.

In the situation of Theorem 3.3.3, the quotient

d =
[N : K]

re(N/K)f(N/K)

is called the defect of O in the Galois extension N/K. If d = 1 the extension
is called defectless .

From Theorem 3.3.3 we finally obtain

Theorem 3.3.4. (Fundamental Inequality) Let L/K be a finite extension of
the valued field (K,O), and assume that O1, . . . ,Or are all prolongations of
O to L. Then

r∑
i=1

e(Oi/O)f(Oi/O) ≤ [L : K] .

Proof. Let F be the relative separable closure of K in L. Every valuation ring
of F has a unique prolongation to L (Corollary 3.2.10). Then using Corol-
lary 3.2.3 for the extension L/F , one sees that it suffices to prove the fun-
damental inequality for the separable extension F/K. Thus without loss of
generality we may assume that the extension L/K is already separable.

Let N/K be the Galois closure of L/K (taking N as the splitting field of
the minimal polynomial of a generating element of L over K). We shall then
compare the Galois extension N/K with the Galois extension N/L.
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From the definition of the “ramification field” Kv in Sect. 5.3, it follows
immediately that Kv ⊆ Lv. Thus we have

Kv = Kv ∩N ⊆ Lv ∩N = Lv ,

and hence in particular that [N : Lv] divides [N : Kv].
Now we shall first apply Theorem 3.3.3 to the Galois extension N/K, ob-

taining

[N : K] = sefd, (∗)

where s is the number of all prolongations of O to N , and e, f, d are the
obvious terms. Next we apply Theorem 3.3.3 to the Galois extension N/L
together with the valuation ring Oi of L, assuming that Oi1, . . . ,Oiti

are all
prolongations of Oi to N . Hence we obtain

[N : L] = tieifidi, (∗∗)

where the terms ei, fi, di refer to the valuation ring Oi, i.e., ei = e(Oi1/Oi),
fi = f(Oi1/Oi), and di refers to a prolongation of Oi to Ks. From the in-
clusion Kv ⊆ Lv for the corresponding i, we get (as explained above) that di

divides d for all i with 1 ≤ i ≤ r. Using the multiplicativity of e and f , we
get from (∗∗)

[N : L] · e(Oi/O)f(Oi/O)
d

di
= tiefd .

Since s =
∑r

i=1 ti, the identity (∗) above gives

[N : K] =
( r∑

i=1

ti

)
· efd = [N : L] ·

r∑
i=1

e(Oi/O)f(Oi/O)
d

di
.

Dividing by [N : L] and observing that d/di ≥ 1 we get the desired inequality.

�

The next theorem shows that in case O has value group Z and L/K is
separable, even equality holds in Theorem 3.3.4. Let us point out that the
proof of this equality does not use the fundamental inequality and hence also
no result from Chap. 5. The proof is completely selfcontained and elementary.

Theorem 3.3.5. Let (K,O) be a valued field with value group Z, and let
O1, . . . ,Om be all extensions of O to a finite separable extension L of K.
Then

[L : K] =
m∑

i=1

e(Oi/O)f(Oi/O) .
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Proof. Let Γ be the value group of O and let Γi be the value group of Oi.
Since Γ ∼= Z also Γi

∼= Z (Γi is torsion-free and Γi/Γ is finite) and Γi/Γ is a
cyclic group of order ei. Let π be an element of O having the smallest positive
value and for every i let πi be some element of Oi with the same property. By
Corollary 3.1.4, R = O1 ∩ · · · ∩Om is the integral closure of O in L. We shall
prove the following three facts which imply the result:

(a)Oi/πOi is a K-vector space of dimension eifi.
(b)R/πR ∼= ∏m

i=1(Oi/πOi), as K-vector spaces.
(c) R/πR has K-dimension [L : K].

(a): Observe that

Mi = πiOi � π2
iOi � · · · � πei

i Oi = πOi .

For every 1 ≤ j ≤ ei − 1 the additive quotient group

Lj = πj
iOi/π

j+1
i Oi

naturally is a K-vector space for which the map

πj
i x+ πj+1

i Oi �−→ x+Mi

from Lj to Oi/Mi is an isomorphism. Consequently Lj has K-dimension fi

for every 1 ≤ j ≤ ei. Thus, Oi/πOi has dimension eifi as a K-vector space.
(b): By Theorem 3.2.7 (3), the map Θ(x) = (x+ πO1, . . . , x+ πOm) from

R to
∏m

i=1(Oi/πOi) is surjective. Then, to see that Θ induces the desired
isomorphism it suffices to show that πR is its kernel. Clearly πR ⊆ ker(Θ).
Conversely, take x ∈ R such that x ∈ πOi for every 1 ≤ i ≤ m. Then
π−1x ∈ O1 ∩ · · · ∩ Om = R and so x ∈ πR, as required.

(c): It follows from (a) and (b) that R/πR is aK-vector space of dimension
n =

∑m
i=1 eifi. Let x1, . . . , xn ∈ R such that x1, . . . , xn is a K-basis of R/πR.

We first show that x1, . . . , xn are linearly independent overK. In fact, suppose
that a1, . . . , an ∈ K are not all zero and a1x1 + · · · + anxn = 0. Write ai =
πνiui, where νi ∈ Z and ui ∈ O× ∪ {0}, for every i = 1, . . . , n. For 1 ≤ j ≤ n
such that νj = min{ν1, . . . , νn} we get

πν1−νju1x1 + · · ·+ πνn−νjunxn = 0 .

Thus πν1−νju1x1 + · · ·+ πνn−νjunxn = 0 with some uj 	= 0, a contradiction.
We shall next prove that x1, . . . , xn is a K-basis of L. From [32, Corollary

1, p. 265] we know that R is a finitely generated O-module. Since πO is
the Jacobson radical of O, by [1, Proposition 2.8], x1, . . . , xn generate R as
O-module.

Take now y ∈ L× and let ar+· · ·+a1X
r−1+Xr be the minimal polynomial

of y over K. Write aj = πηjuj as above, for each j = 1, . . . , r. Set

η =
{

min{ ηj | ηj < 0} if there exists j such that ηj < 0
1 otherwise
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Then yπ−η is a root of πηr−rηur + · · · + πη1−ηu1X
r−1 +Xr. Since R is the

integral closure of O, yπ−η ∈ R. As we have proved that R = Ox1+· · ·+Oxn,
we may conclude that y ∈ Kx1 + · · ·+Kxn. Hence [L : K] = n. 
�

3.4 Transcendental Extensions

In Sect. 2.2 we already studied the extension of a valuation v of a fieldK to the
rational function field K(X). Now we continue this study to field extensions
of finite transcendence degree over K. In particular we shall prove the very
important “Dimension inequality” Theorem 3.4.3.

We start this section by introducing an invariant for abelian groups that
is connected with the rank for ordered abelian groups.

Consider an abelian group G as a Z-module and write Gd = G ⊗Z Q for
the tensor product. Gd is a Q-vector space in the obvious way. We define its
dimension over Q to be the rational rank of G. We write rr(G) for the rational
rank. Alternatively, the rational rank of D is the maximal number (finite or
infinite) of elements of G that are linearly independent over Z.

Observe first that rr(G) = 0 if and only if G is a torsion group. In fact the
map ι : G→ Gd defined by ι(g) = g⊗1 is a group homomorphism; the quotient
group Gd/ι(G) is a torsion group. We shall call Gd the divisible hull of G, since
this group is in some sense the smallest group with the above property. Every
homomorphism ϕ : G −→ G′ to a divisible group G′ such that G′/ϕ(G) is a
torsion group has a unique “extension” Gd −→ G′ satisfying g ⊗ 1 �→ ϕ(g),
for all g ∈ G.

Every element of Gd has a representation in the form:

g ⊗ 1
n
,

for some g ∈ G and n ∈ N. Indeed, for g1, . . . , gr ∈ G and a1/b1, . . . , ar/br ∈ Q
take b ∈ N such that ai/bi = ci/b for some ci ∈ Z and every i = 1, . . . , r. Then

g1 ⊗ a1

b1
+ · · ·+ gr ⊗ ar

br
= g1 ⊗ c1

b
+ · · ·+ gr ⊗ cr

b
= (c1g1 + · · ·+ crgr)⊗ 1

b
.

Now, if G is an ordered abelian group, we endow Gd with an ordering
defined by

g ⊗ 1
m

≤ g′ ⊗ 1
n

⇐⇒ ng ≤ mg′ .

An easy exercise shows that this definition does not depend on the represen-
tations of g⊗(1/m) and g′⊗(1/n), and produces an ordering on Gd extending
the one of G. Additionally, as an ordered group, G is torsion free; thus, we may
consider G ⊆ Gd, and so the name “divisible hull” is even more appropriate.

Moreover, the above discussion together with Theorem 3.2.4 and Corol-
lary 3.2.11 shows that if we extend a valuation ring O in K to Õ in the
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algebraic closure K̃ of K, then the value group Γ̃ of Õ is the divisible hull of
the value group Γ of O.

Returning to the rational rank, we observe that rr(Z) = 1, rr(Q) = 1,
rr(Zn) = n, and rr(R) = ∞. Furthermore, an easy calculation shows that if
H is a subgroup of an abelian group G, then rr(G) = rr(H)+ rr(G/H). (Note
that Q is a flat Z-module.)

Let us now denote by rk(G) the rank of an ordered abelian group as defined
in Sect. 2.1. Since Gd/G is a torsion group, rk(Gd) = rk(G). More generally:

Proposition 3.4.1. Let G be an ordered abelian group and let H be a subgroup
of G. Then

rk(G) ≤ rk(H) + rr(G/H) .

In particular, taking H = {0} we conclude that rk(G) ≤ rr(G).

Proof. Let G0 � G1 � · · · � Gr = G be a chain of convex subgroups of G.
We shall show by induction on r that r ≤ rk(H) + rr(G/H). The statement
is clearly true for r = 0. Assume r ≥ 1. By the inductive hypothesis,

r − 1 ≤ rk(Gr−1 ∩H) + rr(Gr−1/(Gr−1 ∩H)) .

If H ⊆ Gr−1, then r ≤ rk(H) + rr(Gr−1/H) + 1. Since G/Gr−1 is an ordered
group, it is torsion-free. Thus rr(G/Gr−1) 	= 0, which implies

rr(G/H) = rr(G/Gr−1) + rr(Gr−1/H) ≥ rr(Gr−1/H) + 1 ,

and the result holds in this case.
In the other case, Gr−1 ∩ H is a proper convex subgroup of H. Thus

rk(H) > rk(Gr−1). Since rr(G/H) ≥ rr(Gr−1/(Gr−1 ∩ H)), we may also
conclude the inequality. 
�
Theorem 3.4.2. Suppose L/K is a field extension, v : K −→→ Γ ∪ {∞} is a
valuation on K, and w : L −→→ ∆ ∪ {∞} is an extension of v to L. Let O be
the valuation ring of L corresponding to w.

Let x1, . . . , xr ∈ O be such that x1, . . . , xr ∈ L are algebraically indepen-
dent over K. Further let y1, . . . , ys ∈ L× be such that w(y1), . . . , w(ys) ∈ ∆/Γ
are Z-linearly independent. Then x1, . . . , xr, y1, . . . , ys are algebraically inde-
pendent over K. Moreover, the restriction v′ of w to K ′ = K(x1, . . . , xs,
y1, . . . , yr) has K(x1, . . . , xr) as residue class field and Γ + Zv′(y1) + · · · +
Zv′(ys) as value group.

Proof. We first show the result in the cases r = 1, s = 0 and r = 0, s = 1
(the case r = 0 = s is trivial). Next we shall work step by step adding one
element each time.

Applying Theorem 3.2.4 to K(x1) in the case r = 1 and s = 0, we see
that x1 cannot be algebraic over K. The other statements follow from Corol-
lary 2.2.2. In the case s = 1 and r = 0, Theorem 3.2.3 also shows that y1 is
transcendental over K, while Corollary 2.2.3 provides the other conclusions.
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Now we prove the result by induction on r + s. The case r + s = 1 is
the content of what we just did. Suppose the result holds for every pair
m,n such that m + n < k, and assume r + s = k, with s 	= 0. Since
x1, . . . , xr, y1, . . . , ys−1 ∈ L1 = K(x1, . . . , xr, y1, . . . , ys−1) satisfy the assump-
tions of the induction hypothesis, they are algebraically independent over K,
and the valuation ring O1 = O∩L1 has residue field L1 and value group Γ1 as
described in the theorem. Since by the case r+s = 1 we have ys transcenden-
tal over L1, it follows that x1, . . . , xr, y1, . . . , ys are algebraically independent
over K as desired.

The other statements follow by induction and by the case r+s = 1 applied
to the extension L/L1; observe the picture below.

L

K′

L1

K

∆

∆′ = ∆1 + Zv′(ys)

∆1 = Γ + Zv1(y1) + · · ·+ Zv1(ys−1)

Γ

L

K′ = L1

L1 = K(x1, . . . , xr)

K

In case r 	= 0 we proceed analogously. 
�
For every extension of fields E/F , let tr.deg.(E/F ) denote the transcen-

dence degree of E over F .

Theorem 3.4.3. (Dimension Inequality) Keeping the notation as in Theo-
rem 3.4.2, it follows that

tr.deg.
(
L/K

)
+ rr(∆/Γ ) ≤ tr.deg.(L/K) . (3.4.1)

Moreover, if L is finitely generated over K, and equality holds in 3.4.1, then
∆/Γ is a finitely generated Z-module and L is finitely generated over K.

Proof. For every pair of numbers r ≤ tr.deg.
(
L/K

)
and s ≤ rr(∆/Γ ), we can

pick elements x1, . . . , xr, y1, . . . , ys ∈ L satisfying the assumptions of Theo-
rem 3.4.2. Hence r+s ≤ tr.deg.(L/K), and so the inequality (3.4.1) is proved.

If L is finitely generated over K, then tr.deg.(L/K) is finite. Thus, (3.4.1)
implies that r := tr.deg.

(
L/K

)
and s := rr(∆/Γ ) are finite, too. Now,

if r + s = tr.deg.(L/K) and we choose x1, . . . , xr, y1, . . . , ys ∈ L satisfy-
ing the assumptions of Theorem 3.4.2, then x1, . . . , xr, y1, . . . , ys ∈ L is
a transcendence basis for L over K. Hence L is an algebraic extension of
K ′ = K(x1, . . . , xr, y1, . . . , ys), and by assumption, a finite extension. Write
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v′ for the restriction of w to K′ and let Γ ′ and K
′

be the value group and
residue class field of v′, respectively. By Theorem 3.4.2, K

′
= K(x1, . . . , xr)

and Γ ′ = Γ +Zv′(y1)+ · · ·+Zv′(ys). Since by Corollary 3.2.3, ∆/Γ ′ is a finite
group and L is a finite extension of K

′
, the proof is complete. 
�

Combining Proposition 3.4.1 and Theorem 3.4.3, one gets

Corollary 3.4.4. Keeping the notation of Theorem 3.4.2, we have

tr.deg.
(
L/K

)
+ rk(∆) ≤ tr.deg.(L/K) + rk(Γ ) . (3.4.2)

Corollary 3.4.5. Assume in Theorem 3.4.2 that v is trivial. Then

tr.deg.
(
L/K

)
+ rk(∆) ≤ tr.deg.(L/K) + rr(∆) ≤ tr.deg.(L/K) . (3.4.3)

Proof. In this case K = K and Γ = {0}. The first inequality follows by
Proposition 3.4.1 and the second by Theorem 3.4.3. 
�
Corollary 3.4.6. Suppose L/K is a field extension, O is a valuation ring of
K, and O1 � · · · � On are extensions of O to L. Then tr.deg.(L/K) ≥ n−1.

Proof. To O belongs a valuation v : K −→→ Γ ∪ {∞} and to O1 belongs a
valuation w : L −→→ ∆ ∪ {∞} with Γ ⊆ ∆. Choose

y2 ∈ O2 �O1, y3 ∈ O3 �O2, . . . , yn ∈ On �On−1 .

Since yi 	∈ Oi−1, y−1
i ∈ Oi−1 ⊆ Oi. Whence yi ∈ O×

i ⊆ O×
n .

According to Theorem 3.4.2, it suffices to prove that w(y2), . . . , w(yn) ∈
∆/Γ are Z-linearly independent. Let us show this by contradiction. Suppose
there exist ν2, . . . , νn ∈ Z, not all 0, such that ν2w(y2) + · · · + νnw(yn) ∈ Γ .
Then

ν2w(y2) + · · ·+ νnw(yn) = w(a), for some a ∈ K× .

Hence b = a−1yν2
2 · · · yνn

m ∈ O×
1 , and it follows that

a = b−1yν2
2 · · · yνn

m ∈ K× ∩ O×
n .

Since On ∩K = O, it therefore follows that a ∈ O×.
Let now m be the biggest number in {2, . . . , n} such that νm 	= 0. Then

yνm
m = bay−ν2

2 · · · y−νm−1
m−1 ∈ O×

m−1 .

Since νm 	= 0 and Om−1 is integrally closed, ym ∈ O×
m−1 contradicting the

choice of ym. 
�
Let us point out that we may have proper inequality in equation (3.4.1)

even for a finitely generated extension L/K. In fact there are prolongations
of a valuation v of a field K to the pure transcendental extension K(X)
different from the ones we constructed in Corollaries 2.2.2 and 2.2.3. For
example, for a prime p consider the p-adic valuation vp of Q from (1.3.1).
Take a p-adic number x ∈ Qp transcendental over Q. Let v̂p be the p-adic
valuation of Qp, and denote by w its restriction to K(x). Since (Qp, v̂p) is
an immediate extension of (Q, vp) by Theorem 1.3.4, (Q(x), w) is also an
immediate extension of (Q, vp).
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3.5 Exercises

Exercise 3.5.1.
(a) Show that every valuation of the algebraic closure of a finite field is trivial.
(b) Which fields allow only the trivial valuation?

Exercise 3.5.2.
Construct valuations on C of rank κ for every cardinal κ ≤ 2ℵ0 .

Exercise 3.5.3.
Show that every non-trivial valuation of R has divisible value group and al-
gebraically closed residue class field.

Exercise 3.5.4.
Let (K1,O1) ⊆ (K2,O2) be a finite extension of valued fields. Assume that
n = [K2 : K1].
(a) Let z ∈ O2 and h ∈ O1[X] such that h(z) = 0, deg h = n and h ir-

reducible. Conclude that O2 is the unique extension of O1 to K2 and
satisfies f(O2/O1) = n and e(O2/O1) = 1.

(b) Let z ∈ K×
2 such that v2(z) + v1(K1) has order n in the quotient group

v2(K2)/v1(K1). Conclude that O2 is the unique extension of O1 to K2

and satisfies e(O2/O1) = n and f(O2/O1) = 1.

Exercise 3.5.5.
Let (K, v) be a non-trivially valued field, and let α, β, γ, δ, ν, µ, λ, 
 denote
ordinal numbers. A sequence s = (aν)ν<
 (
 a limit ordinal) of elements of K
is called a pseudo-Cauchy sequence if for all α < β < γ < 
 we have

v(aγ − aβ) > v(aβ − aα) .

An element b of K is called a pseudo-limit of the sequence s, if for all ν < 


v(b− aν) = v(aν+1 − aν) .

The valued field (K, v) is called pseudo-complete if every pseudo-Cauchy se-
quence of (K, v) has a pseudo-limit in K.

Show that every pseudo-complete field (K, v) is maximal valued, i.e., does
not allow any proper immediate extension (K ′, v′).

Hint : Assume that (K ′, v′) is an immediate extension of (K, v) with K′ =
K(z) and z ∈ K ′ �K. Consider the subset

∆ = {v′(z − a) | a ∈ K}
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of the value group Γ = v′(K ′). Choose a strictly increasing cofinal sequence
(δν)ν<
 from ∆, i.e., δν < δµ if ν < µ, and to every δ ∈ ∆ there exists ν < 

such that δ ≤ δν . Let aν ∈ K be such that v′(z − aν) = δν . Show that 
 has
to be a limit ordinal (by looking at the proof of Theorem 4.1.10), and that
(aν)ν<
 is a pseudo-Cauchy sequence without pseudo limit in K.

Exercise 3.5.6.
Let K be a field and Γ an ordered abelian group. Denote by K((Γ )) the set
of formal power series

f =
∑
γ∈Γ

aγt
γ

where aγ ∈ K for all γ ∈ Γ , the support {γ|aγ 	= 0} of f is well-ordered
(i.e., every non-empty subset has a least element, or equivalently, there is no
infinite strictly decreasing sequence of elements in the support), and t is a
symbol. If g =

∑
γ∈Γ bγt

γ is also a formal power series, we define addition
and multiplication by

f + g =
∑

γ

(aγ + bγ)tγ , f · g =
∑

γ

( ∑
δ+ε=γ

aδbε
)
tγ .

Show that multiplication is well-defined: for this one has to show that∑
δ+ε=γ aδbε is a finite sum for each γ ∈ Γ and that the set of γ’s occur-

ring non-trivially, is well-ordered. This makes K((Γ )) a commutative domain.
The map v : K((Γ )) −→ Γ ∪ {∞} defined by v(0) =∞ and

v(f) = least γ such that aγ 	= 0

satisfies the axioms of a valuation. Show that (K((Γ )), v) is a pseudo-complete
field. (Hence it is maximal valued by Exercise 3.5.5.)

Hint : Prove first that (K((Γ )), v) is pseudo-complete as follows: Let
(fν)ν<
 be a pseudo-Cauchy sequence of formal power series

fν =
∑

γ

aν,γt
γ .

Thus defining γν = v(fν+1 − fν), we obtain γν < γµ for all ν < µ < 
. Define
now the series g =

∑
γ bγt

γ by taking

bγ =

{
aν,γ if there is some γν > γ

0 otherwise.

Show that bγ does not depend on the choice of γν > γ. Now show that the
support of g is well ordered and that g is a pseudo-limit of the sequence
(fν)ν<
.
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Next prove that K((Γ )) is a field as follows: It suffices to show that every
formal power series f with av(f) = 1 is invertible. Define the set

Σ = {v(1− fg) | g ∈ K((Γ )), 1− fg 	= 0} .

Show that Σ cannot have a maximal element. Now choose a strictly increasing
sequence (γν)ν<
 of elements of Σ that is cofinal in Σ, i.e., to every γ ∈ Σ
there exists some ν < 
 such that γ ≤ γν . Moreover choose gν ∈ K((Γ ))
such that v(1 − fgν) = γν . Conclude that 
 is a limit ordinal and show that
(gν)ν<
 is a pseudo-Cauchy sequence. Let h ∈ K((Γ )) be a pseudo-limit of
the sequence (gν)ν<
. Show that 1− fh = 0.
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Henselian Fields

In this chapter we shall study a very important class of valued fields – the
so-called “henselian” fields. They got their name from the fact that Hensel’s
Lemma (cf. Theorem 1.3.1) holds in such fields. Moreover, they are even char-
acterized by the validity of this lemma. As we saw in Chap. 1, Hensel’s Lemma
holds in the completion of a field with respect to a non-archimedean absolute
value, or equivalently, a rank 1 valuation. As we saw in Remark 2.4.6, however,
Hensel’s Lemma need no longer hold in the completion of a field with respect
to a valuation of rank greater than 1. For that reason, in the higher rank case
we turn away from complete fields and instead concentrate on henselian fields.

As we shall see later (Sect. 5.2) every valued field allows an algebraic
extension, unique up to value-preserving isomorphism, that satisfies Hensel’s
Lemma. This extension will be called the “henselization” of the given valued
field.

In Sect. 4.1 we shall study many properties of valued fields, all equivalent
to the validity of Hensel’s Lemma. The most striking one (which we actually
shall take as our definition of a henselian field) is that the valuation ring O
on our field K has a unique extension to the separable closure Ks of K. It
is this uniqueness of the extension of O that interests us most in the present
chapter.

One can easily generalize the notion of a henselian field by replacing the
Galois extensionKs/K by any other one. Thus letN/K be an arbitrary Galois
extension (finite or infinite). We then call a valuation ring O of K N -henselian
if it has a unique extension to N . Besides Ks we shall be mainly interested in
the maximal Galois p-extension K(p) of K (p a rational prime). In that case,
O will be called p-henselian (Sect. 4.2).

The extension Ks/K (resp. K(p)/K) is always infinite unless Ks = K
(resp. K(p) = K) or K is real closed (resp. p = 2 and K is euclidean). These
classical field theoretic facts will be explained in Sect. 4.3, where we also give
a valuation theoretic characterization of real closed (resp. euclidean) fields
whose ordering is non-archimedean.
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In Sect. 4.4 we study the interrelationship of all henselian valuation rings
on a fixed field K. They will form a dependence class with one distinguished
element – the so-called “canonical” henselian valuation ring.

Using the canonical henselian valuation, we prove that the property of
admitting a henselian valuation “goes down” any Galois extension N/K and
every finite extension L/K unless K is real closed and L = Ks. Besides these
classical results we also present a most recent one (by J. Koenigsmann [12]):
if L is the fixed field of a p-Sylow subgroup of the absolute Galois group
G(Ks/K) of K, then the property of being henselian always goes down from
L to K, unless p = 2 and L is real closed.

4.1 Henselian Fields

We have seen (by Proposition 1.2.2) that every rank-one valuation v of a
complete field K has a unique prolongation to each algebraic extension E of
K. By Corollary 3.2.10, also every valuation of a separably closed field K
has this property. Valuation rings, or valuations, with this property are very
important. They are the so-called “henselian” valuation rings. In this section
we introduce these rings; we shall see that they are the suitable substitute
for rank-one valuation rings of complete fields. In particular, they are the
valuation rings for which Hensel’s Lemma holds.

A valued field (K,O) is called henselian if O has a unique prolongation to
every algebraic extension L of K. It clearly suffices to require unique prolon-
gations only to all finite extensions.

We see from the definition that the property of being henselian is heredi-
tary, i.e., for any algebraic extension of valued fields (K1,O1) ⊆ (K2,O2), if
(K1,O1) is henselian, then so is (K2,O2).

Let K̃ be an algebraic closure of K and set

Ks := {α ∈ K̃ | α is separable over K }

for the separable closure of K.
We then have the following apparently easier characterization of henselian

valuations.

Lemma 4.1.1. A valuation ring O of a field K is henselian if and only if it
extends uniquely to Ks.

Proof. If (K,O) is henselian, O extends uniquely to Ks by definition.
Conversely, take an algebraic extension L of K. Every extension of O to

L∩Ks has a prolongation to Ks which lies over O. By assumption, O extends
uniquely to L ∩Ks. Since by Corollary 3.2.10 every valuation ring of L ∩Ks

extends uniquely to L, by transitivity, O has a unique prolongation to L. 
�
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The next theorem will highlight the importance of henselian valuation
rings. Comparing with completions we see that rank-one complete valuation
rings are a particular case of henselian valuation rings. Before stating the
theorem we need a little preparation.

Let v : K −→→ Γ ∪ {∞} be a valuation of the field K. By Corollary 2.2.2,
the Gauss extension w of v to the rational function field K(X) is given by
w : K(X) −→→ Γ ∪ {∞}, where, for f = a0 + a1X + · · ·+ anX

n ∈ K[X],

w(f) = min
0≤i≤n

v(ai) .

Let us call a polynomial f primitive if w(f) = 0.

Remark 4.1.2. Denoting by O the valuation ring of v, we see that if f is
primitive, then f ∈ O[X]. We have moreover the following properties:

(1) If two polynomials f and g are primitive, then so is their product fg.
(2) Every f ∈ K[X] admits a decomposition f = af1 with a ∈ K and f1 ∈

K[X] primitive.
(3) If f ∈ O[X] decomposes as f = g1 · · · gm with irreducible factors

g1, . . . , gm ∈ K[X], then there are h1, . . . , hm ∈ O[X], irreducible inK[X],
such that f = h1 · · ·hm.

Statements (1) and (2) are clearly true. To see (3), write f = af1, gi =
big1,i, 1 ≤ i ≤ m, where a, b1, . . . , bm ∈ K and f1, g1,1, . . . , g1,m are primitive.
Then

v(b1 · · · bm) =
m∑

i=1

w(gi) = w(f) = v(a) .

Hence b = b1 · · · bm ∈ O and defining h1 = bg1,1 and hi = g1,i for each
i = 2, . . . ,m, we get the desired decomposition.

Theorem 4.1.3. For a valued field (K,O) letM, K, and v : K −→→ Γ ∪ {∞}
be, respectively, the maximal ideal of O, the residue class field of O, and a
valuation corresponding to O. Set also a �→ a for the residue homomorphism
and f �→ f for the corresponding map from O[X] to K[X]. The following
statements are equivalent:

(1) (K,O) is henselian.
(2) For each irreducible polynomial f ∈ O[X] with f 	∈ K, there exists g ∈

O[X] such that g is irreducible in K[X], and f = gs, for some s ≥ 1.
(3) Let f, g, h ∈ O[X] satisfy f = gh, with g, h relatively prime in K[X].

Then there exist g1, h1 ∈ O[X] with f = g1h1, g1 = g, h1 = h, and
deg g1 = deg g.

(4) For each f ∈ O[X] and a ∈ O with f(a) = 0 and f ′(a) 	= 0,1 there exists
an α ∈ O with f(α) = 0 and α = a.

1 The latter will follow, for example, if f is separable.
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(5) For each f ∈ O[X] and a ∈ O with v(f(a)) > 2v(f ′(a)), there exists an
α ∈ O with f(α) = 0 and v(a− α) > v(f ′(a)).2

(6) Every polynomial Xn + an−1X
n−1 + · · ·+ a0 ∈ O[X] with an−1 	∈ M and

an−2, . . . , a0 ∈M has a zero in K.
(7) Every polynomial Xn + Xn−1 + an−2X

n−2 + · · · + a0 ∈ O[X] with
an−2, . . . , a0 ∈M has a zero in K.

Proof. (1) ⇒ (2): Denote by O′ the unique extension of O to K̃, the algebraic
closure of K. Write M′ for the maximal ideal, v′ : K̃ −→→ Γ ′ ∪ {∞} for a
valuation corresponding to O′, and K

′
for the residue class field of O′.

Since O′ is the unique valuation ring of K̃ lying over O, for every K-
automorphism σ of K̃, it follows that σ(O′) = O′ and, of course, σ(M′) =M′.
By Proposition 3.2.16, v′ ◦ σ = v′ for all K-automorphisms σ of K̃.

Write

f(X) =
n∏

j=1

(aX − xj) ,

where a, x1, . . . xn ∈ K̃ and a is an n-th root of the leading coefficient of f .
Thus a ∈ O′. Also (−1)nx1 · · ·xn = f(0) ∈ O.

The roots x1/a, . . . , xn/a of f are all K-conjugate, i.e., for 1 ≤ i, j ≤ n
there exists a K-automorphism σ such that σ(xi/a) = xj/a. Consequently,
there exists γ ∈ Γ ′ such that v′(xj/a) = γ for all 1 ≤ j ≤ n. So, for δ =
γ+v′(a), we have that v′(xj) = δ for each 1 ≤ j ≤ n. Therefore, x1 · · ·xn ∈ O
implies δ ≥ 0, and thus xj ∈ O′ for all 1 ≤ j ≤ n. Actually, from v′(xj) = δ for
every j with 1 ≤ j ≤ n, it follows that either x1, . . . , xn ∈M′ or x1, . . . , xn ∈
O′ �M′.

In the first case f = (aX)n and the result is proved. In the second case
x1, . . . , xn ∈ O′ �M′, we obtain

f =
n∏

i=1

(aX − xj) with xj 	= 0 .

By assumption f /∈ K, hence a 	= 0.
For the sake of seeking a contradiction, let us assume that f = gh for some

relatively prime polynomials g and h with g, h ∈ O[X]. Let xi/a be a root of
g and take some xj 	= xi such that xj/a is a root of h. Hence g(xi/a) ∈ M′

and h(xj/a) ∈M′. Take σ ∈ Gal(K̃/K) such that σ(xi/a) = xj/a. Then

g(xj/a) = g(σ(xi/a)) = σ(g(xi/a)) ∈ σ(M′) =M′ .

Thus g has also xj/a as a root, contradiction.
(2) ⇒ (3): Let f = g1 · · · gm be a factorization of f with irreducible factors

g1, . . . , gm ∈ O[X] (note Remark 4.1.2 (3)). Our assumption implies that for
2 Note that for complete rank one valued fields, this property was called ‘Hensel’s

Lemma’ in Theorem 1.3.1.
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every i with 1 ≤ i ≤ m, either gi ∈ K or there exists fi ∈ O[X] such that fi

is irreducible and gi = fi
ti for some ti ≥ 1. Clearly, we may assume that fi

has no non-zero coefficient in M. Renumbering conveniently the polynomials
g1, . . . , gm, we may assume that

k∏
i=1

fi
ti = a g,

�∏
i=k+1

fi
ti = b h,

m∏
i=�+1

gi = c

for some a, b, c ∈ O �M, because g and h are relatively prime. Define now

g1 = a−1
k∏

i=1

f ti
i and h1 =

(
b−1

�∏
i=k+1

f ti
i

)(
c−1

m∏
i=�+1

gi

)
.

Clearly g1 and h1 satisfy all the requirements.
(3) ⇒ (4): Set g(X) = X − a and h = f/g ∈ K[X]. Then f = gh. Since

f ′(a) 	= 0, g and h are relatively prime. Hence there exist g1, h1 ∈ O[X] with
f = g1h1, g1 = g = X − a, and deg g1 = 1 = deg g, by (3). It then follows
that g1 = e(X − b) with e ∈ O× and b ∈ O. Then e = 1, f(b) = 0, and b = a.

(4) ⇒ (5): By well-known computations one gets f(a − X) = f(a) −
f ′(a)X + X2g(X), for some g ∈ O[X]. Since v(f ′(a)) = ∞ cannot occur,
f ′(a) 	= 0 and we may change variables putting X = f ′(a)Y . Thus

f(a− f ′(a)Y )
f ′(a)2

=
f(a)
f ′(a)2

− Y + Y 2g(f ′(a)Y ) .

Let h(Y ) = g(f ′(a)Y ) and

f1(Y ) = f(a)/(f ′(a))2 − Y + Y 2h(Y ) .

Since v(f(a)) > v(f ′(a)2) and f ′(a) ∈ O, one has h, f1 ∈ O[Y ]. Now f1 =
Y (Y h(Y )−1), which has the simple zero 0 in the residue class field. Therefore
f1 has a zero b ∈ M, by (4). Then f has the zero α = a − f ′(a)b ∈ O. Since
b ∈M, v(α− a) > v(f ′(a)).

(5) ⇒ (6): Let f = Xn + an−1X
n−1 + · · ·+ a0 as in (6). Then

f = Xn + an−1X
n−1 = Xn−1(X + an−1) .

Hence −an−1 (	= 0) is a simple zero of f . In particular,

v(f(−an−1)) > 0 = v(f ′(−an−1)) .

Then f has a zero in O, by (5).
(6) ⇒ (7): Trivial.
(7) ⇒ (6): Suppose f(X) = Xn + an−1X

n−1 + · · · + a0 with an−1 ∈ O×

and an−2, . . . , a0 ∈M. Replace X by an−1Y and divide by an
n−1; we obtain
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g(Y ) = Y n + Y n−1 +
an−2

a2
n−1

Y n−2 + · · ·+ a0

an
n−1

.

Apply (7) to g(Y ) to obtain a zero b ∈ K of g. Then a = an−1b is a zero of f .
(6) ⇒ (1): Suppose (K,O) were not henselian. Then there would be a

finite Galois extension N/K with Galois group G(N/K) in which O has more
than one extension. Let O∗ be a prolongation of O to N and set H = {σ ∈
G(N/K) | σ(O∗) = O∗ }, as in Lemma 3.3.1.

As O∗ is not the only prolongation of O to N , the group H is a proper
subgroup of G(N/K), and thus the fixed field L of H is a proper extension
of K. Following the proof of Lemma 3.3.1, we let O∗ = O1, . . . ,Om be all
conjugates of O∗ in N , define O′

i = Oi ∩ L for 1 ≤ i ≤ m, and consider the
subring

R = O′
1 ∩ · · · ∩ O′

m

of L. As in the proof of the lemma, we find β ∈ R such that β − 1 ∈ M1

and β ∈ Mi for all i such that 2 ≤ i ≤ m. Since m > 1, β cannot lie in K.
Therefore

f = Irr(β,K) = Xn + a1X
n−1 + · · ·+ an

cannot have a zero in K. This, however, contradicts (6), since according to the
proof of Lemma 3.3.1 (with α = 1), 1 + a1 ∈M1 and a2, . . . , an ∈M1. 
�

The last theorem has the following very important consequences:

Corollary 4.1.4. Let O ⊆ O1 be two valuation rings of K with corresponding
maximal ideals M1 ⊆ M. Then O = O/M1 is a valuation ring of K =
O1/M1. The composition (K,O) is henselian if and only if both (K,O1) and(
K,O)

are henselian.

Proof. (⇒): Suppose (K,O) is henselian. Then (K,O1) is also henselian, using
M1 ⊆M ⊆ O ⊆ O1 and Theorem 4.1.3 (7). To show that

(
K,O)

is henselian,
let f = Xn +Xn−1 + an−2X

n−2 + · · · a0, with ai ∈M we must show that f
has a zero in K (again using Theorem 4.1.37). The polynomial

f = Xn +Xn−1 + an−2X
n−2 + · · ·+ a0 ∈ O[X]

has a zero x ∈ O (yet again by (4.1.3 (7)), since ai ∈ M); therefore x ∈ O is
a zero of f .

(⇐): Let f = Xn +an−1X
n−1 +an−2X

n−2 + · · ·+a0 ∈ O[X], and suppose
that f has a simple zero in the residue class field O/M. As O/M is also the
residue class field of (K,O), and (K,O) is henselian, this simple zero of f
lifts to K = O1/M1. As the field (K,O1) is also henselian, the zero (which
is again simple) can be lifted further to K. Note that we have used twice
Theorem 4.1.3 (4). 
�
Corollary 4.1.5. Let (K2,O2) be henselian, K1 ⊆ K2, and O1 = K1 ∩ O2.
If K1 is relatively separably closed in K2, then (K1,O1) is henselian.
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Proof. Observing that in the proof of (6) ⇒ (1) in Theorem (4.1.3) we have
only used separable polynomials, let

f = Xn + an−1X
n−1 + · · ·+ a0 ∈ O1[X]

be separable with an−1 /∈ M1, and an−2, . . . , a0 ∈ M1. Then f has a zero in
K2, hence also in K1. 
�

For later use we note one more corollary.

Corollary 4.1.6. Let (K,O) be a henselian valued field with residue class
field K. Then every finite Galois extension of K can be “lifted” to K, more
precisely, if f = Xn + an−1X

n−1 + · · ·+ a0 ∈ O[X], f is irreducible in K[X]
and K[X]/(f) is a Galois extension of K, then K[X]/(f) is a Galois extension
of K too.

Proof. As f is irreducible, also f is irreducible. Let L = K(α) with f(α) =
0. The valuation ring O extends uniquely to L, and L together with this
extension ring O′ is again henselian. Since f splits into linear factors over
L = K[X]/(f), by Theorem 4.1.3, (3), it splits correspondingly over L. Thus
L/K is a Galois extension. 
�

Henselian valued fields can also be characterized as the class of valued
fields satisfying “Krasner’s Lemma”. We next prove that a henselian valued
field satisfies this lemma and we leave it to the reader to show the converse
(see Exercise 4.5.2).

Theorem 4.1.7. (Krasner’s Lemma) Let O be a henselian valuation ring of
a field K and let v be a valuation of K̃ whose restriction to K corresponds
to O. Let x ∈ K̃ with f(X) = (X − x1) · · · (X − xn), x = x1, as its minimal
polynomial over K. Suppose y ∈ K̃ satisfies:

v(y − x) > max{ v(xi − x) | xi 	= x } .

Then K(x, y) is purely inseparable over K(y). In particular, if x is separable
over K, then x ∈ K(y).

Proof. If σ(x) = x for every K(y)-automorphism of K̃, the statements follow
from Galois theory. Going for a contradiction let us assume that σ(x) 	= x for
some K(y)-automorphism of K̃. Let N be a finite normal extension of K(y)
containing K(x, y). Keep the notation v for the restriction of v to N . The
assumption σ(x) 	= x implies that

δ = max{ v(xi − x) | xi ∈ N,xi 	= x } ≥ v(σ(x)− x) .
Next, let O′ be the unique extension of O to N . Hence σ(O′) = O′ and

then Proposition 3.2.16 implies that v = v ◦ σ. Therefore, observing that
v(y − σ(x)) = v(σ(y − x)), we obtain
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v(σ(x)− x) = v((y − x)− (y − σ(x)))
≥ min{v(y − x), v(y − σ(x))} > δ ≥ v(σ(x)− x) ,

a contradiction. 
�
Remark 4.1.8. From Lemma 3.3.1 together with Theorem 3.2.14 we see that
an algebraically maximal valued field (K,O), i.e., (K,O) does not allow any
proper separable immediate extension (K ′,O′), must be henselian. Clearly
the same applies, if (K,O) does not allow any proper immediate extension,
algebraic or not. In this case (K,O) is called maximal valued. Examples of
such fields are the so-called “formal power series fields” treated in Exercise
3.5.6.

A henselian valued field (K,O) need in general not be algebraically max-
imal, as Exercise 4.5.6 shows. There is, however, the following sufficient con-
dition which makes a henselian field even algebraically maximal. Let us call
a valued field (K,O) finitely ramified if either charK = 0, or charK = p > 0
and there are only finitely many values between 0 and v(p). Here are two
examples of such fields:

(1) Let ≤ be an ordering of K, and take O(≤). By Proposition 2.2.4 (iii)
the residue class field K is ordered, whence charK = 0.

(2) If ΓO ∼= Z, then (K,O) is finitely ramified.

Remark 4.1.9. Suppose (K,O) is a non-trivially valued field that is finitely
ramified. Then charK = 0 and for every n ∈ Z \ {0}, there are only finitely
many values between 0 and v(n). To see this, we consider the two cases,
charK = p and charK = 0. If charK = p, write n = pes with p � s; then
v(n) = ev(p), so that there are e times as many values between 0 and v(n) as
between 0 and v(p). Now suppose charK = 0. Since in this case Q ⊆ K and
M∩Q = (0) ⊆ O, we find v(n) = 0 for every n ∈ Z � { 0 }.
Theorem 4.1.10. Suppose (K,O) is finitely ramified. Then (K,O) is hense-
lian if and only if (K,O) is algebraically maximal.

Proof. (⇐) See Remark 4.1.8
(⇒) Let (K′,O′) ⊇ (K,O) be a separable algebraic, immediate extension.

Suppose α ∈ K ′ �K. Without loss of generality, let K′/K be finite, and let
L be the normal closure of K′/K. The valuation ring O′ extends uniquely to
L. Let v be a valuation corresponding to this extension. Then by Proposition
3.2.16 (1)

v(β) = v(σ(β)), for all β ∈ L and σ ∈ G = Gal(L/K) . (*)

Let us consider the element

a :=
1
n

∑
σ∈G

σ(α) ∈ K ,
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where n = [L : K]. (Recall that charK = 0 by Remark 4.1.9.) We have α 	= a
and thus v(α− a) = γ ∈ v(K ′). Since O′/O is immediate, there exists c ∈ K
with v(c) = γ, whence

v
(α− a

c

)
= 0 .

In addition, there exists a d ∈ K with

v
(α− a

c
− d

)
> 0 .

It therefore follows that

v(α− (a+ cd︸ ︷︷ ︸
b∈K

)) > v(c) = v(α− a) .

Repeating this argument with α − a replaced by α − b, after finitely many
steps we find some b ∈ K with

v(α− b) > v(α− a) + v(n) , (†)

using Remark 4.1.9. Then, in particular,

v(a− b) = v((α− b)− (α− a)) = v(α− a) . (‡)

Summarizing, we get

v(n) + v(a− b) = v(n(a− b))

= v

(∑
σ

(
σ(α)− b))

≥ v(α− b) (by (∗))
> v(α− a) + v(n) (by (†))
= v(a− b) + v(n), (by (‡))

contradiction. 
�

4.2 p-Henselian Fields

Let (K,O) be a valued field. Assume N/K is a Galois extension (finite or
infinite), i.e., the extension is algebraic, separable, and normal. We then call
(K,O) N -henselian if O has exactly one extension to N .

In the last section we always considered the case N = Ks, the separable
closure ofK. In this section we shall study the case whereN is the compositum
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K(p) of all finite Galois extensions of p-power degree3 (i.e., the degree is pν

for some ν ∈ N), where p is a fixed rational prime. Clearly K(p) is a Galois
extension of K, and every finite subextension L/K of K(p)/K has a p-power
degree over K. K(p) is maximal with this property. Therefore K(p) is also
called the maximal Galois p-extension of K. Valuation rings O of K that are
K(p)-henselian are simply called p-henselian.

The extension K(p)/K is always trivial or infinite unless K is a euclid-
ean field (i.e., an ordered field where every positive element is a square) and
K(p) = K(

√−1). This field theoretic fact will be explained in Sect. 4.3 below.
We shall not use it here.

Lemma 4.2.1. For every field K and every prime p we have (K(p))(p) =
K(p).

Proof. Let L = K(p) and N/L be a Galois extension of p-power degree. Let
K1/K be a finite Galois subextension of L/K containing the coefficients of
an irreducible polynomial f ∈ L[X] such that N = L(α) and f(α) = 0.

For every σ ∈ Gal(K1/K), the image fσ of f generates a Galois extension

Lσ = K1[X]/(fσ)

of K1 of p-power degree. The compositum of those finitely many extensions
of K1 clearly is a Galois p-extension of K, thus contained in L = K(p). But
then α ∈ L. 
�
Theorem 4.2.2. A valued field (K,O) is p-henselian if and only if O extends
uniquely to every Galois extension L/K with [L : K] = p.

Proof. Assume that O extends uniquely to every Galois extension L/K of
degree p. Suppose that M/K is a finite Galois p-extension to which O has
two different extensions O′ 	= O′′. By Theorem 3.2.14 there exists an auto-
morphism σ ∈ G = G(M/K) with O′′ = σ(O′). Thus σ cannot be a member
of the group

D = { τ ∈ G | τ(O′) = O′ } .
Since G is a p-group, we can find a normal subgroup N of G of index p
containing D. The fixed field L of N is a Galois extension of K of degree p.
Thus O′∩L = O′′∩L by assumption. Hence again by Theorem 3.2.14 (applied
to the Galois extension M/L) there exists τ ∈ N such that τ(O′′) = O′.
Therefore τσ ∈ D, and hence σ ∈ N .

The argument just given works for every σ 	∈ D, in particular for σ 	∈ N ,
which is impossible. Thus O extends uniquely to M . Hence O also extends
uniquely to K(p). 
�

Just as we obtained many equivalent characterizations of henselian fields
in Theorem 4.1.3, we can also obtain many equivalent characterizations of
3 Such extensions are simply called p-extensions.
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p-henselian fields. One need only go through the proof of 4.1.3 and restrict
consideration to those polynomials f that split in K(p). The corresponding
condition for the Galois extension Ks/K is always satisfied, hence, of course,
was not mentioned in Theorem 4.1.3. Let us state a few such equivalences.

Theorem 4.2.3. For a valued field (K,O), the following statements are equiv-
alent:

(1) (K,O) is p-henselian.
(2) For each f ∈ O[X] splitting in K(p), and any a ∈ O with f(a) = 0 and

f ′(a) 	= 0, there exists an α ∈ O such that f(α) = 0 and α = a.
(3) Every polynomial Xn + Xn−1 + an−2X

n−2 + · · · + a0 ∈ O[X] with
an−2, . . . , a0 ∈M has a zero in K, if it splits in K(p).

Proof. Just follow the proof of Theorem 4.1.3 and try to work exclusively in
the Galois extension K(p)/K. In the implication (1) ⇒ (2) of 4.1.3 we used
the n-th root a of the leading coefficient of f ∈ O[X]. This element need
not lie in K(p). Thus one should extend O to some valuation ring O′ of the
algebraic closure K̃ of K. Then clearly a ∈ O′, and all computations work as
in 4.1.3. The reader should note that the zeros yi = xi/a of f belong to K(p)
by assumption, and uniqueness of the extension of O is therefore used only
inside K(p). 
�
Corollary 4.2.4. Let (K,O) be a valued field with charK 	= p, and assume
that K contains a primitive p-th root of unity ζp. Then (K,O) is p-henselian
if and only if 1 +M is contained in Kp, the set of p-th powers of K.

Proof. Assume first that (K,O) is p-henselian. Since ζp ∈ K, for any µ ∈M,
the polynomial f = Xp− (1+µ) splits in K(p). Clearly f(1) = 0 and f ′(1) =
p 	= 0. Hence by Theorem 4.2.3, f has a zero in K, i.e., 1 + µ ∈ Kp.

Conversely, assume that 1 + M ⊆ Kp. By Theorem 4.2.2, it suffices to
show that O extends uniquely to every Galois extension L/K of degree p.
Since ζp ∈ K, such an extension is obtained by adjoining a p-th root. Hence

L = K( p
√
a) ,

for some a ∈ K.
If v(a) is not divisible by p, i.e., v(a) /∈ pv(K), we see that

p ≤ (v(L) : v(K)) = e .

Hence it follows from Lemma 3.3.2 that O has only one extension to L. If
p|v(a), say v(a) = v(bp) for some b ∈ K, we may replace a by ab−p and thus
assume that a is a unit of O. If a /∈ K

p
, we find that p ≤ [L : K]. Again

Lemma 3.3.2 implies that O extends uniquely to L. If a ∈ Kp
, say a = cp, we

may replace a by ac−p, and thus assume that a = 1. In that case, however,
a ∈ 1+M⊆ Kp, and hence p

√
a would not yield an extension of degree p. 
�
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Similar to the henselian case we obtain here a p-version of Krasner’s
Lemma 4.1.7:

Theorem 4.2.5. Let (K,O) be a p-henselian field and v be a valuation of
K(p) whose restriction to K corresponds to O. For x ∈ K(p) let

f := (X − x1) · · · (X − xn) = Xn + an−1X
n−1 + · · ·+ a0 ∈ K[X]

be the minimal polynomial of x = x1 over K. Suppose y ∈ K(p) satisfies

v(y − x) > max{ v(xi − x) | i 	= 1 } .

Then x ∈ K(y). In particular, if g = Xn + bn−1X
n−1 + · · · + b0 ∈ K[X] is

close enough to f (i.e., min v(ai− bi) is big enough), and splits in K(p), then
K(x) = K(y) for some zero y of g.

Proof. The first assertion follows as in the proof of 4.1.7. The second assertion
follows from the first by using Theorem 2.4.7. 
�

It is a very easy matter to see that the residue class field of an algebraically
closed field is again algebraically closed (see Corollary 3.2.11). To prove the
corresponding fact for p-closed fields K (i.e., K = K(p)), however, is much
more difficult. It amounts to lifting Galois extensions of degree p from the
residue class field K of a valued field (K,O) to the field K itself. For that
reason we shall need here the notion of a “generic” polynomial.

Let K be any field. A polynomial g ∈ K[T1, . . . , Tr, X] is called p-generic
(or Cp-generic, where Cp is the cyclic group of order p) over K, if

(i) K(T1, . . . , Tr)[X]/(g) is a Galois extension of order p, and
(ii) every Galois extension N/L of degree p of an extension field L of K is

obtained as N = L[X]/(g(t1, . . . , tr, X)) for some t1, . . . , tr ∈ L.

In case we restrict ourselves to fields K containing a primitive p-th root
of unity, the polynomial

g = Xp − T1

has these properties.
In particular, for p = 2 this polynomial is 2-generic. On the other hand, if

we consider only fields K with charK = p, conditions (i) and (ii) are satisfied
by the Artin-Schreier polynomial

g = Xp −X − T1 .

In general, p-generic polynomials are quite complicated to compute. We simply
take their existence from the literature (see [10]). Here is an example of a 3-
generic polynomial:

g = X3 − T1X
2 + (T1 − 3)X + 1 .
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Theorem 4.2.6. Let (K,O) be a valued field and L
/
K a Galois extension

of the residue class field K of degree p. Then there exists a Galois extension
L′/K of degree p such that L′ = L for the (unique) extension of O to L′.

In particular, if K = K(p), then K(p) = K.

Proof. The uniqueness of the extension of O to L′ follows simply from Propo-
sition 3.2.16(5).

The existence of L′ will be proved by case distinction on the characteristics
of K and K.

Case 1: charK = p = charK.
In this case L is obtained from K by adjoining a root of a suitable ‘Artin-

Schreier’ polynomial
g = Xp −X − a, a ∈ O

to K. But then the polynomial g = Xp − X − a yields the desired Galois
extension L′/K.

Case 2: charK = charK 	= p. In this case let g(T1, . . . , Tr, X) be a p-
generic polynomial over the prime field of K. Then L is obtained by adjoining
a root of g(a1, . . . , ar, X) to K, for a suitable choice of a1, . . . , ar ∈ O. But
then

g(a1, . . . , ar, X) ∈ O[X]

has to be irreducible, and thus a root x of g generates the desired Galois
extension L′ over K.

Case 3: charK = q > 0, charK = 0. Let Γ = v(K×) be the value group
of a valuation v corresponding to O, and K0 = K the residue class field of v.
We are going to write v as a composition of three valuations such that

(1) K0 is the residue class field of a valuation v1 on K1 with charK0 = q =
charK1,

(2) K1 is the residue class field of a valuation v2 on K2 with charK1 = q,
charK2 = 0, and v2 has rank 1,

(3) K2 is the residue class field of a valuation v3 on K3 = K with charK2 =
0 = charK3.

After that we shall lift the given Galois extension L/K0 of degree p first to
K1, then to K2, and finally to K3. We already know how to proceed in (1) and
(3). In (2) we seem to have the same conditions as at the beginning of Case 3.
What we gained, however, by our decomposition, is the rank 1 property of v2.
Thus we may assume in Case 3 right from the beginning that v has rank 1.
But before we do this let us show how to obtain the desired decomposition
of v.

First let ∆2 be the convex hull of Zv(q) in Γ (note that v(q) > 0). Defining
v3 on K3 = K by

v3(x) = v(x) +∆2 ∈ Γ/∆2

yields a valuation v3 on K with the residue class field K2 and a valuation
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v′2 : K2 −→ ∆2 ∪ {∞}

on K2. Since v(q) ∈ ∆2, charK2 = 0. The residue class field of v′2 is K0 = K
(cf. Sect. 2.3).

Next let ∆1 be the maximal convex subgroup of ∆2 not containing v(q).
Then

v2(x) = v′2(x) +∆1 ∈ ∆2/∆1

defines a valuation on K2 with value group ∆2/∆1, which obviously is of rank
1. As explained in Sect. 2.3, the residue class field K1 of v2 carries a valuation

v1 : K2 −→ ∆1 ∪ {∞}

with residue class field K0. Since v(q) /∈ ∆1, we have charK1 = q.
Now let us return to the proof of case 3, assuming in addition that Γ =

v(K×) has rank 1. At this point we use the fact that the completion (K̂, v̂)
of the rank 1 valued field (K, v) is henselian (Theorem 1.3.1), and thus by
Corollary 4.1.6 we can lift our Galois extension L

/
K from the residue class

field K to a Galois extension L′/K̂ of the completion K̂. Using once more
a p-generic polynomial g ∈ Q[T1, . . . , Tr, X], L′ is generated by a zero of
gt = g(t1, . . . , tr, X) for a suitable choice of t1, . . . , tr ∈ K̂. Since K is dense
in K̂, we may choose τ1, . . . , τr ∈ K so close to t1, . . . , tr that a root x of the
polynomial gτ = g(τ1, . . . , τr, X) generates L′/K̂ as well (see Theorem 4.2.5).
But then K[X]/(gτ ) yields the desired Galois extension of K. 
�

Corollary 4.1.4 on henselian valuations has the following p-henselian ana-
log:

Corollary 4.2.7. Let O ⊆ O1 be two valuation rings of K with corresponding
maximal ideals M ⊇ M1. Then O = O/M1 is a valuation ring of K =
O1/M1, and (K,O) is p-henselian if and only if (K,O1) and (K,O) are both
p-henselian.

Proof. Recall that (K,O) is the composition of the valued field (K,O1) with
the valuation O on the residue class field K of (K,O1). This is reflected by
the factorization

O −→ O/M1 −→ O/M
of the residue map O −→ O/M.

First let (K,O) be p-henselian, and consider the polynomial

f = Xn +Xn−1 + an−2X
n−2 + · · ·+ ao ∈ O1[X]

with ai ∈M1. Assuming that f splits in K(p), it follows from M1 ⊆M and
(3) of Theorem 4.2.3 that f has a zero in K. Thus (K,O1) is p-henselian. To
show that

(
K,O)

is p-henselian, assume that ai ∈ M = M/M1 and that f
splits in K(p) = K(p). Of course, we may as well replace f by a pre-image of f
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that splits4 in K(p). Hence let f split in K(p). Then by (3) of Theorem 4.2.3,
f has a zero a ∈ K. Since O1 is integrally closed, a ∈ O1. Hence f(a) = 0
in K.

Next assume that (K,O1) and
(
K,O)

are both p-henselian. We now use
criterion (2) of Theorem 4.2.3 twice. Thus let f ∈ O[X] be split in K(p). Then
by Theorem 4.2.6, the image of f also splits in the p-closure of K = O1/M1

and in the p-closure of the residue class field O/M of
(
K,O)

, which is at the
same time also the residue class field of the composition (K,O). Now a simple
zero of f in O/M can be lifted first to O1/M1 (as

(
K,O)

is p-henselian),
and then to K (as (K,O1) is p-henselian). 
�

4.3 Ordered Henselian Fields

In this section we shall continue with the study of ordered fields from Sect. 2.2.
Let us first collect some elementary facts about ordered fields that can be
found in many basic algebra books (see [15], [9], or more specifically [20]).

Fact 4.3.1. Let ≤ be an ordering of the field K. Assume that L/K is a field
extension. Then ≤ extends to L in case

(i) L = K(
√
a) and 0 ≤ a in K;

(ii) L/K is algebraic of odd degree; or
(iii) L is purely transcendental over K.

Given an ordered field (K,≤), by Zorn’s Lemma there always exists a
maximal algebraic ordered extension (K∗,≤∗) of (K,≤), i.e., a ≤ b iff a ≤∗ b
for all a, b ∈ K.

Fact 4.3.2. For an ordered field (K,≤) the following are equivalent:

(i) (K,≤) has no proper ordered algebraic extension;
(ii) in (K,≤) every positive element is a square and every odd-degree poly-

nomial f ∈ K[X] has a zero in K;
(iii) the set of squares { a2 | a ∈ K } is a positive cone of K and every

odd-degree polynomial from K[X] has a zero in K;
(iv) K

(√−1
)

is algebraically closed and K 	= K
(√−1

)
.

Thus, in particular, as in the case K = R, the algebraic closure of a field
K satisfying one of the equivalent conditions of Fact 4.3.2 has degree 2 over
K. One should further note that the ordering of such a field K is uniquely
determined, as the positive elements are exactly the squares in K. The fields
of Fact 4.3.2 are called real closed fields since they have many properties

4 In case f is irreducible and f(α) = 0 for some α ∈ K(p), lift the splitting field
F of f over K by Theorem 4.2.6 to an extension F/K, choose α from F and let
f = Irr(α, K). If f is reducible, do the same for every factor.
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in common with the reals R. From condition (i) and the above mentioned
application of Zorn’s Lemma, we see that every ordered field (K,≤) admits
at least one real closed algebraic extension. Such an extension is called a real
closure of (K,≤).

Fact 4.3.3. Every ordered field (K,≤) has, up to isomorphism overK, exactly
one real closure; i.e., if (K∗,≤∗) and (K∗∗,≤∗∗) are real closures of (K,≤),
then there exists an isomorphism σ : K∗ −→ K∗∗ such that σ|K = idK .

Note that the isomorphism σ automatically is order-preserving, as the
positive elements of K∗ and K∗∗ are squares and σ clearly preserves squares.

An ordered field (K,≤) whose positive elements are exactly the squares is
called euclidean. As we already mentioned, a euclidean field has exactly one
ordering. If a euclidean field has no odd-degree extensions, it is real-closed by
4.3.2. If we adjoin

√−1 to a euclidean field, it need not become algebraically
closed. The resulting field L = K

(√−1
)
, however, is 2-closed, i.e., L(2) = L.

Proposition 4.3.4. If K is euclidean, then the quadratic extension L =
K

(√−1
)

is 2-closed.

Proof. Every element of L has a representation x + iy with x, y ∈ K and
i =

√−1. We have to solve the equation

x+ iy = (u+ iv)2 = (u2 − v2) + i2uv ,

i.e., x = u2 − v2, y = 2uv for some u, v ∈ K. This amounts to solving

v =

√√
x2 + y2 − x

2

in K. Since x2 + y2 is positive we get z ∈ K such that x2 + y2 = z2. Moreover
z may be taken positive. Then z ≥ x and thus also z − x = w2 for some
w ∈ K. 
�

Let us now prove the “converse”:

Theorem 4.3.5.
(a) Let p be a prime and assume that [L(p) : L] is finite. Then either L(p) = L
or p = 2, [L(p) : L] = 2, and L is euclidean.
(b) Let M/L be a finite field extension. If M is separably closed, then also L
is separably closed or L is real closed and [M : L] = 2.

Proof. Case (a) will not be used in this book; for its proof we refer to [4].
(b): Assume that L is not separably closed. We may replace M by the sepa-
rable closure Ls of L. Thus Ls/L is a non-trivial finite Galois extension with
Galois group denoted by G. We shall first show that G is a 2-group.
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Let the prime number p divide the order of G. Then there exists an inter-
mediate extension L ⊆ K ⊆ Ls with [Ls : K] = p. We show that charL 	= p.

If charL = p, we get Ls = K(α) with αp−α−a = 0 for some a ∈ K. This
clearly implies (

1
α

)p

+
1
a

(
1
α

)p−1

− 1
a

= 0 .

Computing the trace T from Ls/K this yields

T

(
1
α

)
= −1

a
.

Now choose β ∈ Ls such that βp − β + a2

α = 0. (Recall that Ls is separably
closed.) Let β1, . . . , βp be all the conjugates of β over K. Then

T (β)p−T (β) =
( p∑

i=1

βi

)p

−
p∑

i=1

βi =
p∑

i=1

(βp
i −βi) = T (βp−β) = T (−a

2

α
) = a .

Thus t = T (β) is a zero of the polynomial f = Xp −X − a. Since with t also
t+1 is a zero of f , this shows that all zeros of f lie in K, contradicting α /∈ K.

Next we may assume that a p-th root of unity is contained inK. This holds
because adjoining such a root toK would give an extension inside Ls of degree
prime to p. Now by Kummer theory, Ls = K( p

√
a) for some a ∈ K �Kp. The

norm map N : Ls → K then yields

(−1)p−1 · a = N( p
√
a) = N(p2√

a)p ∈ Kp ,

as p2√
a also lies in Ls. Thus we find that p = 2 and −1 	∈ K2. Hence G is a

2-group and Ls = K(
√−1). It remains to show that K is real closed and that

L = K.
Since charL 	= 2, Ls is quadratically closed. Thus to a, b ∈ K there exist

c, d ∈ K such that

a2 + b2 = N(a+ b
√−1) = N((c+ d

√−1)2) ∈ K2 .

Now we clearly see that the set of squares K2 is a positive cone of an ordering
≤ on K. Thus charL = 0 and Ls is algebraically closed. Therefore K is real
closed by Fact 4.3.2 (iv).

Finally assume that L � K. Since G(Ls/L) is a 2-group, we can find an
intermediate extension L ⊆ K′ ⊆ K with [K : K ′] = 2. Thus K = K′(

√
a) for

some a ∈ K ′. Since a = (
√
a)2 ≥ 0 in K and K is real closed, also 4

√
a ∈ K.

But [K′( 4
√
a) : K ′] = 4, a contradiction. Thus we proved L = K. 
�

Let us now continue the study of orderings on a valued field (K,O) from
Subsect. 2.2.2. There we already gave a structure theorem for the set of those
orderings of K for which O is convex ring (Theorem 2.2.5). In our study of
(p-)henselian fields, the next lemma is basic.
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Lemma 4.3.6. Let (K,O) be a 2-henselian field. Then O is convex with re-
spect to every ordering of K. In particular, if K is ordered, then K is ordered
too.

Proof. We show that the maximal ideal M of O is convex (using Proposi-
tion 2.2.4). If M were not convex, there would exist some µ ∈ M and ν ∈ O
such that 0 < ν < µ and yet ν /∈ M. Hence 0 < µ/ν ∈ M. Thus the residue
polynomial of

X2 +X +
µ

ν

is X2 +X = (X +1)X. Therefore by Theorem 4.2.3 (2) we find a, b ∈ K such
that

(X + a)(X + b) = X2 +X +
µ

ν
.

Hence a+b = 1 and ab = µ/ν > 0. Thus 0 ≤ a, b ≤ 1. Therefore µ/ν = ab ≤ 1.
Hence µ ≤ ν, a contradiction. 
�

Next assume that (K,O) is a valued field and ≤ is a fixed ordering of K
for which O is convex. If ≤ is archimedean (i.e., for every a ∈ K there exists
n ∈ N with a ≤ n), then O is necessarily trivial. Thus the existence of a non-
trivial ≤-convex valuation ring O on K entails that ≤ be non-archimedean
(cf. Corollary 2.2.6).

Theorem 4.3.7. Let O be a non-trivial valuation ring of K with value group
Γ . Assume O to be convex with respect to the ordering ≤. Then K is real
closed (resp. euclidean) if and only if
(i) K is real closed (resp. euclidean),
(ii) Γ is divisible (resp. 2-divisible), and

(iii) (K,O) is henselian (resp. 2-henselian).

Proof. Assume first that K is real closed (resp. euclidean). Then in the unique
ordering ≤ of K, every positive element is a square. Thus every element γ of
Γ is divisible by 2. In fact, let v(x) = γ and assume without restriction that
0 ≤ x. Now x = y2 yields v(x) = 2v(y). In the real closed case, x is even a
p-th power for every odd prime p. Thus γ = v(x) is divisible by p. This clearly
implies (ii).

Since O is convex with respect to ≤, the ordering ≤ on K induces canon-
ically an ordering on K (Proposition 2.2.4). If K did have a proper, ordered
extension L of finite degree, then we could first lift L to an algebraic exten-
sion L′ of K of the same degree (recall that a monic polynomial f ∈ O[X] is
irreducible over K if f is irreducible over K), and then lift the ordering of L
to L′ using Theorem 2.2.5. This proves (i).

In order to prove that (K,O) is 2-henselian, it suffices to show (by Corol-
lary 4.2.4) that every x ∈ 1 + M is square in K. Since O is convex with
respect to ≤, it follows from Proposition 2.2.4 that 0 < x. Hence x = y2 in K
by the definition of a euclidean field. Now assume that K is even real closed.
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Then (K,≤) cannot have a proper ordered extension L of finite degree. Hence
(K,O) cannot have a proper immediate extension (K ′,O′) of finite degree.
In fact, such an extension would have the same residue class field as (K,O)
and also the same value group. But then by Theorem 2.2.5 we could find an
extension of ≤ to K ′. Now by Theorem 4.1.10, (K,O) is henselian.

Next we assume (i), (ii) and (iii) and show that K is real closed (resp.
euclidean). Let us first treat the euclidean case. Assume that x ∈ K is positive.
By (ii) there exists y ∈ K such that v(xy2) = 0. Since 0 < xy2 = z, the residue
z of the unit z is positive in the unique ordering of K. Hence z = u2 by (i).
By (iii) and Corollary 4.2.4,

zu−2 ∈ 1 +M⊆ K2 .

This shows that x is a square in K.
Now let us treat the real closed case. We shall show that K does not

allow any proper algebraic and ordered extension K ′. Assume there exists an
algebraic extension K ′ of K of degree n together with an ordering ≤′. Since
we already proved that K is euclidean, ≤′ has to extend the ordering ≤ of K.
Now let O′ be the convex hull of O in K ′ with respect to ≤′. Clearly, O′ is a
valuation ring of K ′ such that O′ ∩K = O. Moreover, O′ induces an ordering
on the residue class field K′. Thus by (i) and Fact 4.3.2, K ′ = K. From (ii)
and Theorem 3.2.4 we see that the value group of O′ has to coincide with that
of O. Hence (K ′,O′) is an immediate extension of (K,O). But then (iii) and
Theorem 4.1.10 imply that n = 1. 
�

4.4 The Canonical Henselian Valuation

By the very definition of a henselian valuation ring of a field K, every such
ring of an algebraically closed field K is henselian. Observing Corollary 3.2.10,
the same can be said for a separably closed field. Thus by Chevalley’s Ex-
tension Theorem 3.1.1, a separably closed field may carry infinitely many
henselian valuation rings, dependent and independent. The next theorem will
show that this is an exceptional case. In fact, no other field can carry even
two independent henselian valuation rings. The henselian valuation rings of a
non-separably closed field K always form a dependence class. We shall further
see that there is a distinguished ring in this dependence class – the so-called
“canonical” henselian valuation ring.

Our first theorem generalizes a classical result of F.K. Schmidt, stating
that a field complete with respect to two absolute values must be separably
closed.

Theorem 4.4.1. (F.K. Schmidt) Let O1 and O2 be two independent henselian
valuation rings of the field K. Then K is separably closed, i.e., K = Ks.
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Proof. Assume that K is not separably closed. Then there exists an irre-
ducible, separable polynomial

g = Xn + an−1X
n−1 + · · ·+ a0 ∈ K[X]

of degree n > 1. Let

h = Xn + bn−1X
n−1 + · · ·+ b0 ∈ K[X]

be a polynomial with n different zeros in K. Note that by assumption the
valuation ringsO1 andO2 are independent and hence in particular non-trivial.
Thus K cannot be finite. Now we choose a polynomial

f = Xn + cn−1X
n−1 + · · ·+ c0 ∈ K[X]

such that for every i the coefficient ci is very close to ai for the valuation v1
corresponding to O1 and at the same time very close to bi for the valuation
v2 corresponding to O2. Hence v1(ci − ai) > γ1 and v2(ci − bi) > γ2 for
suitably chosen γ1 ∈ v1(K) and γ2 ∈ v2(K). Such a polynomial exists by the
Approximation Theorem 2.4.1, as O1 and O2 are independent.

Approximating closely enough and choosing a zero x1 ∈ Ks of g, f becomes
separable and one of the zeros of f , say y1, comes as close as we wish to
x1 (Theorem 2.4.7). But then by Theorem 4.1.7 we find K(x1) ⊆ K(y1). In
particular, f is irreducible in K[X]. We then repeat this argument, replacing g
by f and f by h. Hence one of the zeros of h, say z1, will satisfyK(y1) ⊆ K(z1),
a contradiction to z1 ∈ K. 
�

For the following definition we fix the field K and consider the totality
of all henselian valuation rings O of K. Since we shall consider several such
rings at the same time, we prefer to write O/M for the residue class field of
O, where M always denotes the maximal ideal of O (similarly we write Mi

and M′ for the maximal ideal of Oi and O′). The former notation K is not
suitable here as it does not explicitly refer to O. Note that O = K always is
a henselian valuation ring of K. Thus the totality of all henselian valuation
rings of K is non-empty.

Now set

H1 = {O | O henselian, O/M not separably closed }
H2 = {O | O henselian and O/M separably closed } .

Recall that two valuation rings O1 and O2 are called comparable if O1 ⊆ O2

or O2 ⊆ O1. In case O1 ⊆ O2, we call O2 coarser than O1 (or a coarsening
of O1) and O1 finer than O2.

Theorem 4.4.2. Any two valuation rings from H1 are comparable. If H2 	= ∅,
then H2 contains a valuation ring O∗∗ that is coarser than every valuation ring
from H2 and strictly finer than every valuation ring from H1. If H2 = ∅, then
there is a finest valuation ring O∗ in H1.
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Proof. Let us first recall that if we have an inclusion O ⊆ O1 of valuation rings
of the same field K, then the residue class field O1/M1 contains the valuation
ring O/M1, and the residue class field of O/M1 is the field O/M, which is,
of course, also the residue class field of O. Thus if O1/M1 is separably closed,
so is O/M (by Theorem 3.2.11, O/M is even algebraically closed in case the
inclusion O ⊆ O1 is proper). Hence the property of having a separably closed
residue class field always passes from a coarser valuation ring to a finer one.
Recall also from Corollary 4.1.4 that O is henselian if and only if O1 and
O/M1 are henselian.

Now assume that O1 and O2 are two non-comparable henselian valuation
rings of K, i.e., neither O1 ⊆ O2 nor O2 ⊆ O1 holds. Then O = O1O2 is
a proper coarsening of O1 and O2 and, of course, the finest such coarsening.
Hence in the residue class field O/M of O, the induced valuation rings O1/M
and O2/M are independent. Since both of them are henselian by Corollary
4.1.4, Theorem 4.4.1 implies that the residue class field O/M is separably
closed. By what we remarked above, the residue class field of O1 and O2 then
are separably closed too. This shows that O1 and O2 both belong to H2.
Therefore, two rings from H1 are always comparable, and if O1 ∈ H1 and
O2 ∈ H2, we must have O2 ⊆ O1.

If H1 	= ∅, then H1 forms a linear chain by inclusion. Therefore the inter-
section

O∗ =
⋂

O1∈H1

O1

is again a valuation ring of K. Using the fact that M∗ =
⋃
O1∈H1

M1 and
Theorem 4.1.3 (7), we see that O∗ is again henselian. Thus O∗ is finer than
each valuation ring from H1. In particular, if H2 = ∅, then O∗ is the finest
valuation ring in H1.

In case H2 is non-empty, the valuation ring O∗ just defined may belong to
H2 or not, depending on whether its residue class field is separably closed or
not. In any case H2 has a maximal element O, by Zorn’s Lemma. In fact, we
only have to check that every non-empty chain (= linearly ordered subset) C
of H2 has an upper bound in H2. This is clear if the chain C already has a
maximal element. Otherwise we consider the union

O1 =
⋃
O∈C

O .

O1 clearly is a henselian valuation ring of K (by Corollary 4.1.4). It remains
to show that the residue class field O1/M1 of O1 is separably closed. Observe
that

O1/M1 =
⋃
O∈C

O/M1 and M1 =
⋂
O∈C

M .

Let f = Xn + an−1X
n−1 + · · · + a0 ∈ O1[X] be a polynomial with dis-

criminant δ ∈ O×
1 and assume that
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f = Xn + an−1X
n−1 + · · ·+ a0

is a separable polynomial in the residue class field O1/M1 (where ai = ai +
M1). We have to show that f has a zero in O1/M1. Choose any O ∈ C such
that ai, δ ∈ O and δ 	∈ M. Then the image of f in the residue class field k =
O/M is still a separable polynomial. By assumption f has a zero in k which,
of course, has to be simple. Now observe that O/M1 is a henselian valuation
ring of O1/M1 (by Corollary 4.1.4). But then f has a zero in O1/M1, as
required. This proves that O belongs to H2.

Finally, we observe that H2 cannot have two different maximal elements
O1 and O2. Indeed, the valuation ring O = O1O2 would have O1/M and
O2/M as independent and henselian valuation rings in its residue class field
O/M. Thus by Theorem 4.4.1, O/M is separably closed and hence O ∈ H2.
We denote the uniquely determined maximal element of H2 by O∗∗. 
�

Now we define the canonical henselian valuation Oc of K to be O∗∗ if
H2 	= ∅ and O∗ if H2 = ∅. One should keep in mind that both cases O∗ 	= O∗∗

and O∗ = O∗∗ may occur. Thus in general Oc need not belong to H1. For
that reason we define

H = H1 ∪ {Oc} .
Let us point out some properties of the canonical henselian valuation that

we are going to use in what will follow:

(1) Oc is non-trivial iff K admits a non-trivial henselian valuation and K 	=
Ks;

(2) Oc is comparable with every henselian valuation ring of K, and so is each
O ∈ H1;

(3) if the residue class field of Oc is not separably closed, no henselian valua-
tion ring of K has separably closed residue class field;

(4) if O is strictly coarser than Oc, the residue class field O/M is not sepa-
rably closed;

(5) conversely, for any O finer than Oc, the residue class field O/M is sepa-
rably closed;

(6) if K is separably closed, then Oc is trivial, hence H = {K}.

We shall now prove three theorems showing that under certain conditions,
the property of being henselian “goes down” an algebraic extension L/K, i.e.,
if O′ is a non-trivial henselian valuation ring of L, then O = O′∩K is a (non-
trivial) henselian valuation ring of K. Since we shall deal with the canonical
henselian valuation of L as well as of K, we shall use the notations

H1(F ), H2(F ), H(F ), and Oc(F ) ,

indicating to which field F the operations refer.

Theorem 4.4.3. Let L/K be a normal extension (finite or infinite) and let
O′ ∈ H(L). Then O = O′ ∩K ∈ H(K).
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Proof. If L = Ls, then O′ is trivial as well as O. Now let O′ be non-
trivial (and thus L 	= Ls). Assume that O′′ is another extension of O to
L. By Theorem 3.2.15, O′′ = σO′ for some σ ∈ Aut(L/K). Thus O′′ is
as well henselian, and hence by (2) must be comparable with O′. Then by
Lemma 3.2.8, O′′ = O′. Therefore O has a unique extension to L. Thus O is
henselian in K. We still have to show that Oc(K) ⊆ O.

Assume that O is strictly contained in Oc(K) and hence O ∈ H2(K).
Take an extension O′′ of Oc(K) to L containing O′ and hence Oc(L). This is
possible by Lemma 3.1.5. Since O′′ strictly contains Oc(L), the residue class
field of O′′ is not separably closed. But then by Theorem 3.2.4 (2) the same
applies5 toO′′∩K = Oc(K), and henceH2(K) must be empty, a contradiction
to the assumption O ∈ H2(K) just made. 
�
Theorem 4.4.4. Let L 	= Ls and let L/K be a finite extension. If O′ ∈ H(L),
then O = O′ ∩K ∈ H(K).

Proof. Let N/K be the normal hull of L/K. This is a finite extension, and
thus by Theorem 4.3.5, N 	= Ns. (Note that K 	= Ks, as L 	= Ls.) Let O′′ be
the unique extension of O′ to N . We are going to compare O′′ with Oc(N).

If O′′ is coarser than Oc(N), then by Theorem 4.4.3 the restriction O′′ ∩
K = O′∩K = O is henselian on K and O ∈ H(K). If, however, O′′ is strictly
finer than Oc(N), then H2(N) 	= ∅. In particular, the residue class field k′′ of
Oc(N) is separably closed, while the residue class field k′ of Oc(N)∩L cannot
be separably closed, as Oc(N) ∩ L now strictly contains Oc(L) (see diagram
below).

O′′ ���
Oc(N)

Oc(L)
���

O′ ����
Oc(N) ∩ L

O ����
O1

k′′ = (k
′′
)s

k′ 	= (k′)s

k

5 Note that any algebraic extension of a separably closed field is again separably
closed.
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Then clearly the residue class field k of O1 = Oc(N) ∩ K is also not
separably closed. Since [k′′ : k] is finite by Corollary 3.2.3, Theorem 4.3.5 tells
us that k is real closed, and consequently k′ = k and k′′ = k′

(√−1
)
. We now

see that O = O′ ∩ K is henselian, by use of Corollary 4.1.4. In fact, O1 is
henselian by Theorem 4.4.3, and the valuation ring O/M1 in the residue class
field k of O1 is henselian by the following argument: since k = k′, the ring
O/M1 coincides with the image of O′ in the residue class field k′ of Oc(N)∩L.
By assumption, O′ is henselian, hence also its image in the residue class field
of a coarser valuation (Corollary 4.1.4).

We still have to conclude that O ∈ H(K). This now follows from the fact
that the residue class field k of O1 is real closed and that O/M1 is a henselian
valuation ring on k. Thus the residue class field of O/M1, which coincides
with that of O, carries an ordering by Lemma 4.3.6, hence cannot be separably
closed. 
�

In the final “going down” theorem we shall use a result from Chap. 5. Let
us call a separable extension L/K a p-Sylow extension (p a rational prime)
if no finite subextension F/K of L/K has a degree [F : K] divisible by p,
and all finite separable extensions F/L have a p-power degree. Such fields are
exactly the fixed fields of pro-p-Sylow subgroups of the absolute Galois group
G(Ks/K). As a result from (infinite) Galois theory (Sect. 5.1) one gets that
two p-Sylow extensions L1/K and L2/K are always conjugate over K, i.e.,
there exists an automorphism σ of Ks over K such that L2 = σL1. We shall
use this fact in the proof of the next theorem.6

Unlike Theorems 4.4.3 and 4.4.4, the next theorem needs an extra condi-
tion. This condition comes from the fact that a real closure L of some field K
ordered by a non-archimedean ordering ≤ may be a 2-Sylow extension of K.
As we saw in Sect. 4.3, the convex hull of Z in K is a valuation ring O of K,
as is the convex hull O′ of Z in L. Clearly O = O′ ∩K. By Theorem 4.3.7, O′

is henselian. but there is no reason for O to be henselian too. Moreover, O′

is even the canonical henselian valuation ring Oc(L). In fact, every henselian
valuation ring O1 of L is convex with respect to ≤ by Lemma 4.3.6, and O′

is the smallest such valuation ring. Thus H2(L) = ∅ and O′ = Oc(L).
In this last argument we never used that L should be a 2-Sylow extension of

K. We needed only the existence of a non-archimedean ordering ≤ on L. If L is
real closed, the residue class field of each henselian valuation ring O1 ∈ H(L)
also has a real closed residue class field. More generally, if O ⊆ O1 are two
henselian valuation rings on an arbitrary field L, and O1 has a real closed
residue class field (like the trivial valuation ring on a real closed field), then
so does O. Indeed, O/M1 is a henselian valuation ring on k1 = O1/M1 (by

6 To prove this fact, we could alternatively just follow the strategy of the proof of
the Conjugation Theorem 3.2.15. By Zorn’s Lemma we take a maximal Galois
extension N/K with L1∩N conjugate to L2∩N , and then go a finite step further
(if N �= Ks) by using Sylow’s theorem for finite groups.
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Corollary 4.1.4). Now by Lemma 4.3.6, O/M1 is convex in the unique ordering
of k1, and thus by Theorem 4.3.7 has itself a real closed residue class field.
Thus real closed residue class fields are inherited from coarser valuation rings
O1 ∈ H1(L). Actually, there is a maximal valuation ring O+ ∈ H1(L) with
real closed residue class field. In fact, O+ is just the union of all O′ ∈ H1(L)
with this property. One easily checks this by using the characterization (ii)
of real closed fields in Fact 4.3.2 and the arguments we used in the proof of
Theorem 4.4.2, showing that the union of a chain of henselian valuation rings
of a field L with separably closed residue class fields has itself a separably
closed residue class field.

We shall refer to the ring O+ in the next theorem. In case H(L) does
not contain any ring O with real closed residue class field, we simply set
O+ = Oc(L).

Theorem 4.4.5. (Koenigsmann) Let L/K be a p-Sylow extension, and let
O′ ∈ H(L). In case p = 2 we also assume that O′ is coarser than the valuation
ring O+ defined above. Then O = O′ ∩K ∈ H(K).

Proof. Assume that O′ is non-trivial. Then, in particular, L is neither sepa-
rably nor real closed. We let Os be the unique extension of O to Ls.

Now let M be a finite extension of L, and let O1 = Os ∩M . Clearly O1 is
henselian. We claim that O1 is the only henselian valuation ring of M restrict-
ing to O = O′∩K. Assume there is a second henselian valuation ring O2 on M
with O2∩K = O. Then O1 and O2 cannot be independent, since otherwise M
would be separably closed and, as [M : L] is finite, by Theorem 4.3.5, L would
be separably or real closed. Hence the valuation ring O3 = O1O2 is non-trivial
and has the independent henselian valuation rings O1/M3 and O2/M3 in its
residue class field k = O3/M3 (using Corollary 4.1.4). Note that O1 and O2

cannot be comparable, by Lemma 3.2.8, since they both restrict to O on K.
Then by Theorem 4.4.1, k is separably closed. The restriction O′′ = O3 ∩ L
is strictly coarser than Oc(L), and thus cannot have separably closed residue
class field k′′. By Corollary 3.2.3, [k : k′′] is finite. Hence by Theorem 4.3.5,
[k : k′′] = 2 and k′′ is real closed. In Theorem 3.3.3 we saw that [k : k′′]
actually divides [M : L], since char k′′ = 0. Therefore p must be 2. In this case
we have the extra assumption O+ ⊆ O′. Since O′′ is strictly coarser than O′,
it cannot have a real closed residue class field, a contradiction. This proves
our claim.

Let us now assume that O = O′ ∩K is not henselian. Then there exists a
finite Galois extension F/K together with two different prolongations O1 and
O2 of O to F . For each i = 1, 2, let us fix a prolongation Os

i of Oi to Ks. By
the Conjugation Theorem 3.2.15, for each i there exists a σi ∈ G(Ks/K) such
that Os

i = σiOs. Then for each i, Li := σi(L) is a p-Sylow extension of K, and
O′

i = σiO′ is a henselian valuation ring of Li. Now letMi = FLi. Observe that
[Mi : Li] is finite, and that O′′

i = Os
i ∩Mi is a henselian valuation ring of Mi

extending O from K. Below we shall show that Mi is a p-Sylow extension of
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F . Hence there exists τ ∈ G(Ks/F ) mapping M1 to M2 over F . But then M2

would carry two different henselian valuation rings (note that O′′
2 ∩ F = O2

and τO′′
1 ∩ F = O1), both restricting to O on K. This contradicts the claim

we have proved before. Thus O must be henselian. The fact that O ∈ H(K)
follows exactly as in the proof of Theorem 4.4.3.

It remains to see that each Mi/F is a p-Sylow extension. For that purpose,
consider the diagram

Ks

LiF = Mi

F

Li

Li ∩ F

K

	
		

	
		

Since F/F ∩ Li is Galois and linearly disjoint to Li, Mi/F cannot have a
subextension with degree divisible by p, since Li/F ∩ Li does not allow such
a subextension. This already finishes the proof. 
�

4.5 Exercises

Exercise 4.5.1.
Let (K,O) be henselian and charK = 0. Show that for all n ∈ N, the set
Kn � {0} of non-zero n-th powers of elements of K is open.

Exercise 4.5.2.
Let (K,O) be a valued field and let v be a valuation of K̃ whose restriction to
K corresponds to O. Suppose that for all x, y ∈ K̃ the extensionK(x, y)/K(y)
is purely inseparable whenever
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v(y − x) > max {v(σ(x)− x) | σ ∈ Aut(K̃/K), σ(x) 	= x} . (∗)

Prove that (K,O) is henselian.
Hint: Verify condition (6) of Theorem 4.1.3: Consider f = Xn+an−1X

n−1+
· · ·+ a0 ∈ O[X] with an−1 	∈ M and an−2, . . . , a0 ∈M. Let x1 be the unique
zero of f with v(x1) = 0 and let Xm + bm−1X

m−1 + · · ·+ b0 be the minimal
polynomial of x1 over K. Now x = x1 and y = −bm−1 satisfy (∗). Conclude
that x1 ∈ K.

Exercise 4.5.3.
Let (K,O) be henselian, and let f ∈ K[X,Y ] define the curve

C = {(x, y) ∈ K̃ × K̃ | f(x, y) = 0} .
Assume that (a, b) ∈ C ∩K ×K satisfies ∂f

∂Y (a, b) 	= 0. Show that there exist
neighbourhoods U of a and V of b in K such that for every x ∈ U there is
exactly one y ∈ V with (x, y) ∈ C.

Try to generalize this statement to an affine variety V ⊆ K̃n, defined over
K, and a regular point (a1, . . . , an) ∈ V ∩Kn.

Exercise 4.5.4.
Show that the only henselian valuation on R is trivial.

Exercise 4.5.5.
Let F be an ordered field and letK = F (

√−1). Suppose that (K× : (K×)2) =
2. Then the following statements hold:
(a) F has exactly two orderings ≤ and ≤′, and F is pythagorean, i.e., the sum

of two squares in F is again a square.
(b) Let O(≤) and O(≤′) be a convex hulls of Z in (F,≤) and in (F,≤′),

respectively. Then O(≤) = O(≤′) if and only if both valuation rings are
2-henselian. (Note that O(≤) may be trivial.)

(c) Let F0 = Q(X) and fix two different orderings ≤ and ≤′ on F0. Further let
R and R′ be the real closures of (F0,≤) and (F0,≤′), respectively. Then
K = F (

√−1) with F = R ∩R′ satisfies (K× : (K×)2) = 2.

Exercise 4.5.6.
LetK be obtained from the p-adic number field Qp by adjoining all pk-th roots
of unity (k ∈ N), and let O be the unique extension of the (henselian) p-adic
valuation ring Zp from Qp to K. Show that the residue class field remains Fp

and that the value group becomes p-divisible. Deduce from these facts that
the unique extension of O to K( p

√
p) is immediate.

Hint: Observe that Y p−1 + · · · + 1 =
∏

p�r(X − ζr) where Y = Xpk−1
, ζ

is a primite pk-th root of unity, and r runs from 0 to pk − 1. Consequently,
p =

∏
p�r(1− ζr).
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Exercise 4.5.7.
Let (K,O) be a henselian valued field, and assume that charK = 0. Prove
that there exists an embedding ε : K → K such that ε(a) = a for all a ∈ K.

Hint : Since charK = 0,Q is a subfield of K, embedding canonically into
K. Look for a maximal such subfield of K.
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Structure Theory

In the last chapter we have seen many useful properties of henselian fields.
The usefulness of such fields will become even more clear in the next chapter,
where we give some non-trivial applications. The reason why henselian fields
are so useful lies in the fact that problems about a henselian field K very
often can be reduced to problems about the residue class field K and the
value group Γ . This reduction property is also reflected in the absolute Galois
group G(Ks/K) of K. Its structure relates to K and Γ as well. Let us explain
this in more detail.

Given a valued field (K,O) we shall fix an extension Os of O to the
separable closure Ks of K and always refer to it. We then introduce three
distinguished subgroups of G = G(Ks/K), namely the decomposition group
Gh, the inertia group Gt, and the ramification group Gv. These groups form
a descending chain

G ⊇ Gh ⊇ Gt ⊇ Gv .

By infinite Galois theory (introduced in Sect. 5.1), the corresponding fixed
fields form an ascending chain

K ⊆ Kh ⊆ Kt ⊆ Kv .

Kh will be a henselian field (the henselization of K), and K is henselian if and
only if K = Kh. The valued field Kh is an immediate extension of (K,O).
From Kh to Kt the value group does not change, but the residue class field
gets separably closed. This is reflected in the first exact sequence (Sect. 5.2)

1 −→ Gt −→ Gh −→ G(K
s
/K) −→ 1 .

In particular, Gt is a normal subgroup of Gh.
From Kt to Kv the residue class field remains the separable closure K

s

of K, while the value group will become q-divisible by every prime q differ-
ent from charK (in case charK 	= 0). This is expressed in the second exact
sequence (Sect. 5.3)
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1 −→ Gv −→ Gt −→ Hom(∆/Γ,Ω) −→ 1 ,

where ∆ is the value group of Kv and Ω is the group of roots of unity in K
s
.

In particular, Gt/Gv is abelian.
If we now consider the case of a ‘tamely ramified’ henselian field, i.e.,

G = Gh and Gv = {1}, then Gt is an abelian normal subgroup of G. In the
interesting cases, one actually has in addition that Gt is a non-trivial subgroup
of G. This situation is very typical for the absolute Galois group G of many
henselian fields: G contains an abelian normal subgroup H 	= {1}. In Sect. 5.4
we shall prove that, apart from very few exceptions, the converse holds for
p-groups. Thus if P is a p-Sylow subgroup of G = G(Ks/K), one can tell from
the structure of P that the fixed field L of P has a henselian valuation. But
then by the ‘going down’ Theorem 4.4.5 one can tell that K has a henselian
valuation.

Before we start with the structure theory, we shall offer the reader not
familiar with infinite Galois theory and the language of profinite groups a
short introduction to this subject in Sect. 5.1. For more information about
profinite groups we refer the reader to the books [24] and [31].

5.1 Infinite Galois Groups

Let N be an arbitrary Galois extension of a field K. This means that N/K is
separable algebraic and normal, but need not be of finite degree. In order to
produce aK-automorphism σ ofN we may consider the set of all ordered pairs
(F, σF ), where F/K is a finite intermediate Galois extension of N/K and σF is
aK-automorphism of F , and such that every time E ⊆ F , for any two such ex-
tensions, the restriction of σF to E coincides with σE . Then σ : N −→ N , de-
fined as σ(x) = σF (x) if x ∈ F , will be a K-automorphism of N whose restric-
tion to each F equals σF . In fact this procedure gives all theK-automorphisms
of N , and allows us to understand the Galois group G(N/K) = Aut(N/K) as
an “inverse limit” of the finite Galois groups G(F/K). In order to make this
precise, we need a little excursion to the land of profinite groups.

Take an indexed set of finite groups Gi, i ∈ I, where I is a directed
partially ordered set, i.e., I is equipped with a partial order ≤, and for all
i, j ∈ I there exists k ∈ I such that i, j ≤ k. Consider next a collection
of triples (Gi, Gj , ψi,j), where j ≤ i and ψi,j : Gi −→ Gj is a surjective
group homomorphism. Suppose that ψi,i = id, the identity map of Gi, and if
k ≤ j ≤ i then ψi,k = ψj,k ◦ψi,j . Such a collection is usually called an inverse
system(projective system) of finite groups.

Now set

lim←−Gi =
{

(gi) ∈
∏
i∈I

Gi

∣∣∣∣ ψi,j(gi) = gj for j ≤ i

}
.
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Taking
∏

i∈I Gi endowed with the coordinatewise operation, induced by the
operations of the groups Gi, clearly makes lim←−Gi a subgroup of

∏
i∈I Gi,

which is called the inverse limit (projective limit) of the inverse system.
Additionally, taking each Gi with the discrete topology and

∏
i∈I Gi with

the product topology, it follows that lim
←−Gi is a closed subset of

∏
i∈I Gi.

Indeed, for (xi) 	∈ lim←−Gi, there exist k ≤ j such that ψj,k(xj) 	= xk. Then

X :=
{

(gi) ∈
∏
i∈I

Gi

∣∣∣∣ ψj,k(gj) = ψj,k(xj) and gk = xk

}
is an open set in

∏
i∈I Gi containing the sequence (xi). Clearly X∩lim←−Gi = ∅.

Since each Gi is a Hausdorff compact totally disconnected (every point
is its own connected component) topological space, it follows that

∏
i∈I Gi,

and hence also lim←−Gi, are Hausdorff compact totally disconnected topological
spaces. Moreover, for each i, the group operation Gi ×Gi −→ Gi and taking
inverses in Gi are continuous maps as well as the homomorphisms ψi,j . Hence
the same is true for

∏
i∈I Gi and its subgroup lim←−Gi. Conversely one can

show that a Hausdorff compact and totally disconnected topological group is
an inverse limit of an inverse system of finite groups. Topological groups with
a Hausdorff compact and totally disconnected topology are called profinite. In
particular, every finite group is a profinite group. Profinite groups receive more
precise denominations according to the nature of the groups Gi in the inverse
system. For example, if all Gi are p-groups, for a fixed prime p, then lim←−Gi

is called a pro-p group. In a similar way prosolvable, pronilpotent, procyclic,
(etc.) groups are introduced.

The inverse limit can be characterized by the following universal property,
which makes it unique:

Lemma 5.1.1. The profinite group G is the inverse limit of the inverse system
of finite groups { (Gi, Gj , ψi,j) | i, j ∈ I } if and only if the following conditions
hold:

(1) For every i there exists a continuous group homomorphism ψi : G −→ Gi

such that ψi,j ◦ ψi = ψj for all j ≤ i.
(2) If G′ is any profinite group such that for every i there exists a continuous

homomorphism ϕi : G′ −→ Gi satisfying ψi,j ◦ ϕi = ϕj for all j ≤ i, then
there exists a unique continuous homomorphism ϕ : G′ −→ G such that
ψi ◦ ϕ = ϕi, for every i.

If in (2) we assume, additionally, that ϕi is surjective for every i ∈ I, then ϕ
is also surjective.

Consequently, any two groups G and G′ satisfying the above conditions
(1) and (2) are topologically isomorphic.
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Proof. For item (1) take ψi as the restriction to lim←−Gi of the natural projec-
tions ∏

i∈I

Gi −→ Gi .

(2) The compatibility condition ψi,j ◦ϕi = ϕj implies for each g ∈ G′ that
(ϕi(g))i∈I ∈ lim←−Gi. Then ϕ(g) = (ϕi(g))i∈I will do the desired job.

Since G′ is compact and ϕ is a continuous map, ϕ(G′) is a closed subgroup
of lim←−Gi. We claim that ϕ(G′) is a dense subgroup of lim←−Gi, provided that

all ϕi are surjective. Then this will imply ϕ(G′) = lim←−Gi, as contended.

To prove the density, take a basic open subset U ⊆∏
i∈I Gi. I.e., for some

finite subset { i1, . . . , in} ⊆ I there exist non-empty open subsets Uij
⊆ Gij

,
1 ≤ j ≤ n, such that

(gi)i∈I ∈ U ⇔ gij
∈ Uij

, for every j = 1, . . . , n .

We have to show that (
lim←−Gi ∩ U

)
∩ ϕ(G′) 	= ∅ .

Take i0 ∈ I satisfying i0 ≥ ij for every j = 1, . . . , n, and take any (gi)i∈I ∈
lim←−Gi ∩ U . Then ψi0,ij

(gi0) = gij
for every j = 1, . . . , n. Choose next g ∈ G′

such that ϕi0(g) = gi0 . From the compatibility conditions of (2) it follows that
ϕij

(g) = gij
∈ Uij

for every j = 1, . . . , n. Hence ϕ(g) ∈ lim←−Gi∩U , completing
the proof. 
�

The above lemma has a corresponding version for pro-p groups, proabelian
groups, and so on.

Let G = lim←−Gi be a profinite group. Given n ∈ N and a prime number p,

we say that pn divides the order of G if pn divides the order |Gi| of Gi for
some i. If pn divides the order of G for every n ∈ N, we say that p∞ divides
the order of G. Consequently we define the order of a profinite group G as:

|G| =
∏
p

pνp , where νp = max{n ∈ N ∪ {∞} | pn divides the order of G} .

The order of a profinite group is a so-called supernatural number, and of
course the order of a pro-p group is a “supernatural” power of p.

Let us present the simplest examples of non-finite profinite groups, namely,
the procylic groups. Let P′ be a set of rational primes, and write M for the
set consisting of all products of primes in P′. Consider then the collection of
all triples

(Z/sZ,Z/rZ, ϑs,r) ,

where r, s ∈ M, the partial order r ≤ s is defined by r|s, and ϑs,r is the
canonical projection from Z/sZ to Z/rZ (ϑs,s = id). For r, s, t ∈ M satisfying
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t|r and r|s, we obviously have ϑs,t = ϑr,t ◦ ϑs,r. Thus (Z/sZ,Z/rZ, ϑs,r) is a
projective system of finite additive groups. Let

ẐP′ = lim←− Z/nZ, n ∈ M .

The group ẐP′ is called the P′-procyclic group and has order
∏

p∈P′ p∞. This
name makes sense because the natural embedding Z ↪→ ẐP′ sends the integers
to a dense subgroup of ẐP′ , or equivalently, ẐP′ is topologically generated by
1. Moreover, for every m ∈ M we have that mẐP′ ∩Z = mZ and ẐP′/mẐP′ ∼=
Z/mZ. Clearly the map sending â ∈ ẐP′ to mâ ∈ mẐP′ is a topological
isomorphism. Therefore each mẐP′ is also a P′-procyclic group.

In particular, if P′ contains all rational primes, we just write Ẑ. This group
is known as the Prüfer completion of Z or simply the Prüfer group. Another
important case is when P′ = {p}. In this case, ẐP′ is known as the pro-p
completion of Z, and is isomorphic to the additive group of the p-adic integers,
Zp. Indeed, recall from Proposition 1.3.5 that every non-zero z ∈ Zp has a
unique representation

z =
∞∑

i=0

aip
i ,

where am 	= 0 for some m ≥ 0, and 0 ≤ ai < p for every i. Thus for every
n ≥ 1 we have an epimorphism ϕn : Zp −→ Z/pnZ given by

ϕn(z) = a0 + a1p+ · · ·+ an−1p
n−1 + pnZ .

According to Lemma 5.1.1 there exists an epimorphism ϕ : Zp −→ lim←− Z/pnZ.
Since ϕ is clearly injective, compactness implies that it is a topological iso-
morphism.

The most basic properties of profinite (resp. pro-p) groups G are:

• Every open subgroup of G is also closed:
Take a set { gλ | λ ∈ Λ } of representatives of the cosets determined by H
in G. Then

H = G \
⋃
λ∈Λ

gλ /∈H

Hgλ

is closed.
• If H is a closed subgroup of G, then G/H is finite if and only if H is open:

recall that G is compact.

Let us return for a moment to the P′-procyclic groups. Take H an open
subgroup of ẐP′ such that ẐP′/H has r ∈ N elements. Then r · 1 ∈ H. Thus
rZ ⊆ H ∩ Z. On the other hand, the density of Z within ẐP′ yields for every
ẑ ∈ ẐP′ a z ∈ Z such that z ∈ ẑ + H. This means that the restriction
to Z of the natural projection ẐP′ −→ ẐP′/H is surjective. Consequently,
rZ = H ∩ Z, r ∈ M, and H = rẐP′ . So the P′-procyclic groups have the
following distinguished property:
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• Every open subgroup of ẐP′ has the form rẐP′ , for some r ∈ M, and thus
is P′-procyclic, too.

Further properties of profinite groups are:

• Every closed subgroup H of G is also a profinite (pro-p) group:
This follows from

H = lim←−HU/U ,

where U ranges over the set of all open normal subgroups of G. In partic-
ular,

G = lim←−G/U .

• For a closed subgroup H ⊆ G, we have that |H| divides |G|, in the sense
that

|G| =
∏
p

pνp and |H| =
∏
p

pµp ,

where µp ≤ νp for every p.
• For a closed subgroup H ⊆ G the index of H in G, denoted by (G : H),

is defined to be the product of all powers pν of prime numbers, where ν is
either ∞, or the largest number ν ∈ N for which there is an open normal
subgroup U ⊆ G such that pν divides the index (G/U : HU/U).

• The above definition implies that Lagrange’s Theorem remains true for
profinite groups:

|G| = (G : H)|H| ,
where the product of supernatural numbers is defined by adding exponents
of the powers of prime numbers (where∞+∞ = ∞ and ν+∞ =∞+ν =
∞ for ν ∈ N).

• If a prime number p divides |G|, then there exists a maximal closed sub-
group Sp with order a supernatural number pν . Moreover, p does not divide
(G : Sp), and any other maximal closed subgroup of G with order a power
of p is conjugate to Sp in G. These maximal pro-p subgroups of G are
called the p-Sylow subgroups of G. We also have

|G| = l.c.m.{ |Sp| | p prime and Sp a p-Sylow subgroup of G } .

Looking at the P′-procyclic group ẐP′ introduced above, we see that Zp

is the p-Sylow subgroup of ẐP′ for every p ∈ P′. Moreover, we also have the
decomposition

ẐP′ ∼=
∏
p∈P′

Zp .

Now let H and K be closed subgroups of a profinite group G, and let H
be a normal subgroup. Then H ×K is compact in the product topology on
G×G. Since the map (x, y) �→ xy is continuous, the image

HK = {hk | h ∈ H, k ∈ K }
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of H ×K is a closed subset of G. Moreover, the normality of H implies that
HK is a subgroup of G. This closed subgroup G1 is called the semidirect
product of H and K in G, and K is called a complement to H in G1. We
write H �K for G1 = HK.

Suppose that f : G→ G′ is a continuous epimorphism of profinite groups
with kernel H. Then H has a complement in G if and only if there exists a
continuous homomorphism g : G′ → G such that f ◦ g = id. In this case the
exact sequence

1 → H → G→ G′ → 1

splits, and K = g(G′) is a complement to H in G.
We finish this short trip to the land of profinite groups with our most

interesting example. For an arbitrary Galois extension N of a field K, let I
be the set of all intermediate finite Galois extensions K ⊆ F ⊆ N . The set
I is a directed set when ordered by inclusion. For each F ∈ I denote by GF

the Galois group G(F/K) of F over K. For E ⊆ F ∈ I write ψF,E for the
natural surjective homomorphism GF −→→ GE defined by restricting a K-
automorphism of F to the subfield E. Then { (GE , GF , ψF,E) | E,F ∈ I } is
an inverse system of finite groups. Set G = lim←−GF for short.

Now let G(N/K) be the Galois group of all K-automorphisms of N en-
dowed with the topology which has the set of all G(N/F ), F ∈ I, as a funda-
mental system of neighborhoods of the identical map. From

N =
⋃
F∈I

F one gets
⋂
F∈I

G(N/F ) = {id} .

Hence this topology has the Hausdorff property. We shall see that G(N/K) is
also compact and totally disconnected, i.e., it is a profinite group. Moreover,
G and G(N/K) are topologically isomorphic. To show these facts, define

Φ : G(N/K) −→
∏
F∈I

GF by Φ(σ) = (σ|F )F∈I .

Clearly Φ is an injective group homomorphism, and by proving that Φ is
continuous with a closed image, we shall get the other two desired properties
for G(N/K). Every basic open neighborhood of the 1 ∈ ∏

F∈I GF is a finite
intersection of subsets of the type

VE = { (ρF )F∈I | ρE = id } ⊆
∏
F∈I

GF ,

with E ∈ I. Hence Φ is continuous, since Φ−1(VE) = G(N/E).
Next take (ρF )F∈I /∈ Φ(G(N/K)) in order to show that Φ(G(N/K)) is

closed. If for every E ⊆ F one finds that ρE = ρF |E , then we saw in the very
beginning of this discussion that ρ : N −→ N , constructed as

ρ(x) = ρF (x) for all x ∈ F ,
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would be a K-automorphism of N such that Φ(ρ) = (ρF )F∈I , a contradiction.
Thus there exist E,F ∈ I such that ρE 	= ρF |E , and the open set

V = { (σF )F∈I | σE = ρE and σF = ρF }

contains (ρF )F∈I and satisfies V ∩ Φ(G(N/K)) = ∅. Thus Φ(G(N/K)) is
closed as required and thus G(N/K) is a profinite group.

Additionally, composing Φ with the projections
∏

F∈I GF −→→ GF , one
gets continuous maps ϕF : G(N/K) −→ GF satisfying ψF,E ◦ ϕF = ϕE

whenever E ⊆ F . Therefore the universal property of G (cf. Lemma 5.1.1)
gives a continuous group homomorphism ϕ : G(N/K) −→ G satisfying ψF ◦
ϕ = ϕF for every F ∈ I.

Clearly ϕ is injective. We shall prove next that each ϕF is a surjective
map. Thus Lemma 5.1.1 also implies that ϕ is surjective. From compactness
it follows that ϕ is a topological isomorphism.

In order to prove that ϕF is surjective, take σ ∈ GF , and consider the set
of ordered pairs (E, σE), where E is a normal extension of F contained in N ,
σE ∈ G(E/F ), and σ = σE |F . This set contains (F, σ), and can be partially
ordered as follows:

(E, σE) ≤ (E′, σE′) ⇔ E ⊆ E′ and σE = σE′ |E .

By Zorn’s lemma there exists a maximal such pair (E0, σ0). By proving that
E0 = N , we show the surjectivity of ϕF . If there were x ∈ N�E0 there would
be a Galois extension E1 of F with x ∈ E1 and E1 finite over E0. Hence σ0

would have an extension σ1 to E1. Thus (E0, σ0) < (E1, σ1), contradicting
the maximality of (E0, σ0).

Consequently G(N/K) = lim
←−GF , where F ranges over the set of all finite

intermediate Galois extensions.
Next we quote the Galois correspondence for arbitrary Galois extensions,

finite or infinite.

Theorem 5.1.2. Let N be a Galois extension of a field K with Galois group
G. Then the assignments

E �−→ G(N/E) and H �−→ FixH

yield an inclusion-reversing, bijective correspondence between the set of all
intermediate extensions K ⊆ E ⊆ N and the set of all closed subgroups H
of G.

5.2 Unramified Extensions – First Exact Sequence

For a valued field (K,O), let Os be an extension of O to the separable closure
Ks of K. Set
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Gh(Os) = {σ ∈ G(Ks/K) | σ(Os) = Os } ,
or just Gh if the valuation ring Os is clear in the context. Obviously, Gh(Os)
is a subgroup of G(Ks/K); it is called the decomposition group of Os over K.

Note that by Lemma 3.2.8, σ ∈ G(Ks/K) belongs to Gh(Os) if and only
if Os ⊆ σ(Os).

Lemma 5.2.1. Gh(Os) is a closed subgroup of G(Ks/K). Moreover, if Os
1

is another prolongation of O to Ks, then Gh(Os
1) is conjugate to Gh(Os) in

G(Ks/K).

Proof. Given σ 	∈ Gh(Os), take α ∈ Os with α 	∈ σ(Os). Let N ⊆ Ks be a
finite Galois extension ofK such that α ∈ N . We see that Os∩N 	= σ(Os)∩N .
Since for every ρ ∈ G(Ks/N) we have ρ(Os) ∩ N = Os ∩ N , it follows that
σ ◦ ρ(Os) 	= Os. Hence σG(Ks/N)∩Gh(Os) = ∅, proving the first statement.

By the Conjugation Theorem 3.2.15, Os
1 = σ(Os) for some σ ∈ G(Ks/K).

Thus Gh(Os
1) = σGh(Os)σ−1, proving the second statement. 
�

Set Kh(Os) for the fixed field of Gh(Os). This field is called the decom-
position field of Os over K. From Galois theory we obtain G(Ks/Kh(Os)) =
Gh(Os). Therefore the Conjugation Theorem 3.2.15 implies that Os is the
unique extension of Os ∩Kh(Os) to Ks. According to Lemma 4.1.1, Oh :=
Os ∩Kh(Os) is thus a henselian valuation ring.

The valued field (Kh,Oh) is called a henselization of (K,O). Lemma 5.2.1
now shows that any two henselizations of (K,O) are K-conjugate. Observe
that (K,O) is henselian if and only if K = Kh.

Theorem 5.2.2. The henselization (Kh,Oh) of (K,O) has the following
characterization:

(1) (Kh,Oh) is henselian, and
(2) if (K1,O1) is a henselian valued extension of (K,O), then there exists

a uniquely determined K-embedding ι : (Kh,Oh) −→ (K1,O1), i.e.,
ι(Oh) = O1 ∩ ι(Kh) and ι|K = id.

Proof. We will first show that (Kh,Oh) satisfies (2).
We know from Corollary 4.1.5 that a relatively separably closed subfield

(L,O′) ⊆ (K1,O1) is also henselian. Hence it suffices to consider the case in
which K1/K in (2) is separable.

LetOs
1 be the uniquely determined extension ofO1 toKs. ThenG(Ks/K1)

⊆ Gh(Os
1); equivalently Kh(Os

1) ⊆ K1. Moreover, Os
1 is also an extension of O

to Ks. Thus there exists ι ∈ G(Ks/K) such that ι(Os) = Os
1 and, according

to Lemma 5.2.1, ι(Kh) = Kh(Os
1).

Moreover, ι is uniquely determined: suppose that ρ : Kh −→ K1 is a
homomorphism such that ρ|K = id and ρ(Oh) = Os

1 ∩ ρ(Kh). Extend ρ to a
K-automorphism of Ks, also called ρ. Then

ρ(Os) ∩ ρ(Kh) = ρ(Os ∩Kh) = ρ(Oh) = Os
1 ∩ ρ(Kh) .
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But ρ(Oh) is also henselian. Hence ρ(Os) = Os
1. Consequently ρ−1ι(Os) = Os,

and so ρ−1ι ∈ Gh. Whence the restrictions of ρ and ι to Kh must be equal.
Conversely, suppose that (K0,O0) is a valued extension of (K,O) satis-

fying conditions (1) and (2) above. From (2) and Corollary 4.1.5 it follows
that K0 is a separable extension of K. Now, from (1) one gets G(Ks/K0) ⊆
Gh(Os

0), where Os
0 is the unique extension of O0 to Ks. Hence Kh(Os

0) ⊆ K0,
and (Kh(Os

0),Os
0 ∩Kh(Os

0)) is a henselian valued extension of (K,O). Again
(2) yields a unique K-embedding ι : (K0,O0) −→ (Kh(Os

0),Os
0 ∩Kh(Os

0)).
Since the identity is a K-embedding (K0,O0) −→ (K0,O0), it follows that

ι = id and K0 = Kh(Os
0). 
�

Corollary 5.2.3. For any intermediate extension K ⊆ L ⊆ Ks, we have that
Kh(Os) ⊆ L if and only if Os ∩ L is henselian.

For any separable extension E of K we see that

Gh(Os) ∩G(Ks/E) = {σ ∈ G(Ks/E) | σ(Os) = Os }
is the decomposition group of Os over E. Therefore, taking O′ = Os ∩ E, it
follows from Galois theory that (EKh(Os),Os ∩EKh(Os)) is a henselization
of (E,O′). In particular, let us remark for further reference:

Remark 5.2.4. If K ⊆ L ⊆ Ks, it follows from the definition of the decompo-
sition group that (KhL,Os ∩ KhL) is a henselization of (L,Os ∩ L). Hence
for a finite separable extension K(z) we obtain that (Kh(z),Os ∩Kh(z)) is a
henselization of (K(z),Os ∩K(z)).

We next state one of the most important properties of the henselization.

Theorem 5.2.5. (Kh,Oh) is an immediate extension of (K,O).

Proof. Let us write Γh and Γ for the value group ofOh andO, respectively. As
usual, Kh and K are the residue class fields of these valuation rings. Clearly

Γ h =
⋃
L

ΓL and Kh =
⋃
L

L ,

where L runs over all finite intermediate extensions K ⊆ L ⊆ Kh. It suffices
to show that (L,Oh ∩ L) is an immediate extension of (K,O).

Let N be the Galois closure of L/K. Then L ⊆ N ∩Kh. Clearly N ∩Kh

is the fixed field of the group of restrictions σ|N with σ ∈ Gh(Os). This group
clearly is contained in the group

H = { τ ∈ G(N/K) | τ(Oh ∩N) = Oh ∩N } .
Conversely, every τ ∈ H extends to some σ ∈ Gh(Os). In fact, let σ′ be any
extension of τ to Ks. Then the valuation rings Os and σ′(Os) both extend
Os ∩N . Thus by the Conjugation Theorem 3.2.15 there exists 
 ∈ G(Ks/N)
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such that 
(σ′(Os)) = Os. Hence σ = 
 ◦ σ′ lies in Gh(Os) and restricts to τ
on N .

Now by Lemma 3.3.1 the fixed field N∩Kh of H is an immediate extension
of (K,O). 
�

Keeping notations as above, we know from Theorem 3.2.11 that the residue
class field Ks of Os is the algebraic closure of the residue class field K of Oh.
(Observe that in general Ks 	= K

s
.) Moreover, every σ ∈ Gh (the Galois

group of Kh) induces σ ∈ G(
Ks/K

)
by Proposition 3.2.16 (3). Let us write

φ : Gh −→ G
(
Ks/K

)
for the map σ �→ σ. Note that G

(
Ks/K

)
= G

(
K

s
/K

)
,

as Ks is purely inseparable over K
s
.

Lemma 5.2.6. φ is a continuous homomorphism, and thus its kernel Gt(Os)
is a closed subgroup of Gh. Moreover,

(1) φ is surjective;
(2) if Os

1 is another prolongation of O to Ks, then Gt(Os
1) is K-conjugate to

Gt(Os).

Proof. It clearly follows from the construction that στ = σ τ for all σ, τ ∈ Gh.
Thus φ is a group homomorphism.

To prove the continuity of φ it suffices to show that for every finite Galois
extension K ⊆ κ ⊆ K

s
, there exists a finite normal extension K ⊆ N ⊆ Ks

such that Os ∩ N has a residue class field N satisfying κ ⊆ N . In fact,
translating these conditions to the profinite group language, we have that

φ(G(Ks/N) ∩Gh) ⊆ G
(
K

s
/N

) ⊆ G
(
K

s
/κ

)
.

This expresses continuity of φ at the identity id, from which the continuity of
the map follows.

Now N can simply be taken as the Galois closure of the extension K(x)/K,
where x is chosen from Os such that κ = K(x). Then clearly the residue class
field N contains κ.

In order to prove (1), let us write

G
(
K

s
/K

)
= lim←−G

(
κi/K

)
,

with κi running through all finite intermediate Galois extensions K ⊆ κi ⊆
K

s
. Denote by Θi : G

(
K

s
/K

) −→ G
(
κi/K

)
the canonical map of the inverse

limit (cf. Lemma 5.1.1). Observe that Θi is surjective for every i. Actually,
Θi(ρ) is the restriction of ρ to κi.

According to Lemma 5.1.1, in order to show that φ is surjective, we have to
prove that the composition Θi ◦φ : Gh −→ G

(
κi/K

)
is surjective, for every i.

To this end, take any ρ ∈ G(
κi/K

)
, where κi is a finite Galois extension of K.

Write κi = K(x) for some x ∈ Os. Take the set x1, . . . , xn ∈ Ks of all elements
conjugate to x over Kh. There exists j such that 1 ≤ j ≤ n and xj = ρ(x).
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Moreover, xj = σ(x) for some σ ∈ Gh. Thus σ(x) = ρ(x). Consequently, σ
and ρ coincides on κi, which already means that Θi ◦ φ(σ) = ρ. Thus Θi ◦ φ
is surjective for every i, as contended.

The proof of statement (2) is a direct consequence of the Conjugation
Theorem 3.2.15. 
�

The subgroup Gt(Os) of G(Ks/K) (or just Gt if the valuation ring Os is
clear in the context) is called the inertia group1 of Os over K. Set Kt(Os) for
the fixed field of Gt(Os). Then by Galois theory we have G(Ks/Kt(Os)) =
Gt(Os). The field Kt(Os) (or just Kt) is called the inertia field of Os over K.
Since Gt is a normal subgroup (recall that Gt is the kernel of the group homo-
morphism φ) of Gh it follows thatKt is a Galois extension ofKh. Lemma 5.2.6
in particular expresses the exactness of the sequence

1 −→ Gt −→ Gh −→ G
(
K

s
/K

) −→ 1 ,

called earlier the first exact sequence.
Next we shall prove the main properties of inertia fields, as promised in

the introduction of the chapter.

Theorem 5.2.7. Let (K,O) be a henselian valued field, and denote by Os the
unique extension of O to Ks. Let Gt and Kt be respectively the inertia group
and the inertia field of Os over K. As usual, Γ and K stand for the value
group and the residue class field of O, respectively.

(1) The extension Ot = Os ∩Kt of O to Kt has value group Γ and residue
class field K

s
, the separable closure of K.

(2) Kt is a Galois extension of K and the Galois group G(Kt/K) is topolog-
ically isomorphic to G

(
K

s
/K

)
. Consequently, there exists an inclusion-

preserving bijective correspondence between the set of all intermediate ex-
tensions K ⊆ L ⊆ Kt and the set of all separable extensions κ of K (inside
K

s
). κ/K is a Galois extension if and only if L/K is Galois. Moreover,

κ is the residue class field of Os ∩ L.
(3) If K ⊆ L ⊆ N ⊆ Kt are extensions of K with [N : L] finite, then

f(Os ∩N/Os ∩ L) = [N : L] and e(Os ∩N/Os ∩ L) = 1.
(4) Let Ms denote the maximal ideal of Os. Then

Gt = {σ ∈ G(Ks/K) | σ(x)− x ∈Ms for every x ∈ Os } .

Proof. (2) follows from Lemma 5.2.6. In fact, the continuity of φ implies that
its kernel Gt is a closed subgroup of G(Ks/K). Hence Gt is the Galois group
of Kt. So Kt is a Galois extension of K and G(Kt/K) is topologically iso-
morphic to G(Ks/K)/Gt. Let us denote by Kt the residue class field of Ot.
By Proposition 3.2.16 (2), Kt is a normal extension of K, and Lemma 5.2.6
implies that G(Kt/K) is topologically isomorphic to G

(
Kt/K

)
. Hence the

1 The letter t stands for the German word “träge”.
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correspondence between the sets of intermediate fields K ⊆ L ⊆ Kt and
K ⊆ κ ⊆ Kt with κ/K separable follows from Galois theory as well as the
statement concerning normality. To see the last statement observe that Kt

is also the inertia field of Os over any intermediate extension K ⊆ L ⊆ Kt.
Therefore, if Os ∩ L has residue class field κ, then G(Kt/L) ∼= G

(
Kt/κ

)
, by

what we have just seen.
(1) Now let κ be the separable closure ofK insideKt. By the last item there

exists an intermediate field L such that κ is the residue class field of Os∩L and
G(Kt/L) ∼= G

(
Kt/κ

)
. Therefore, since the choice of κ implies that G

(
Kt/κ

)
is trivial, it follows that L = Kt and so κ = Kt. Hence Kt is a separable
extension of K (In fact a Galois extension since we already know that it is
a normal extension.) On the other hand, the restriction of φ : G(Ks/K) −→
G
(
Ks/K

)
to G(Ks/Kt) corresponds to the map G(Ks/Kt) −→ G

(
Ks/Kt

)
described in the previous Lemma 5.2.6, which is surjective. Therefore, since
Gt is the kernel of φ it follows that G

(
Ks/Kt

)
is trivial. Thus Ks is a purely

inseparable extension of Kt. Since Ks is algebraically closed, it follows that
Kt is separably closed, more precisely, the separable closure of K, as required.

The fact that Ot has value group Γ will follow from (3).
We now prove item (3). For any pair of extensions L and N of K contained

in Kt such that N is finite over L, the isomorphism of the last item shows that
(G(Kt/L) : G(Kt/N)) =

(
G
(
K

s
/L

)
: G

(
K

s
/N

))
, where L and N are the

residue class fields of Ot∩L and Ot∩N , respectively. Hence [N : L] =
[
N : L

]
,

i.e., f(Os ∩N/Os ∩ L) = [N : L], as desired. The inequality ef ≤ [N : L] in
Corollary 3.2.3 implies then e(Os ∩N/Os ∩ L) = 1.

Now let vt be a valuation corresponding to Ot. For the sake of obtaining a
contradiction, suppose there exists x ∈ Kt such that vt(x) 	∈ Γ . For N = K(x)
we then cannot have e(Os ∩N/O) = 1, a contradiction.

(4) Let σ ∈ G(Ks/K), and assume σ(x) − x ∈ Ms for all x ∈ Os. Then
clearly σ(Os) ⊆ Os. Hence σ ∈ Gh. Now, for any τ ∈ Gh we have τ ∈ Gt

if and only if τ(x) = τ(x) = x, i.e.,τ(x)− x = 0, for every x ∈ Os. This
proves (4). 
�
Remark 5.2.8. From the last condition (4) of the above Theorem 5.2.7 we see
that if K ⊆ L ⊆ Ks, then Gt ∩G(Ks/L) is the inertia group of Os over L. It
then follows from Galois theory that KtL is the inertia field of Os over L. As
was true for decomposition fields, we also have:

For a finite separable extension K(z) of K, the inertia field of Os over
K(z) is Kt(z).

Let (K2,O2) be a valued extension of (K1,O1). The equation [K2 : K1] =
f(O2/O1) means that for any pair E,L with K1 ⊆ E ⊆ L ⊆ K2 and L/E
finite, the equation [L : E] =

[
L : E

]
holds, where L and E are the residue

class fields of O2 ∩ L and O2 ∩ E, respectively.

Theorem 5.2.9. For a valued field (K,O), let Os be an extension of O to
Ks. Denote respectively by Kh and Kt the henselization and the inertia field
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of Os over K. For an intermediate extension Kh ⊆ L ⊆ Ks, let L be the
residue class field of Os ∩ L.

(1) If L is a separable extension of K and [L : Kh] =
[
L : K

]
, then L ⊆ Kt.

(2) Kt ⊆ L if and only if the residue class field Ks of Os is a purely insepa-
rable extension of L.

Proof. (1) Set Oh = Os ∩ Kh. For any finite intermediate extension Kh ⊆
E ⊆ L, let O′ = Os ∩ E, with residue class field E. There exists α ∈ L such
that E = K(α). Let f(X) ∈ Oh[X] be a monic polynomial such that f is the
minimal polynomial of α over K. Since f has a simple root in E and Os ∩E
is henselian, f has a root u in E. The irreducibility of f implies that f is
irreducible, too. Consequently [E : Kh] ≥ [Kh(u) : Kh] = deg f =

[
E : K

]
.

Since by assumption
[
E : K

]
= [E : Kh], it follows that E = Kh(u).

On the other hand, if κ ⊆ K
s

is a Galois extension of K such that α ∈ κ,
then (2) of Theorem 5.2.7 implies that there exists F ⊆ Kt, a Galois extension
of Kh, such that Os∩F has residue class field κ. Since Os∩F is henselian and
f has a simple root in κ, it follows that f has a root in F . As f is irreducible
and F/K is a normal extension, we have that f has all its roots in F . In
particular, u ∈ F and so E = Kh(u) ⊆ Kt. We therefore conclude that any
finite extension E/Kh contained in L is also contained in Kt. Thus L ⊆ Kt

as contended.
(2) One side of the equivalence follows immediately from Theorem 5.2.7 (1).

Let then L be an extension of Kh such that Ks is purely inseparable over L.
Observe that Os ∩ L is henselian because Kh ⊆ L. The hypothesis on the
residue class fields implies that G(Ks/L) is the inertia group of Os over L,
since the map G(Ks/L) −→ G

(
Ks/L

)
= {id} is constant. Therefore, by (4)

of Theorem 5.2.7, we have

G(Ks/L) = {σ ∈ G(Ks/L) | σ(x)− x ∈Ms for every x ∈ Os } ⊆ Gt

and the statement follows from Galois theory. 
�

5.3 Ramified Extensions – Second Exact Sequence

In the next step we shall enlarge Kt towards Ks by adding finite extensions
L of Kt for which [L : Kt] equals the ramification index. This will be done by
the following construction: if σ(Os) = Os, it follows for all x ∈ (Ks)× that x
and σ(x) have the same value (Lemma 3.2.16 (1)). Hence

σ(x)
x

∈ (Os)× and the map x �→ σ(x)
x

from (Ks)× into (Ks)× is a group homomorphism.
As we shall see below, the map above induces a homomorphism ψ : Gt −→

Hom
(
∆/Γ,

(
K

s)×)
, where ∆ and Γ are respectively the value groups of Os
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and Ot = Os∩Kt. In fact, if vs : Ks −→→ ∆ ∪ {∞} and vt : Kt −→→ Γ ∪ {∞}
are the corresponding valuations, then for σ ∈ Gt and δ ∈ ∆ we may define

ψ(σ)(δ + Γ ) =
σ(x)
x

,

where x ∈ (Ks)× satisfies vs(x) = δ.

Lemma 5.3.1. For every σ ∈ Gt, ψ(σ) is a well defined group homomor-
phism. Moreover, ψ is also a group homomorphism and for every δ ∈ ∆,
ψ(σ)(δ + Γ ) is a root of unity which has order not divisible by the character-
istic of Ks.

Proof. To see that ψ(σ) is well defined, observe that if x, y ∈ (Ks)× satisfy
vs(x) = vs(y) + vs(z) for some z ∈ (Kt)×, then x = yzu for some u ∈ (Os)×.
From σ(z) = z and (4) of Theorem 5.2.7 we obtain

σ(u)
u

= 1, and hence
σ(x)
x

=
σ(y)
y

,

which shows that ψ(σ)(δ + Γ ) does not depend on the representative of the
class δ + Γ . Clearly, ψ(σ) is a group homomorphism.

We next show that ψ is a group homomorphism. For σ, τ ∈ Gt and x ∈
(Ks)×, one has

στ(x)
x

=
σ(τ(x))
σ(x)

σ(x)
x

,

and by Theorem 5.2.7 (4),

σ

(
τ(x)
x

)
− τ(x)

x
∈Ms .

Hence
στ(x)
x

=
τ(x)
x

σ(x)
x

,

for every x ∈ (Ks)×. It follows from this that ψ is a group homomorphism,
as desired.

Finally, let Ω be the group of all roots of unity lying in Ks. Since Ω
consists of the set of all elements of (Ks)× having finite order and ∆/Γ is a
torsion group, its homomorphic images in (Ks)× are always contained in Ω.
Moreover, the order of each element of Ω is not divisible by the characteristic
of Ks. 
�

Observe that every element of ∆/Γ of p-power order lies in the kernel of
each element of Hom

(
∆/Γ,

(
Ks

)×)
in case charK = p. On the other hand,

the above lemma shows that we actually have ψ : Gt −→ Hom(∆/Γ,Ω),
where Ω is isomorphic to the subgroup of the additive group Q/Z consisting
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of those elements having order not divisible by p. The group Hom(∆/Γ,Ω) is
usually called the p-character group of ∆/Γ .

It is well known that Hom(−, Ω) is a left-exact contravariant functor in
the category of abelian groups. I.e., for a short exact sequence

0 −→ A
f−→B g−→C −→ 0

of abelian groups, we get the exact sequence

0 −→ Hom(C,Ω)
g∗
−→Hom(B,Ω)

f∗
−→Hom(A,Ω) ,

where g∗ is given by g∗(χ) = χ◦g, and analogously for f∗ [26, Theorem 10.3].
Moreover, since Ω is a divisible abelian group, f∗ is also surjective [26, Theo-
rem 10.6]; Hom(−, Ω) is then called an exact functor . The strong property of
Hom(−, Ω) being an exact functor will be very useful. In particular, it implies
that Hom(A,Ω) is a profinite group for every abelian torsion group A. Let us
see this for our group ∆/Γ .

For any pair of finite subgroups Λ1/Γ , Λ2/Γ ⊆ ∆/Γ , there exists a third
finite subgroup Λ3/Γ which contains both, Λ1/Γ and Λ2/Γ . Hence the union
of all finite subgroups of ∆/Γ is also a subgroup of ∆/Γ . Moreover, as ∆/Γ is
a torsion group, every a ∈ ∆/Γ is contained in some finite subgroup of ∆/Γ .
Hence ∆/Γ is in fact the union of all its finite subgroups. We express this fact
by writing

∆/Γ = lim−→∆′/Γ and saying that ∆/Γ is a “direct limit” ,

where ∆′ is a subgroup of ∆ containing Γ , and such that ∆′/Γ is finite. From
the categorical properties of the functor Hom(−, Ω) (it inverts arrows and it
interchanges surjectivity and injectivity) we get an isomorphism of groups

Hom(∆/Γ,Ω) = Hom
(
lim−→∆′/Γ,Ω

) ∼= lim←− Hom(∆′/Γ,Ω) .

Since for each finite ∆′/Γ we have that Hom(∆′/Γ,Ω) is also a finite group,
Hom(∆/Γ,Ω) is a profinite group as claimed above.

Lemma 5.3.2. ψ is a continuous homomorphism, and its kernel Gv(Os) is a
closed normal subgroup of Gt(Os) which can be characterized as follows:

Gv(Os) =
{
σ ∈ G(Ks/K)

∣∣∣∣ σ(x)
x

− 1 ∈Ms for all x ∈ (Ks)×
}
,

where Ms is the maximal ideal of Os.

Proof. To prove continuity of ψ we have to show that if ∆′/Γ is a finite
subgroup of ∆/Γ , then there exists a finite intermediate extension Kt ⊆ L ⊆
Ks such that ∆′ ⊆ vs(L×) and ψ(σ)(vs(L×)/Γ ) = {1}. In order to construct
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L, pick x1, . . . , xm ∈ Ks such that ∆′/Γ = {vs(x1)+Γ, . . . , vs(xm)+Γ}, and
let L be a finite Galois extension of Kt containing Kt(x1, . . . , xm). Observe
that

σ(x)
x

= 1

for any x ∈ L× and any σ ∈ G(Ks/L), because σ(x) = x. Hence ψ(σ)(δ+Γ ) =
1 for δ ∈ vs(L×) and σ ∈ G(Ks/L). Since ∆′ ⊆ vs(L×) by construction, the
continuity is proved.

To prove the second statement of the lemma, take σ ∈ G(Ks/K) such
that for every x ∈ (Ks)× there exists some yx ∈Ms satisfying

σ(x)
x

− 1 = yx .

Then for x ∈ Os it follows that σ(x) = x + xyx ∈ Os. Consequently σ ∈
Gh(Os). Moreover, for x ∈ Os we also have σ(x)− x ∈ Ms. Thus, according
to Theorem 5.2.7 (4), σ ∈ Gt(Os). Finally, the condition

σ(x)
x

− 1 ∈Ms

for all x ∈ (Ks)× implies that σ ∈ ker(ψ), as desired.
Conversely, σ ∈ ker(ψ) implies that

σ(x)
x

= 1 ,

for every x ∈ (Ks)×, completing the proof. 
�
The subgroup Gv(Os) (or Gv for short) is called the ramification group2

of Os over K. Set Kv(Os) for the fixed field of Gv(Os). From Galois theory
we have G(Ks/Kt(Os)) = Gv(Os). The field Kv(Os) (or just Kv) is called
the ramification field of Os over K. Since Gv is a normal subgroup of Gt, it
follows that Kv is a Galois extension of Kt.

Lemma 5.3.2 together with the surjectivity of ψ, proved in Theorem 3.3.3
(3) below, expresses the exactness of the second exact sequence

1 −→ Gv −→ Gt ψ−→ Hom(∆/Γ,Ω) −→ 1 .

Before we state the main properties of the ramification field let us in-
troduce one more notation. Denote by (∆/Γ )p the subgroup consisting of
those elements of ∆/Γ having order prime to p, the characteristic of K. If we
write ∆′ for the p-component of ∆/Γ (i.e., the group of all elements of ∆/Γ
having order a power of p), then ∆/Γ = (∆/Γ )p ⊕ ∆′ and every character
χ ∈ Hom(∆/Γ,Ω) is trivial on ∆′. Hence we may consider χ as a homomor-
phism on (∆/Γ )p.

2 The letter v stands for the German word “verzweigt”.
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On the other hand, one also concludes that Kv/Kt is an abelian extension
since Gt/Gv is isomorphic to a closed subgroup of Hom(∆/Γ,Ω). In order to
prepare for stating the main properties of Gv and Kv, let us describe Gt/Gv

more precisely. For any prime q let ∆(q) be the subgroup of those elements
δ ∈ ∆ such that δ + Γ ∈ ∆/Γ has order a power of q. Let also Ω(q) be the
q-component of Ω, q 	= p. The decomposition of abelian groups in a direct sum
of their q-components gives (note that ∆(q)/Γ is the q-component of ∆/Γ )

∆/Γ =
⊕

q

∆(q)/Γ, and Ω =
⊕
q �=p

Ω(q) .

The functor Hom(−, Ω) has one more important property which we shall use
now. Hom(−, Ω) is an “additive” functor ([26, Theorems 10.7 and 10.8]):

Hom(∆/Γ,Ω) =
∏
q �=p

Hom(∆(q)/Γ,Ω(q)) .

For any q 	= p, let rq be the Fq-dimension of Γ/qΓ . Since ∆ is the divisible
hull of Γ (by Theorem 3.2.4 (1) and Theorem 3.2.11), it follows that

∆(q)/Γ ∼=
rq⊕

i=1

(Q/Z)(q)γi ,

choosing γi ∈ ∆(q) suitably. Using again that Hom(−, Ω) is additive, we get

Hom(∆(q)/Γ,Ω(q)) ∼=
rq∏

i=1

Zqχi
∼= Zrq

q ,

where χi is taken as the dual Fq-basis of γi. Thus Gv/Gt is isomorphic to a
subgroup of ∏

q �=p

Zrq
q .

Consequently the index (Gt : Gv) is not divisible by p (as a supernatural
number).

Theorem 5.3.3. Let (K,O) be a valued field and fix an extension Os of O
to Ks. Let Gh, Gt, and Gv be the decomposition group, the inertia group, and
the ramification group of Os over K. Set Kh, Kt and Kv for their fixed fields.
As usual, Γ and K stand for the value group and the residue class field of O,
respectively. With the above notations it follows that:

(1) Gv is the (unique) p-Sylow subgroup of Gt, where p = char K (Gv is
trivial when p = 0).

(2) Gv is a normal subgroup of Gh. Consequently Kv is a Galois extension of
Kh.
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(3) ψ is surjective and
Gt/Gv ∼=

∏
q �=p

Zrq
q

as profinite groups, where for each prime q 	= p, rq is the Fq-dimension
of Γ/qΓ ; rq is called the q-rank of Γ .

(4) The residue class field of Os∩Kv equals the residue class field of Os∩Kt,
and the value group Γ v satisfies Γ v/Γ = (∆/Γ )p.

(5) If Kt ⊆ L ⊆ N ⊆ Kv are extensions of Kt with [N : L] finite, then
e(Os ∩N/Os ∩ L) = [N : L] and f(Os ∩N/Os ∩ L) = 1.

(6) Given an intermediate extension Kt ⊆ L ⊆ Kv, let ΓL be the value group
of Os ∩ L. The map L �−→ ΓL is a bijective inclusion-preserving corre-
spondence between the set of all subextensions of Kv/Kt and the set of
totally ordered groups between Γ and Γ v.

Proof. (1) As we remarked just before Theorem 5.3.3, the index (Gt : Gv) is
not divisible by p. Consequently, it remains to show that Gv is a pro-p group.
For further use we shall prove this in a more general form.

Lemma 5.3.4. Let (N,O2) be an extension of (L,O1) with N Galois over L.
Suppose that for every σ ∈ G(N/L) and any x ∈ N× we have that

σ(x)
x

− 1 ∈M2 ,

where M2 is the maximal ideal of O2. Let L be the residue class field of O1

and p = char L. Then G(N/L) is a pro-p group (G(N/L) is trivial in case
charL = 0).

Proof. Suppose G(N/L) is not a pro-p group, and take q 	= p, a prime divisor
of the order of G(N/L). Thus there exist extensions L ⊆ E ⊆ F ⊆ N such
that F is a Galois extension of E of degree q. Let F = E(x) for some x ∈ N .
Replacing x by y = qx − T (x) if necessary, we may assume that T (x) = 0.
Here T : F → E denotes the trace map.

Next take σ ∈ G(N/L) whose restriction to F generates the group
G(F/E). Then

σ(x)
x

= 1,
σ2(x)
x

= 1, . . . ,
σq−1(x)

x
= 1 .

Thus

0 =
T (x)
x

=
σ0(x) + σ(x) + · · ·+ σq−1(x)

x
=
σ0(x)
x

+
σ(x)
x

+· · ·+σ
q−1(x)
x

= q,

contradicting q 	= p = char K, (or q 	= 0 in case charL = 0). 
�
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Back to Theorem 5.3.3, we see that (1) follows from Lemma 5.3.4.
(2) For any σ ∈ Gv, τ ∈ Gh and x ∈ (Ks)×,

τ−1στ(x)
x

= τ−1

(
στ(x)
τ(x)

)
.

Now, from

σ(τ(x))
τ(x)

= 1 and τ−1

(
σ(τ(x))
τ(x)

)
= τ−1

(
σ(τ(x))
τ(x)

)

it follows that
τ−1στ(x)

x
= 1 .

Hence τ−1στ ∈ Gv by Lemma 5.3.2 and so Gv is a normal subgroup of Gh,
as desired.

We continue the proof with the following construction: Let Γ ⊆ ∆′ ⊆
∆ be a subgroup such that ∆′/Γ = { δ1 + Γ, . . . , δn + Γ } is finite. Pick
x1, . . . , xn ∈ Ks satisfying vs(xi) = δi for every 1 ≤ i ≤ n and set N for a
finite Galois extension of Kt containing Kt(x1, . . . , xn). For L = N ∩Kv we
write O′ = Os ∩ L and v′ = vs|L. Let Γ ′ = v′(L×) be the value group of O′.
Then Γ ′/Γ is finite subgroup of ∆/Γ . Since the absolute Galois group of L,
GL = G(Ks/L), is a subgroup of Gt, Theorem 5.2.7 (4) implies that GL is
the inertia group of Os over L. Let ψL be the map corresponding to L, as
described in Lemma 5.3.1, and consider the following diagram,

1 0⏐⏐( ⏐⏐(
GL

ψL−−−−→ Hom(∆/Γ ′, Ω)⏐⏐( ⏐⏐(Θ

Gt ψ−−−−→ Hom(∆/Γ,Ω)

π

⏐⏐( ⏐⏐(Θ′

Gt/GL
ψ′

−−−−→ Hom(Γ ′/Γ,Ω)⏐⏐( ⏐⏐(
1 0

(5.3.1)

where the upper map in the left column is the inclusion and π is the canon-
ical quotient map. The maps in the right column are induced by the maps
which correspond to the inclusion and the quotient map in the following exact
sequence
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0 −→ Γ ′/Γ −→ ∆/Γ −→ ∆/Γ ′ −→ 0 .

Moreover, all maps in the above diagram (5.3.1) are continuous, columns
are exact sequences, and the upper square is commutative. Thus, ψ induces
ψ′ defined as:

ψ′(π(σ)) = Θ′(ψ(σ))

for every π(σ) ∈ Gt. We shall prove first that ψ′ is an isomorphism in order
to be able to deduce almost all the remaining statements in the theorem.

ψ′ is injective. Indeed, let H be the kernel of ψ′. Since any π(σ) ∈ H
satisfies ψ′(π(σ)) = 1, the very definition of ψ′ implies that ψ(σ)(Γ ′/Γ ) = 1.
Therefore, for any x ∈ L× and γ′ = v′(x),

1 = ψ(σ)(γ′ + Γ ) =
σ(x)
x

.

Whence, by Lemma 5.3.4, H is a pro-p group. Thus H is trivial, since from
Kt ⊆ L ⊆ Kv it follows that p does not divide [L : Kt].

The injectivity of ψ′ implies that |Gt/GL| ≤ |Hom(Γ ′/Γ,Ω)|. Next, since
Γ ′/Γ is a finite group, it follows that Γ ′/Γ and Hom(Γ ′/Γ,Ω) have the same
order. Thus [L : Kt] = |Gt/GL| ≤ |Γ ′/Γ | = e. Since by Corollary 3.2.3,
e ≤ [L : Kt], it follows that |Gt/GL| = |Hom(Γ ′/Γ,Ω)| and so ψ′ has to be
bijective, as desired.

Let us label what we have obtained so far.

Remark 5.3.5. Observe that e(L/Kt) = [L : Kt] and f(L/Kt) = 1 for every
finite intermediate extension Kt ⊆ L ⊆ Kv. Moreover, p does not divide
|Γ ′/Γ |, where Γ ′ is the value group of L.

We now prove (4) and (5). (4): Let K
s

be the residue class field of Os∩Kt.
If x 	∈ K

s
for some x ∈ Kv, then L = Kt(x) would be an intermediate

extension for which f 	= 1, contradicting Remark 5.3.5 above. Similarly, if
there exists x ∈ Kv for which vs(x) + Γ has order properly divisible by p
in ∆/Γ , L = Kt(x) is an intermediate extension of Kv/Kt for which the
value group Γ ′ of Os ∩L satisfies: |Γ ′/Γ | is properly divisible by p. Since this
cannot occur, we may conclude that every element in Γ v/Γ has order prime
to p. Consequently Γ v/Γ ⊆ (∆/Γ )p.

To show that the inverse inclusion also holds, let δ ∈ ∆ such that δ+Γ has
order r, relatively prime to p. Take x ∈ Ks satisfying vs(x) = δ and let M/Kv

be a finite Galois extension containing Kv(x). According to (1), G(M/Kv) is
a p-group. Therefore, if Xm + · · · + am is the minimal polynomial of x over
Kv, then m = pν for some positive integer ν. Remark 3.2.17 now implies that
pνvs(x) = vs(am) ∈ Γ v. Now take a, b ∈ Z such that 1 = ar + bpν . Hence
δ = (ar + bpν)δ ∈ Γ v and so δ + Γ ∈ Γ v/Γ , as required.

(5): Consider Kt ⊆ L ⊆ N ⊆ Kv with [N : L] finite. By Remark 5.2.8, L
is already the inertia field of Os over L. Thus, by Remark 5.3.5, [N : L] = e
and f = 1.
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We now prove (3). As we remarked during the preparation for Theo-
rem 5.3.3, Hom(∆/Γ,Ω) = Hom(Γ v/Γ,Ω), since by (4), Γ v/Γ = (∆/Γ )p.
Let us next write

Hom(Γ v/Γ,Ω) = lim←− Hom(∆i/Γ,Ω) ,

with Γ ⊆ ∆i ⊆ Γ v and ∆i/Γ finite. Denote by Θi : Hom(Γ v/Γ,Ω) −→
Hom(∆i/Γ,Ω) the canonical map of the inverse limit (cf. Lemma 5.1.1). Ob-
serve that Θi is surjective since it is induced by the inclusion ∆i/Γ ↪→ Γ v/Γ .
From Lemma 5.1.1, it is enough to prove that the composition Θi ◦ ψ is sur-
jective for every i in order to get that ψ is surjective. To this end, recall our
construction corresponding to the diagram (5.3.1) where now ∆i ⊆ Γ v plays
the role of ∆′. Keeping the notation used in this construction, we now have
L = N and so ∆i/Γ ⊆ Γ ′/Γ . Consider next the commutative diagram

Hom(Γ ′/Γ,Ω) Hom(∆i/Γ,Ω)

Hom(Γ v/Γ,Ω)

�
�

�
���

Θ′ Θi

�
�

�
���

�θ

where Θ′ is the map from diagram (5.3.1) and θ corresponds to the inclusion
∆i/Γ ↪→ Γ ′/Γ . All these maps are surjective. Since we have proved the sur-
jectivity of ψ′ in diagram (5.3.1), it follows that Θ′ ◦ψ is also surjective. Thus,
for χ ∈ Hom(∆i/Γ,Ω) there exists σ ∈ Gt such that

χ = θ(Θ′ ◦ ψ(σ)) = Θi ◦ ψ(σ) .

Hence Θi ◦ ψ is surjective for every i, implying the surjectivity of ψ. 
�
We end this section by two remarks and a corollary, already used in the

proof of Theorem 3.3.3.

Remark 5.3.6. Let us point out that

Γ v = { γ ∈ ∆ | γ + Γ has order not divisible by p }
if charK = p. If charK = 0, then Γ v = ∆.

Remark 5.3.7. As for the henselization and the inertia field, for an extension
field L ⊆ Ks of K, the ramification field of Os over L is LKv.

Corollary 5.3.8. Let (K,O) be a valued field and Os an extension of O to
Ks. Define the fields Kh,Kt and Kv as in Theorem 5.3.3 and assume that
N/K is a finite Galois extenion. Considering the inclusion sequence

K ⊆ Kh ⊆ Kt ⊆ Kv ⊆ N
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defined by Kh = Kh ∩N,Kt = Kt ∩N , and Kv = Kv ∩N with respect to the
corresponding valuations induced by Os, we obtain the following consequences:

(0) e(Kh/K) = 1 and f(Kh/K) = 1
(1) e(Kt/Kh) = 1 and f(Kt/Kh) = [Kt : Kh]
(2) f(Kv/Kt) = 1 and e(Kv/Kt) = [Kv : Kt]
(3) [N : Kv], e(N/Kv), f(N/Kv) are powers of p, where p = 1

if charK = 0 and p = charK, otherwise.

Proof. Let us consider the following diagram:

Ks

Kv

Kt

Kh

N

Kv

Kt

Kh

K

	
		

	
	

		

	
	

		

	
	

		

Since the henselization Kh is immediate over K by Theorem 5.2.5, also
Kh is immediate over K. This yields (0).

To see that [Kt : Kh] = f(Kt/Kh) and hence e(Kt/Kh) = 1, let us
consider the composition Lh = KtK

h. From Galois theory and Theorem 5.2.7
(3) we know that [Kt : Kh] = [Lh : Kh] = f(Lh/K

h). Moreover from Remark
5.2.4 we see that Kh is the henselization of Kh and Lh is the henselization
of Kt. Thus both extensions, Kh/Kh and Lh/Kt are immediate. Going now
from Kh to Lh via Kt and also via Kh and using the multiplicativity of f , we
obtain

f(Kt/Kh) · 1 = f(Lh/Kh) = 1 · f(Lh/K
h) .

Thus we obtain [Kt : Kh] = f(Kt/Kh), and hence (1).
In order to find [Kv : Kt] = e(Kv/Kt), we proceed similarly: First consider

the composition Lt = KvK
t, apply Theorem 5.3.3 (5) to the extension Lt/K

t,
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and observe that by Remark 5.2.8, Kt is the inertia field of Kt and Lt is the
inertia field of Kv. By Theorem 5.2.7 (3) we obtain from the latter facts that
e(Kt/Kt) = 1 and e(Lt/Kv) = 1. Now the multiplicativity of e yields the
result (as in (1) for f). This proves (2).

It remains the prove (3). In case charK = 0, by Theorem 5.3.3 (1) we have
Ks = Kv and hence N = Kv. Thus assume that p = charK. Now Theorem
5.3.3 (1) tells us that Gv = G(Ks/Kv) is a pro-p group. Since N ∩Kv = Kv,
the restriction map from Gv to G(N/Kv) is surjective. Thus also G(N/Kv)
is a pro-p group, showing that [N : Kv] is a power of p. This together with
Remark 3.2.17 yields that also e(N/Kv) is a power of p. In fact, as we saw in
the proof of Theorem 5.2.5, the valuation Os ∩ Kh = Os ∩ (N ∩ Kh) has a
unique extension to N . Thus also Os ∩Kv has a unique extension to N . Now
let x ∈ N and Xm + · · · + a0 ∈ Kv[X] its irreducible polynomial over Kv.
Then m is a power of p, and (by Remark 3.2.17) mw(x) = w(a0), where w
denotes the valuation corresponding to Os.

Finally we show that the residue class field Kv does only allow purely
inseparable extensions inside N . Assume on the contrary that x ∈ N �Kv is
separable overKv. Let x1 	= x be conjugate to x inN overKv. (By Proposition
3.2.16, N is normal over Kv.) Choose x2 ∈ N conjugate to x in N over Kv

such that x2 = x1. Let σ ∈ G(N/Kv) be such that x2 = σ(x). Since the
restriction map from Gv to G(N/Kv) is surjective, we may take σ ∈ Gv. Thus
σ is defined (as in Proposition 3.2.16) and yields σ(x) = x1. This, however, is
impossible since σ ∈ Gv even implies σ = id. 
�

5.4 Galois Characterization of Henselian Fields

In this section we shall see how to recognize in the absolute Galois group
G(Ks/K) of a given field K the existence of certain non-trivial henselian
valuations in K. Although this cannot be done for all types of henselian valu-
ations, the class for which it is possible turns out to be quite comprehensive.

Let us start by investigating situations in which a certain profinite group
G occurs at the same time as the absolute Galois group of a field K carrying a
non-trivial henselian valuation v and of a field L that does not carry any non-
trivial henselian valuation. First observe that if charL = 0 and G = G(Ls/L)
then also G = G(Ks/K) where we let K be the formal power series field
L((Q)). This follows from the structure theory in Sects. 5.2 and 5.3 observing
thatK is henselian with respect to its canonical valuation v (see Exercise 3.5.6
and Remark 4.1.8) having divisible value group Q. Thus the henselianity of
the valuation v cannot be recognized from the group G, as the field L may
be without any non-trivial henselian valuation. This suggests that we restrict
ourselves to valuations v where the value group is not divisible by at least one
prime number p.

The next example shows that this p should not be the characteristic of the
residue class field of v. In fact, the construction of Mináč and Ware in [18]
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yields a field L without non-trivial henselian valuation having the same ab-
solute Galois group as the fixed field K of a p-Sylow subgroup of the absolute
Galois group of the p-adic number field Qp. The value group of K is divisible
by all primes except p.

This together with the observations below leads us to the following class
of valuations. We call a valuation v of K tamely branching at p, if the value
group v(K) is not divisible by p and p is different from the characteristic of
the residue class field K. Moreover, we require that p∞ divides the order of
G(K

s
/K) in case we have (v(K) : pv(K)) = p. This last condition is motivated

by the observation that the henselian field K = C((Z)) has absolute Galois
group Ẑ, which also occurs as absolute Galois group of the finite field Fp.
Clearly Fp does not allow any non-trivial (henselian) valuation. One should
note that the requirement G(K

s
/K) 	= {1} would not be sufficient, as the

next example shows. The henselian field K = R((Z)) also has value group Z,
and hence (Z : pZ) = p for every p. Here we have G(K

s
/K) 	= {1}, but the

absolute Galois group G = Ẑ�Z/2Z of K also occurs as G = G(Ls/L) where
L = R∩ σ(R), R is the relative algebraic closure of Q in R and σ ∈ G(Qs/Q)
is such that 〈σ〉 ∼= Ẑ. Since L does not have any non-archimedean ordering, it
cannot carry a non-trivial henselian valuation by Lemma 4.3.6 and Corollary
2.2.6.

Remark 5.4.1. If L/K is algebraic, and v is a valuation on L, tamely branching
at p, then v|K is also tamely branching at p. This follows from the fact that
the p-rank of v(L) is less or equal to that of K (see Exercise 5.5.2).

We shall now come to the main result of this section stating that the
existence of a tamely branching henselian valuation can be recognized in the
absolute Galois group. The main lemma we are then going to prove below is

Lemma 5.4.2. Let p be a fixed prime number and let K be a field for which
a p-Sylow subgroup P of G(Ks/K) satisfies the following conditions.

(1) P 	∼= Zp and in the case p = 2 assume also P 	∼= Z/2Z, Z2 � Z/2Z.
(2) P has a non-trivial abelian normal closed subgroup.

Then K admits a henselian valuation, tamely branching at p.

With the use of this lemma and some basic facts about pro-p groups col-
lected in Exercises 5.5 we obtain the following characterization:

Theorem 5.4.3. (Koenigsmann) A field K admits a henselian valuation,
tamely branching at some prime p if and only if G(Ks/K) has a non-procyclic
Sylow subgroup P 	∼= Z2 � Z/2Z with a non-trivial abelian normal closed sub-
group N of P .

Proof. Assume first that (K,O) is henselian and tamely branching at p. Let
P be a p-Sylow subgroup of GK = G(Ks/K), and denote by L its fixed field
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in Ks. Let O′ = Os ∩ L, where Os is the unique extension of O to Ks. Then
(L,O′) is a henselian field with absolute Galois group G(Ls/L) = P , a pro-p
group. As O was tamely branching at p, the characteristic of L is different
from p, and thus the ramification group P v is trivial (Theorem 5.3.3 (1)).
Hence the inertia group P t is abelian by the second exact sequence. More
precisely, we get

P t ∼= Hom
(
∆/Γ ′, (L

s
)×

)
,

where Γ ′ is the value group of O′ and ∆ the value group of Os. Since p does
not divide the degree [L : K], it follows that p does not divide

[
L : K

]
either,

and (Γ ′ : pΓ ′) = (Γ : pΓ ), where Γ is the value group of O. In particular, O′

is tamely branching at p.
By Theorem 5.3.3 (3), P t is isomorphic to Zrp

p where rp is the p-rank of
Γ ′, i.e., the Fp-dimension of Γ ′/pΓ ′. Since O′ is tamely branching at p, we
have rp ≥ 2, or rp = 1 and p∞ divides

∣∣G(
L

s
/L

)∣∣. At this point, recall the
first exact sequence,

1 −→ P t −→ P −→ G(L
s
/L) −→ 1 .

From what we have obtained so far, we see first that P t is a non-trivial abelian
normal and closed subgroup of P . Secondly we see that P is neither isomorphic
to Zp nor to Z2 � Z/2Z, as for rp = 1 the group G(L

s
/L) is not finite (cf

Exercise 5.5.3). The case P ∼= Z/2Z clearly cannot occur.
In order to prove the converse of the theorem, assume that P is a non-

procyclic p-Sylow subgroup of GK with P 	∼= Z2 � Z/2Z and having a
non-trivial abelian normal subgroup N . Then by Lemma 5.4.2, K admits
a henselian valuation ring O, tamely branching at p. 
�

Before we come to the proof of the crucial Lemma 5.4.2, we shall need
two technical lemmas that enable us to treat first the ‘classical case’ where
G(Ks/K) ∼= Zp � Zp. In this case, the p-Sylow subgroup obviously is the
group G(Ks/K) itself and Zp is the abelian normal subgroup. With the help
of rigid elements (see Sect. 2.2.3) we shall then define a henselian valuation
on K. In the general case we shall first find a suitable henselian valuation on
the fixed field L of the p-Sylow subgroup P , and then use ‘going down’ to find
the required henselian valuation on K.

Let us now start with

Lemma 5.4.4. Let K be a field with G(Ks/K) ∼= Zp � Zp. Then

(1) For every finite extension L of K we have that G(Ks/L) ∼= Zp � Zp.
(2) charK 	= p and K has a primitive p-th root of unity.
(3) L×/(L×)p has order p2 for every finite extension L of K.
(4) For every a ∈ K× � ±(K×)p, the image Im(N) of the norm map N :

K( p
√
a)× −→ K× satisfies

Im(N) =

{⋃p−1
i=0 a

i(K×)p if p 	= 2
(K×)2 ∪ (−a)(K×)2 if p = 2 .
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Proof. (1) Consider the split exact sequence associated with the semi-direct
product description of G = G(Ks/K),

1 −→ Zp
ι−→G π−→Zp −→ 1 .

Let H = G(Ks/L). Then H is of finite index in G and thus open. Hence also
π(H) and ι−1(H) are of finite index in Zp. Since subgroups of finite index of Zp

are open and again isomorphic to Zp, H ∼= ι−1(H) �π(H) is a decomposition
of H of the same shape as G.

(2) The first part of this item follows from Galois cohomology: if charK =
p, we have cdp G(Ks/K) ≤ 1 [28, Ch. II, Prop. 3]. On the other hand
cdp Zp � Zp = 2 [28, Ch. I, Prop. 22]. In order to avoid the use of Galois
cohomology, we also give the following elementary proof for charK 	= p.

In case charK = p, the Artin-Schreier operator ℘(x) = xp − x maps
the additive group K+ of K to a subgroup of K+. By the Artin-Schreier
theory, the Galois extensions M of K of exponent p (i.e., σp = 1 for every
σ ∈ G(M/K)) correspond bijectively to the subgroups of the quotient group
K+/℘(K) viewed as an Fp-vector space [15, Ch. VIII, Theorem 15].

As we saw in part (1), every finite extension L of K has an absolute Galois
group G(Ks/L) ∼= Zp � Zp. Thus the Fp-dimension of L+/℘(L) is 2 for every
such L. Let a, b ∈ K be such that a+℘(K) and b+℘(K) form an Fp-basis of
K+/℘(K). We shall obtain a contradiction to the assumption charK = p by
constructing a finite extension L of K such that for a certain element α ∈ L
we find that b, bα, and aα are Fp-linearly independent modulo ℘(L).

Choose x ∈ Ks such that xp − x − a = 0. Thus L = K(x) is a cyclic
Galois extension of K of degree p. From (x−1)p + a−1(x−1)p−1 − a−1 = 0 we
see that the trace T (x) of L/K is −a−1. Hence xp−1 = 1 + ax−1 shows that
α = −xp−1 has trace 1. Now assume that ib + jbα + kaα = up − u for some
0 ≤ i, j, k ≤ p−1 and some u ∈ L. Taking traces on both sides of the equality
gives

jb+ ka = T (u)p − T (u) ∈ ℘(K) .

The choice of a and b then implies j = 0 = k. Thus ib = up − u. If i 	= 0,
then u is a zero of Xp − X − ib such that K(u) = L. Now K(u) = K(x)
implies ib ∈ Fpa+℘(K), contradicting the choice of a and b. Hence also i = 0,
showing that b, bα, and aα are Fp-linearly independent modulo ℘(L).

Next, as all finite extensions of K within Ks have degree a power of p, it
follows that K contains a primitive p-th root of unity.

(3) The absolute Galois group Zp � Zp of L has exactly p + 1 closed
subgroup of index p. Thus L has exactly p + 1 extensions of degree p. Since
L contains a primitive p-th root of unity it follows from Kummer theory that
L×/(L×)p has order p2 ([15, Theorem 14, p. 220]).

To prove (4), observe first that K×/(K×)p has order p2 by (3). Moreover,
Kummer theory also implies for L = K( p

√
a), with a 	∈ (K×)p, that (L×)p ∩

K = 〈a〉(K×)p.
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Computing the norm N relative to this extension we have that

N( p
√
a) =

{
a for p 	= 2

−a for p = 2 .

Hence N( p
√
a) 	∈ (K×)p, if we assume a 	∈ ±(K×)p (if p 	= 2 this already

means 	∈ (K×)p). Thus p
√
a 	∈ (L×)p.

Next take any b ∈ K× � 〈a〉(K×)p. Then b 	∈ (L×)p. Moreover, N(b) = bp

implies b 	∈ 〈 p
√
a〉(L×)p. Consequently

L× =
p−1⋃

i,j=0

bi( p
√
a)j(L×)p ,

which for p 	= 2 implies that

Im(N) =
p−1⋃
k=0

ak(K×)p .

Finally, for p = 2,

N(bi(
√
a)j) =

{
(bi)2 ∈ (K×)2 if j = 0 ,
−(bi)2a ∈ −a(K×)2 if j = 1 .


�

From the last lemma we shall now deduce the existence of many rigid
elements in K. This will enable us to use Theorem 2.2.7 in order to find a
suitable valuation ring on K. Recall that for a subgroup T of K× an element
x ∈ K× � T is called T -rigid if

T + xT ⊆ T ∪ xT .

Lemma 5.4.5. Fix a prime number p. Let K be a field and let S be a subgroup
of K×, containing (K×)p, and for which each x ∈ K× � S satisfies

S + xS ⊆
p−1⋃
i=0

xiS . (5.4.1)

Assume also that K× 	= S and if p 	= 2 that (K× : S) ≥ p2. Under these
conditions there exists a subgroup T ⊆ K× containing S such that (T : S) ≤ p
and all x ∈ K× � T are S-rigid and moreover also T -rigid. Furthermore, if
p = 2, then T = S.

Proof. If p = 2 condition (5.4.1) just means S + xS ⊆ S ∪ xS. Thus T = S
will do the job.

Assume now p > 2. We first show that if there exists T containing S,
(T : S) ≤ p, for which all x ∈ K× � T are S-rigid, then also any x ∈ K× � T
is T -rigid. We may assume (T : S) = p since otherwise the statement is
trivially true. Then T =

⋃p−1
i=0 t

iS for some t ∈ T � S. Let x ∈ K× � T ,
0 ≤ ν, µ < p and a, b ∈ S. Then xtµ−ν 	∈ T and so
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(tνa) + x(tµb) = tν(a+ (xtµ−ν)b) ∈ tν(S ∪ xtµ−νS) ⊆ T ∪ xT .

Thus x is T -rigid. It therefore suffices to prove S-rigidity for x ∈ K× � T .
Let us assume the lemma is false. Then there exist a, b ∈ K× such that

(〈a, b〉S : S) = p2, and elements x, y ∈ S such that for some k, l ∈ {2, 3, . . . ,
p− 1} we have that

x+ a ∈ akS and y + b ∈ blS .
In fact, since (S : S) = 1 ≤ p, by our assumption there has to be some
a ∈ K× �S and some x ∈ S such that x+a 	∈ S ∪aS. Moreover, since (〈a〉S :
S) ≤ p, again by our assumption there has to be some c ∈ K× � 〈a〉S and
some z ∈ 〈a〉S such that z+ c 	∈ 〈a〉S ∪ c〈a〉S. Let z = aνy with 0 ≤ ν ≤ p− 1
and y ∈ S, and let b = ca−ν . Then y + b 	∈ S ∪ bS. As (K×)p ⊆ S, we may
consider K×/S as a Fp-vector space and take exponents modulo p. In this
vector space aS and bS are linearly independent.

Claim: 2l − 1 	= 0 in Fp and y − b ∈ b l
2l−1S.

From the hypothesis (5.4.1) there exist j, r, s, t ∈ Fp such that bx + ay =
a(y + a−1bx) ∈ a1−jbjS and

xy + bx+ ay =

⎧⎪⎨⎪⎩
xy + (bx+ ay) ∈ (a1−jbj)rS

b(x+ b−1(x+ a)y) ∈ b(akb−1)sS

a(y + a−1(y + b)x) ∈ a(a−1bl)tS .

So comparing the exponents of aS and bS one gets

(I) r(1− j) = ks = 1− t
(II) rj = 1− s = tl .

As l 	= 0 this implies r 	= 0. Thus

(I) + (II) ⇒ r = (l − 1)t+ 1
(I) + k(II) ⇒ k = (kl − 1)t+ 1 .

Since k 	= 1, we have that kl − 1 	= 0. Thus

t =
k − 1
kl − 1

and r =
2kl − k − l
kl − 1

and so 2kl − k − l 	= 0. From (II) we then obtain

j =
lt

r
=

l(k − 1)
2kl − k − l 	= 0 .

Now let y − b ∈ biS for some 0 ≤ i ≤ p− 1. We have to compute i. We recall
that bx+ ay ∈ a1−jbjS. On the other hand

bx+ ay = (b− y)x+ (a+ x)y ∈ ak(a−kbi)qS ,
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for some q. Comparing again the exponents of aS and bS we have that 1−j =
k(1− q) and j = iq = i(j + k− 1)k−1. As j 	= 0, also j + k− 1 	= 0. Therefore

j + k − 1 =
l(k − 1)

2kl − k − l + k − 1 =
(k − 1)k(2l − 1)

2kl − k − l
implies 2l − 1 	= 0. Now,

i =
jk

j + k − 1
and jk =

l(k − 1)k
2kl − k − l .

Hence
i =

l

2l − 1
,

which proves the claim. Since l 	= 0, 1 we also have that i 	= 0, 1.
Consider next the set

I = { i ∈ Fp � {0, 1} | ∃b1 ∈ 〈b〉S � S and y ∈ S such that y + b1 ∈ bi1S } .
Then I 	= ∅, since l ∈ I. Also, I is closed under the operation i �→ i−1. In
fact, if y + b1 = bi1z for some z ∈ S, then y − bi1z = −b1. Putting b2 = −bi1z
it follows that y+ b2 ∈ bi−1

2 S. Moreover, the claim shows also that I is closed
under the operation i �→ i

2i−1 . (Note that −1 = (−1)p ∈ S.) The proof of the
claim also shows for i ∈ I that 2i− 1 	= 0 in Fp, i.e., 2−1 	∈ I.

Observe now that if for somem with 2 ≤ m < p we have thatm(m+1)−1 ∈
I, then

m− 1
m

=
(

m

m− 1

)−1

=

(
m

m+1

2 m
m+1

− 1

)−1

∈ I .

Repeating this process we get after some steps 1
1+1 ∈ I, contradicting 1

2 	∈ I.
Consequently I contains no element of the form m

m+1
, with 2 ≤ m < p. On

the other hand, each element i ∈ Fp can be written in this form:

i =
i

1−i
i

1−i
+ 1

,

a contradiction. 
�
We finally come to the proof of Lemma 5.4.2. This proof will be divided

into three parts:

classical case: G(Ks/K) ∼= Zp � Zp, and
√−1 ∈ K in case p = 2.

pro-p case: G(Ks/K) is a non-procyclic pro-p group without elements of
finite order,3 having a non-trivial normal abelian subgroup H

general case: G(Ks/K) satifies the assumptions of Lemma 5.4.2.
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Proof of Lemma 5.4.2. Classical Case: Note that by our assumption K auto-
matically contains a primitive p-th root of unity. For the case p = 2 we assume
in addition that

√−1 ∈ K. We shall first show that S = (K×)p satisfies the
assumptions of Lemma 5.4.5.

Take x ∈ K× � (K×)p, set L = K( p
√
x), and let N : L −→ K be the

norm map. Next take two elements a, b ∈ K×. For p 	= 2, we have ap + xbp =
N(a + b p

√
x). In case p = 2, let ζ ∈ K× satisfy −1 = ζ2. Then a2 + xb2 =

a2−x(ζb)2 = N(a+ ζb
√
x). Setting α = a+ b p

√
x for p 	= 2 and α = a+ ζb

√
x

for p = 2 we get for every p that ap + xbp = N(α). Since we are assuming
−1 ∈ (K×)2 if p = 2, it follows from Lemma 5.4.4 that

N(α) ∈
p−1⋃
i=0

xi(K×)p

(no matter if p = 2 or p 	= 2). Hence the condition (5.4.1) of Lemma 5.4.5
holds for S = (K×)p. Moreover, (K× : S) ≥ p2 by Lemma 5.4.4. Consequently,
there exists a subgroup T of K× satisfying:

• (K×)p ⊆ T and T 	= K×. If p = 2, then T = (K×)2.
• Every x ∈ K× � T is T -rigid.

We are now ready to apply Theorem 2.2.7. Thus there exists a subgroup
T1 of K× such that O(T1) is a valuation ring of K with O(T1)× ⊆ T1. Fur-
thermore, for p 	= 2, T1 = T 	= K×, and for p = 2, as (T1 : (K×)2) ≤ 2, also
T1 	= K×. Since we have (K×)p ⊆ T1, it follows that the value group of O(T1)
is not p-divisible. Therefore, O(T1) is a proper valuation ring of K.

We shall next construct from O(T1) a valuation ring of K, tamely branch-
ing at p. Let Γ1 be the value group of O(T1). Let ∆ be the maximal con-
vex p-divisible subgroup of Γ1. As Γ1 is not p-divisible, the same is true for
Γ = Γ1/∆. Moreover, Γ contains no non-trivial convex p-divisible subgroup.
According to Lemma 2.3.1 there exists a valuation ring O containing O(T1)
that has Γ as its value group. We shall prove that O is the desired valuation
ring. Let v : K −→→ Γ ∪ {∞} be a valuation corresponding to O and Γ .

Assume first, for the sake of obtaining a contradiction, that the residue
class field K of O has characteristic p. Then v(p) > 0 and there exists π ∈ K×,
satisfying 0 < v(π) ≤ v(p) and v(π) 	∈ pΓ . Indeed, if all positive values ≤ v(p)
were p-divisible, the convex hull of the group generated by v(p) would be
a p-divisible convex subgroup, a contradiction. Now consider the extension
E = K( p

√
π) and the norm map N : E× −→ K×. By Lemma 5.4.4 (4),

(N(E×) : (K×)p) = p. As π and 1 + π are norms, they have to be Fp-linearly
dependent, i.e., there exist i, j ∈ {0, 1, . . . , p − 1}, not both zero, such that
πi(1 + π)j ∈ (K×)p. Actually we must have i = 0, as v(π) 	∈ pΓ . Hence
(1 + π)j ∈ (K×)p, and as charK = p (our assumption!) and π ∈ M, there
must exist y ∈M such that (1 + π)j = (1 + y)p.
3 Recall that G(Ks/K) can have only elements of finite order m, if p = 2 and

m = 2 (Theorem 4.3.5).
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It follows from this that

π

(
j∑

t=1

(
j

t

)
πt−1

)
=

p−1∑
t=1

(
p

t

)
yt + yp. (∗)

Moreover, p divides
(

p
t

)
for all t = 1, . . . , p − 1. So v(

(
p
t

)
yt) > v(p) for all

t = 1, . . . , p− 1. On the other hand,

v

(
π

( j∑
t=1

(
j

t

)
πt−1

))
= v(π) ≤ v(p) .

Thus the equation (∗) above implies v(π) = v(yp) ∈ pΓ , a contradiction.
We have thus proved charK 	= p. It remains to show that O is henselian,

and that p∞ divides |G(K
s
/K)| in case Γ/pΓ has order p.

We shall prove first that if O is not henselian, there exists a Galois ex-
tension L of K with [L : K] = p for which the norm map N : L× −→ K×

contradicts Lemma 5.4.4 (4).
If O is not henselian, it can also not be p-henselian, since in our situation

Ks = K(p). Thus by Theorem 4.2.2 there exists a Galois extension L/K
of degree p to which O has more than one prolongation. But then by the
formula “p = ref ′′ of Theorem 3.3.3 (note that charK 	= p, hence d = 1), O
has exactly p immediate prolongations, say O1, . . . ,Op. Let v : L −→ Γ ∪{∞}
be a valuation corresponding to O1. As K contains all p-th roots of unity, we
find a ∈ K � Kp such that L = K( p

√
a). Moreover, we may assume that

a ∈ O×. In fact, v(a) has to be p-divisible, since otherwise e = p and thus
r = 1. Modifying a by a p-th power then yields a ∈ O×.

Let G(L/K) = {σ1, . . . , σp }, where we choose σi such that Oi = σ−1
i (O1)

(σ1 = id). Using week approximation, Theorem 3.2.7 (3), we find x ∈ L
satisfying x ∈M1, and x ∈ O×

i for every i = 2, . . . , p. We then have x ∈M1,
and σ(x) ∈ O×

1 for every σ ∈ G(L/K), σ 	= id. Observe that if v(x) ∈ pΓ ,
there exists y ∈ K× with 0 < v(y) < v(x) and v(y) 	∈ pΓ . (As in the proof of
charK 	= p.) Replacing x by x+ y, if necessary, we get v(x+ y) = v(y) 	∈ pΓ ,
and still σ(x)+y ∈ O×

1 for every σ 	= id. Hence we may assume that v(x) 	∈ pΓ .
For the value of N(x) we get

v(N(x)) =
p∑

i=1

v(σi(x)) = v(x) 	∈ pΓ .

Thus the norms a and N(x) are Fp-linearly independent. Indeed, if aiN(x)j ∈
(K×)p for some i, j ∈ {0, 1, . . . , p−1}, not both zero, then j = 0 as v(N(x)) 	∈
pΓ . This however would imply a ∈ (K×)p, contrary to our assumption on a.
Hence we obtain (N(L×) : (K×)p) ≥ p2, contradicting Lemma 5.4.4 (4).

Summarizing, O is a henselian valuation ring with non-p-divisible value
group and residue class field K of characteristic different from p. We then
apply the results of the previous Sects. 5.2 and 5.3 to the unique extension Os
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of O to Ks in order to finish the proof. Observe first that charK 	= p together
with G(Ks/K) being a p-group implies that Gv(Os) is trivial by Theorem
5.3.3 (1). Write Γ s for the value group of Os. Recall that Γ s is the divisible
closure of Γ , and since Gv(Os) is trivial and Gt(Os) is a p-group, it follows
from Theorem 5.3.3 (3) that

Gt(Os) ∼= Zrp
p ,

where rp is the Fp-dimension of Γ/pΓ . Consequently, if Γ/pΓ has order p then
rp = 1 and Gt(Os) ∼= Zp is procyclic. It then follows from G(Ks/K) ∼= Zp�Zp

and the first exact sequence that p∞ divides |G(K
s
/K)|. This concludes the

proof of the classical case.
Before we continue with the proof of Lemma 5.4.2, let us prove a little

lemma that will be used several times.

Lemma 5.4.6. Let K be a field having a henselian valuation ring O with
maximal ideal M and value group Γ . Assume that O is strictly finer than the
canonical henselian valuation ring Oc (cf. Sect. 4.4). Let Mc be the maximal
ideal of Oc and Γc the corresponding value group. If O is tamely branching at
p, also Oc is tamely branching at p. Moreover, (Γc : pΓc) = (Γ : pΓ ).

Proof. Since O � Oc,H2(K) is non-empty, and thus both residue class fields,
O/M as well as Oc/Mc are separably closed. As O/M is a homomorphic
image of the subring O/Mc of Oc/Mc, char(O/M) = p would be inherited
from char(Oc/Mc) = p. Thus it remains to show that Γc is not p-divisible.
By the explanations after Corollary 2.3.2, Γc is obtained from Γ by dividing
Γ by a convex subgroup Γ0 that is the value group of the valuation ring
O/Mc of the field Oc/Mc. As the latter is separably closed (and O 	= Oc),
Theorem 3.2.11 tells us that Γ0 is divisible. Therefore Γc/pΓc

∼= Γ/pΓ and
hence (Γc : pΓc) = (Γ : pΓ ). In particular, if Γ was not p-divisible, so is Γc.
Note that the case (Γ : pΓ ) = p cannot occur, as the residue class field O/M
is separably closed. 
�

We now continue with the proof of the
pro-p case: Let H be a non-trivial normal abelian subgroup of G(Ks/K),

and denote by L its fixed field. Since by assumption H is torsionfree, it is a
free Zp-module.

If H is not procyclic, H contains a subgroup H ′ ∼= Zp ×Zp. Let L′ be the
fixed field of H ′. According to the classical case, L′ has a henselian valuation
ring O′, tamely branching at p. Replacing O′ by the canonical henselian val-
uation of L′, if necessary (Lemma 5.4.6), we may assume that O′ is coarser
than the canonical henselian valuation ring of L′. From the abelian property
of H we get that L′/L is a Galois extension. Hence by Theorem 4.4.3, O′ ∩L
is a henselian valuation of L. Moreover, since L′/L is an algebraic extension,
O′∩L is also tamely branching at p (Remark 5.4.1). Since L/K is a Galois ex-
tension, we can repeat the argument and obtain a tamely branching henselian
valuation ring on K.
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In the case H ∼= Zp, since G(Ks/K) 	∼= Zp, there exists σ ∈ G(Ks/K)�H
such that H ′ = 〈H,σ〉 = H � 〈σ〉 ∼= Zp � Zp (recall that G(Ks/K) has no
element of finite order). Let L′ be the fixed field of H ′. By the classical case, L′

has the desired henselian valuation ring O′. By Lemma 5.4.6, we may assume
that O′ is coarser than the canonical valuation ring of L′. Next, the unique
prolongation O of O′ to L is a proper henselian valuation ring of L. Thus the
canonical valuation ring Oc of L is also non-trivial. If O is coarser than Oc,
then O ∩ K = O′ ∩ K is henselian and inherits4 from O′ that it is tamely
branching at p. If O is strictly finer than Oc, then the residue class field k of
Oc is separably closed. Clearly char k 	= p, since O ⊆ Oc and the residue class
field of O′ has characteristic 	= p. Hence, by Theorem 3.3.3, the value group Γc

of Oc is not p-divisible (L 	= Ks). Next, as O′ by assumption is coarser than
the canonical valuation of L′ and Oc ∩ L′ properly contains O′, we conclude
that Oc ∩L′ cannot have residue class field separably closed. Furthermore, as
G(Ks/L′) is a p-group, this means that p∞ divides the order of the absolute
Galois group of the residue class field k′ of Oc ∩ L′, unless p = 2 and k′ is
real closed. But then the field L′ is real, and hence the absolute Galois group
of L′ (which is a subgroup of G(Ks/K)) would contain an element of order
2, contradicting our assumption in the pro-p case. Moreover, as Γc 	= pΓc

and L/L′ is algebraic, the value group of Oc ∩ L′ is also not p-divisible4.
Whence Oc ∩ L′ is tamely branching at p. Finally, Oc ∩ K is henselian by
Theorem 4.4.3, as L/K is a Galois extension. Thus also Oc∩K = Oc∩L′∩K
is tamely branching at p.

Finally we come to the proof of the
General case: We now let P be a p-Sylow subgroup of G(Ks/K) satisfying

(1) and (2) of Lemma 5.4.2. Let L be the fixed field of P . We then discuss the
two cases p 	= 2 and p = 2.

Let first p 	= 2. In this case P satisfies the conditions of the ‘pro-p
case’, and thus we find a valuation O on L, tamely branching at p. By
Lemma 5.4.6 we may assume that O is coarser than the canonical henselian
valuation ring of L. Then O ∩K is tamely branching4 at p, and by Theorem
4.4.5 also henselian.

Now let p = 2. In this case let L1 = L(
√−1). Then G(Ls

1/L1) satisfies
the assumption of the ‘pro-2 case’: Note that H ∩ G(Ls

1/L1) is a non-trivial
normal abelian subgroup of G(Ls

1/L1), if H is a non-trivial abelian normal
subgroup of G(Ls/L). Thus as above we find a henselian valuation ring O1 on
L1, tamely branching at 2. Again we may assume that O1 is coarser than the
canonical henselian valuation ring of L1. Then by Remark 5.4.1, O = O1∩L in
tamely branching at 2. By Theorem 4.4.4, O is also henselian and still coarser
than the canonical henselian valuation ring of L. In order to be able to apply
Theorem 4.4.5 now (as in the case p 	= 2), we need to know in addition that
O is coarser than the valuation ring O+ introduced in Theorem 4.4.5. This,
however, can be done as in Lemma 5.4.6:

4 Recall Remark 5.4.1
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Assume that O is strictly finer than O+, and denote by M and Γ the
maximal ideal and the value group of O. For O+ we use correspondingly
M+ and Γ+. As both residue class fields O+/M+ as well as O/M now
are real closed, we need to know that (Γ+ : 2Γ+) ≥ 22. This follows from
the facts that (Γ : 2Γ ) ≥ 22 (recall that O is tamely branching at 2), and
that Γ+ is obtained from Γ by dividing by a convex subgroup Γ ′ that is the
value group of the valuation ring O/M+. Since O+/M+ is real closed and
O/M+ is henselian (Corollary 4.1.4), Γ ′ must be divisible by Lemma 4.3.6 and
Theorem 4.3.7. Thus (Γ+ : 2Γ+) = (Γ : 2Γ ) ≥ 22.

This finishes the proof of the general case and hence the proof of
Lemma 5.4.2. 
�

5.5 Exercises

Exercise 5.5.1.
Let (Kh,Oh) be a henselization of a valued field (K,O). For a finite separable
extension K(z) of K, let f be the minimal polynomial of z over K. Suppose
that f = g1 · · · gm is the decomposition of f in irreducible factors in Kh[X].
Show that O has exactly m prolongations to K(z). Try to describe these
prolongaions by choosing roots z1, . . . , zm ∈ Ks of the factors g1, . . . , gm,
respectively.

Exercise 5.5.2.
Let Γ ⊆ ∆ be torsionfree abelian groups such that ∆/Γ is a torsion group.

(a) If p � (∆ : Γ ), show that ∆/p∆ ∼= Γ/pΓ .
(b) Verify the exactness of the sequences

0 → (p∆ ∩ Γ )/pΓ → Γ/pΓ → Γ/(p∆ ∩ Γ )→ 0

0→ (Γ + p∆)/p∆→ ∆/p∆→ ∆/(Γ + p∆) → 0 ,

and conclude that dimFp
∆/p∆ ≤ dimFp

Γ/pΓ .

Hint: It suffices to show that dimFp
(∆/(Γ + p∆)) ≤ dimFp

((p∆ ∩ Γ )/pΓ ).
Take a family δ1, . . . , δn such that each residue δj + Γ generates a single
cyclic component of ∆/Γ of (finite) p-power order. Show that the family
δ1 + (Γ + p∆), . . . , δn + (Γ + p∆) is linearly independent in ∆/(Γ + p∆),
viewed as Fp-vector space. Let pνj be the order of δj + Γ and set λj = pνjδj ,
for every j. Show next that λ1 + pΓ, . . . , λn + pΓ are Fp-linearly independent
in (p∆ ∩ Γ )/pΓ .
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Exercise 5.5.3.
(a) Show that every non-trivial closed subgroup of the procyclic pro-p group

Zp is open and hence isomorphic to Zp.
(b) Show that a closed normal subgroup of Zp � Z/pZ, isomorphic to Zp, is

always open.
(c) Show that a closed normal subgroup of Zp �Zp, isomorphic to Zp, is never

open.
(d) Let Zp be a closed normal subgroup of the torsionfree pro-p group H. If

H/Zp is a torsion group, then H ∼= Zp.

Exercise 5.5.4.
Let G be an abelian pro-p group and set G∗ =

⋂
U , were U ranges over the

set of all open normal subgroups of G such that (G : U) = p.

(a) G/G∗ is an abelian pro-p-group.
(b) Hom(G,Z/pZ) ∼= Hom(G/G∗,Z/pZ), where “Hom” refers to continuous

homomorphisms.
(c) Let ϕ : G → G1 be a continuous homomorphism to another pro-p group

G1. Show that ϕ induces homomorphisms ϕ∗ : G/G∗ → G1/G
∗
1 and

ϕ∗ : Hom(G1,Z/pZ) → Hom(G,Z/pZ) such that the following conditions
are equivalent:
(i) ϕ is surjective.
(ii) ϕ∗ is surjective.
(iii) ϕ∗ is injective.

Exercise 5.5.5.
(a) Assume that K is a field for which G = G(Ks/K) is abelian and not

procyclic. Then K admits a henselian valuation ring tamely branching at
some prime p (Hint: if every Sylow subgroup of H is cyclic, then H is
cyclic).

(b) Assume that for every non-trivial valuation ring O of K there exists a
prime p different from the characteristic of the residue class field of (K,O),
such that in every p-Sylow extension L of the henselization of (K,O) all
closed abelian subgroups ofG(Ks/L) are procyclic. Show that every closed
abelian subgroup of G(Ks/K) is procyclic.

(c) Use (b) and the structure theory of Chapter 5 in order to deduce that
every closed abelian subgroup of G(Qs/Q) has to be procyclic.

(d) Try to generalize (b) such that it becomes applicable to Q(X).
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Applications of Valuation Theory

In this chapter we shall give applications of the theory of general valuations
and their henselizations developed so far. In the first application, we treat
Artin’s conjecture about the p-adic number fields Qp. In the second applica-
tion we characterize those valued fields that share with Qp all its ‘algebraic’
properties (as the real closed fields do with R). The third application provides
a local-global principle for isotropy of iterated quadratic forms over a real field
K. The local objects are just certain henselizations of the given field K.

In all three cases, the use of general (higher rank) valuations and their
henselizations is essential – the use of absolute values alone would not be
sufficient.

6.1 Artin’s Conjecture

This conjecture concerns the solvability of certain diophantine equations over
the field Qp of p-adic numbers. Its formulation does not refer to any valuation.
Nevertheless the only proof known makes use of abstract valuation theory. In
particular, it uses valuations of arbitrarily high rank, and it is clear from the
proof that absolute values would not suffice.

Now, what is Artin’s Conjecture?
Let K be any field, and let i and d be positive integers. K is said to be a

Ci(d)-field if every homogeneous polynomial of (total) degree d in more than
di variables, with coefficients from K, has a non-trivial zero in K. All finite
fields k are C1(d) for every d (see [5]). If a field k is Ci(d) for every d, then
the field k((X)) of formal Laurent-series over k is Ci+1(d) for all d (see [16]).
In particular, all fields Fp((X)) are C2(d) for all d.

By an easy application of Hensel’s Lemma, one sees that every quadratic
form (= homogeneous polynomial of degree 2) in more than 4 = 22 variables
has a non-trivial zero over each p-adic field Qp. Hence each Qp is C2(2). A
classical proof of Lewis (see [17]) shows that each Qp is also C2(3). It was then
conjectured by E. Artin that, because of its great similarity to Fp((X)), the
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field Qp should actually be C2(d) for all d. In 1965 Ax and Kochen showed
(see [2]) that this is “almost” true. More precisely, they showed that for each
fixed degree d, for almost all primes p, Qp is C2(d). Based on an example
of Terjanian (see [30]) it was later shown that this result is somehow best
possible: For every p there exist degrees d ≥ 4 such that Qp is not C2(d).

We are now going to prove this “almost” solution. Let us fix a degree d
and assume that the set

Ad = { p ∈ P | Qp is not C2(d) }

is infinite, where P denotes the set of all rational primes. It will be shown that
this assumption leads to a contradiction. This will be done as follows.

As explained in the Appendix A, because Ad is infinite, there exists a
non-principal ultrafilter F on the collection of all subsets of P, with Ad ∈ F
(Corollary A.2). Moreover it is shown there that the ultraproducts

K∗ =
∏
p∈P

Qp/F and L∗ =
∏
p∈P

Fp((X))/F

are both henselian fields with respect to their canonical valuations v∗ and w∗,
resp. (Theorem A.4). They actually have the same residue class field,

k =
∏
p∈P

Fp/F ,

which has characteristic zero (Corollary A.5), and they both have the same
value group,

Γ =
∏
p∈P

Z/F ,

which has infinite rank (a fact that follows from Theorem A.6, but is not
needed here).

Since Ad ∈ F and, for every p ∈ Ad, Qp is not C2(d), we find thatK∗ is not
C2(d) (Theorem A.4). On the other hand, since P ∈ F and, for every p ∈ P,
Fp((X)) is C2(d), we have that L∗ is C2(d) (Theorem A.4). Thus obviously K∗

and L∗ cannot be isomorphic. On the other hand, assuming the Continuum
Hypothesis 2ℵ0 = ℵ1, we could actually prove that K∗ is isomorphic to L∗. So
we would have the desired contradiction. It is, however, possible to obtain the
contradiction even by proving less than isomorphism. Without the Continuum
Hypothesis we shall proceed as follows:

Since K∗ and L∗ have residue characteristic 0, the identity isomorphism

δ : Q −→→ Q

of the prime fields of K∗ and L∗ is clearly value-preserving, as v∗ and w∗

restricted to Q are trivial. Moreover, Q with this restriction is a henselian
subfield of both K∗ and L∗. Now let h1 ∈ K∗[X1, . . . , Xd2+1] be homogeneous
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of degree d but with no non-trivial zero in K∗. Denote by c1, . . . , cN the
coefficients of h1 in some fixed order. We shall show in Theorem 6.1.1 below
that the isomorphism δ can be extended to a subfield

F1 ⊇ Q(c1, . . . , cN )

of K∗, say to δ1 : F1 −→→ F2 ⊆ L∗ such that δ1 is still value-preserving (i.e.,
w∗(δ1(x)) = v∗(x) for all x ∈ F1). Since L∗ is C2(d), the image polynomial
δ1(h1) ∈ F2[X1, . . . , Xd2+1] has a non-trivial zero in L∗, say x1, . . . , xd2+1.
Once again, by Theorem 6.1.1 we can extend the isomorphism δ−1

1 : F2 −→→ F1

to an embedding
δ2 : F2(x1, . . . , xd2+1) −→ K∗ .

But then (δ2(x1), . . . , δ2(xd2+1)) is a non-trivial zero of h1 in K∗, giving the
desired contradiction.

Before we state Theorem 6.1.1, let us repeat the assumptions, and at the
same time make the situation symmetric. Thus for i = 1, 2, let

(1) (Ki, vi) be henselian fields,
(2) both fields have the same residue class field k of characteristic zero,
(3) both fields have the same value group Γ ,
(4) both fields are ℵ1-saturated (Theorem A.6).

The structure of k and of Γ does actually not matter for the following argu-
ments. When ℵ1-saturatedness is needed, we shall refer to the Appendix A.

Under these assumptions we shall prove

Theorem 6.1.1. Let F be a subfield of K1 and let σ : F −→ K2 be a value-
preserving embedding, meaning here: v2(σ(x)) = v1(x) for all x ∈ F , and
σ(x) = x for all x ∈ Ov1 ∩ F . Assume that

(i) F is countable and henselian with respect to v1|F ,
(ii) v1(F ) is pure in Γ , i.e., Γ/v1(F ) is torsion free.

Then to a1, . . . , am ∈ K1 there exists a value-preserving extension σ′ : F ′ −→
K2 of σ such that F (a1, . . . , am) ⊆ F ′ and F ′ again satisfies (i) and (ii).

In order to prove this theorem, we shall need

Lemma 6.1.2. Let F0 be a countable subfield of K1. Then there exists a
countable extension F ′ of F0 in K1 such that v1(F ′) is pure in Γ = v1(K1).

Proof. Let Γ0 = v1(F0), and denote by Γ̂0 its relative divisible hull in Γ , i.e.,

Γ̂0 = { γ ∈ Γ | mγ ∈ Γ0 for some m ≥ 1 } .

As Γ0 is countable, so is Γ̂0. Thus let (γn)n∈N be an enumeration of all elements
of Γ̂0. We shall define an increasing sequence Fn of countable subfields of K1

with
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γn ∈ v1(Fn+1) ⊆ Γ̂0 .

Thus F ′ :=
⋃

n Fn is a countable subfield of K1 with v1(F ′) = Γ̂0. Hence
v1(F ′) is pure in Γ .

Assume we have already constructed Fn. We then construct Fn+1 such
that γn ∈ v1(Fn+1) and v1(Fn+1) ⊆ Γ̂0.

By the definition of Γ̂0, mγn ∈ Γ0 for some m ≥ 1. Choose x ∈ K1 such
that v1(x) = γn. Then

v1(xm) = mγn = v1(a) ,

for some a ∈ F×
0 . Hence xm/a = c for some c ∈ K×

1 . Note that c is not
uniquely determined. This fact will be used later. Thus by Hensel’s Lemma
(observe that char K1 = 0), the polynomial

Zm − xm

ac
∈ K1[Z]

has a zero in K1, say z. Then define

Fn+1 = Fn

(
c,
x

z

)
= Fn(c, m

√
ac) ,

and observe that for the right choice of c (see below) we get

Fn+1 = Fn(c) and γn ∈ v1(Fn+1) ⊆ Γ̂0 .

Indeed, let us first adjoin c to Fn. If c is algebraic over Fn, let f(X) be the
minimal polynomial of c over Fn. Then f(X) remains irreducible over Fn, and
by Hensel’s Lemma it also has a zero in K1 with residue c. Thus let us choose
c to be this zero. Then [Fn(c) : Fn] = deg f . Hence by Corollary 3.2.3 we find
Fn(c) = Fn(c) and v1(Fn(c)) = v1(Fn). If, however, c is transcendental over
Fn, then also c is transcendental over Fn, and by Corollary 2.2.2 we get

Fn(c) = Fn(c) and v1(Fn(c)) = v1(Fn) .

The extension Fn+1/Fn(c) is algebraic. Hence by Theorem 3.2.4, v1(Fn+1) is
torsion over v1(Fn), and thus v1(Fn+1) ⊆ Γ̂0. Clearly

γn = v1(x) = v1

(x
z

)
∈ v1(Fn+1) . 
�

Proof of Theorem 6.1.1. We first apply Lemma 6.1.2 to the subfield F0 =
F (a1, . . . , am) of K1 in order to obtain an extension F ′ ⊆ K1 of F0 such
that Γ ′ := v1(F ′) is pure in Γ = v1(K1). Since the henselization of a field is
an immediate extension, we may even have that F ′ is henselian with respect
to v1|F ′ (note that (K1,v1) is henselian). Clearly F ′ is countable. It remains
to extend σ : F −→ K2 to a value-preserving embedding σ′ : F ′ −→ K2. By
Zorn’s Lemma we know that there exists a maximal value-preserving extension



6.1 Artin’s Conjecture 153

σ′′ : M −→ K2 ,

with M ⊆ F ′ and v1(M) pure in Γ ′. Note that v1(F ) is pure in Γ ′. From the
maximality of σ′′ and the uniqueness of the henselian closure it follows that
M is henselian with respect to v1|M . We assume that M 	= F ′ and distinguish
three cases, each of which will lead to a contradiction. This will then prove
our claim.
Case 1: There exists x ∈ F ′ such that x ∈ F ′ �M .

As in the proof of Lemma 6.1.2, we first assume that x is algebraic over M
with minimal polynomial f(X). By Hensel’s Lemma, f(X) has a zero in F ′

lying over x. Thus we may assume that x is this zero. By the same argument,
the image polynomial σ′′(f)(X) has a zero in K2, say y, lying also over x.
Note that the image polynomial also yields the residue polynomial f . The
embedding σ′′ therefore extends to an embedding σ′′′ of M(x) into K2 by
sending x to y. As M is henselian with respect to v1|M , the valuation v1|M(x)

is its only possible extension toM(x). Thus the embedding is value-preserving,
and we have v1(M(x)) = v1(M).

If x is transcendental over M , then x is also transcendental over M , and,
if we choose y ∈ K2 such that y = x, y is transcendental over σ′′(M). Thus
sending x to y extends σ′′ to M(x), and by Corollary 2.2.2 this extension is
value-preserving, with v1(M(x)) = v1(M). In both cases, the existence of the
extension σ′′′ : M(x) −→ K2 contradicts the maximality of σ′′.
Case 2: F ′ = M , and there exists x ∈ F ′ with v1(x) /∈ v1(M).

As v1(M) is pure in Γ ′, the sum v1(M) + Zv1(x) is direct. In this case x
must be transcendental over M and the valuation v1|M(x) is uniquely deter-
mined by

v1(c0 + c1x+ · · ·+ cdx
d) = min { v1(ci) + iγ | 0 ≤ i ≤ d } ,

with γ := v1(x) and c0, . . . , cd ∈M (cf. Corollary 2.2.3). Thus if we choose y ∈
K2 with v2(y) = v1(x), the extension of σ′′ to M(x) defined by sending x to y
is again value-preserving. In order to obtain also in this case a contradiction
to the maximality of σ′′, we have to extend

σ′′′ : M(x) −→ K2

still further, to a subfield M∗ of F ′ such that v1(M∗) is pure in Γ ′.
Here we can just take for M∗ the relative algebraic closure of M(x) in F ′.

To see this, let γ = v1(α) ∈ v1(F ′) = Γ ′, and assume that mγ = v1(a) for
some m ≥ 1 and some a ∈M(x). Then αma−1 has value zero in F ′, and thus

αma−1 = c ,

for some c ∈ M(x), as M(x) = F ′. Thus by Hensel’s Lemma the polynomial
Zm − αm/ac has a zero, say z, in F ′. But then(α

z

)m

= ac ∈M(x) .
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Thus α/z ∈ M∗ and γ = v1(α) = v1(α/z) ∈ v1(M∗). Therefore v1(M∗) is
pure in Γ ′.

Now that we have M∗, we still have to extend σ′′′ to M∗. Actually, we
shall not do exactly this. Instead we show that σ′′ : M −→ K2 has a value-
preserving extension to every finitely generated subfield of M∗. Then by the
Saturation Theorem A.6 applied to K2 we shall find1 a value-preserving ex-
tension of σ′′ to M∗.

By the choice of M∗, every subfield of M∗, finitely generated over M , is
contained in some field

M(x, α) ,

where x is the transcendental element fixed at the beginning of ‘Case 2’, and
α ∈M∗ is algebraic over M(x). From the fact that

v1(M(x)) = Zv1(x)⊕ v1(M) ,

one deduces that also

v1(M(x, α)) = Zv1(z)⊕ v1(M) ,

for some z ∈M∗. Since z has to be transcendental over M , we also find

v1(M(z)) = Zv1(z)⊕ v1(M) .

Hence M(x, α) is an immediate extension of M(z) (recall that M = F ′).
Thus by Theorem 4.1.10, M(x, α) is contained in the henselization of M(z).
Therefore it suffices to find a value-preserving extension of σ′′ to M(z) (which
then automatically extends to the henselization of M(z)). This, however, was
already done at the beginning of ‘Case 2’ (replacing x by z).
Case 3: F ′ = M , v1(M) = v1(F ′), and x ∈ F ′ �M .

Since the henselian fieldM has no immediate extension by Theorem 4.1.10,
x must be transcendental over M . By our assumption, for every a ∈M there
exists b ∈M such that

v1(x− a) = v1(b) .

We shall now proceed in two steps. In step 1 we find y ∈ K2 such that

v1(x− a) = v2(y − σ′′(a)) ,

for all a ∈M . In step 2 we show that even

v1(f(x)) = v2(σ′′(f)(y))

holds for all f ∈ M [X]. Then the extension of σ′′ to M(x) by sending x to
y clearly is a value-preserving isomorphism. (Note that σ′′(f)(y) = 0 would
imply v1(f(x)) =∞, hence f ≡ 0.)

1 This is explained just before stating Theorem A.6 in Appendix A.
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Step 1: By the saturation property of K2 it suffices to find, for every finite
set a1, . . . , am ∈M with

v1(x− ai) = v1(bi)

(for suitably chosen bi ∈M×), an element y ∈ K2 such that

v2(y − σ′′(ai)) = v2(σ′′(bi)) .

Then by Theorem A.6 there exists y ∈ K2 with

v2(y − σ′′(a)) = v2(σ′′(ba)) = v1(ba) = v1(x− a)
for all a ∈M .

Now let v1(x − a1) = v1(b1) be maximal among the values v1(x − ai),
1 ≤ i ≤ m. Since x−a1

b1
is a unit, by our assumptions there exists c ∈M such

that (
x− a1

b1

)
= c .

Hence

v1(x− a1 − b1c) > v1(b1) = v1(x− a1) ≥ v1(x− ai) .

Taking d = a1 + b1c we find

v1(d− ai) = v1((x− d)− (x− ai)) = v1(x− ai) = v1(bi) ,

and hence
v2(σ′′(d)− σ′′(ai)) = v2(σ′′(bi)) .

Thus y = σ′′(d) does the job for a1, . . . , am.

Step 2: By induction on deg f = d we prove

v1(f(x)) = v2(σ′′(f)(y)) . (∗)

The case d = 1 is just step 1. Let d > 1, and assume we have the identity (∗)
for all polynomials of degree less than d. We then consider the d-dimensional
M -vector space

V = M +Mx+ · · ·+Mxd−1

of polynomials over M of degree < d. For each polynomial f(x) ∈ V we
have (∗), by the induction hypothesis. Thus it remains to consider irreducible
polynomials f of degree d.

The restriction of v1 to V yields a “valuation”

v1 : V −→→ Γ ′ ∪ {∞}
of the M -vector space V . Computing modulo f introduces a multiplication
on V such that V becomes isomorphic to the field M [x]/(f) =: M1.
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More precisely, for g, h ∈ V their product is defined to be the uniquely
determined r ∈ V such that

gh = r + sf ,

for some s ∈ V .
If we now had

v1(r) = v1(g) + v1(h) = v1(gh) ,

for all g, h ∈ V , then clearly v1 would define a valuation on M1 such that
v1(M1) = Γ ′ and M1 = M . Thus we would obtain an immediate extension of
v1|M to the algebraic extension M1 of M . By Theorem 4.1.10 this is impossi-
ble. Hence there must exist g, h ∈ V such that

v1(r) 	= v1(gh) . (∗∗)

This, however, implies v1(gh− r) = min{v1(gh), v1(r)}. Hence

v1(f) = −v1(s) + min{v1(g) + v1(h), v1(r)} . (+)

Substituting y in the images of polynomials from M [x] yields

σ′′(gh)(y) = σ′′(r)(y) + σ′′(s)(y)σ′′(f)(y) .

The induction hypothesis (∗) applied to (∗∗) yields

v2(σ′′(r)) 	= v2(σ′′(g)) + v2(σ′′(h)) = v2(σ′′(gh)) .

Hence

v2(σ′′(f)) = −v2(σ′′(s)) + min{v2(σ′′(gh)), v2(σ′′(r))}
= −v2(σ′′(s)) + min{v2(σ′′(g)) + v2(σ′′(h)), v2(σ′′(r))}. (++)

Thus again by the induction hypothesis (∗), we can conclude from (+) and
(++) that

v2(σ′′(f)) = v1(f). 
�

6.2 p-Adically Closed Fields

The notion of p-adically closed fields was introduced in 1965 by Ax and Kochen
in connection with their “almost” solution of Artin’s Conjecture (see Sect. 6.1
and [3]). Among other accomplishments in [3], they showed that p-adically
closed fields are those fields that share all the ‘algebraic’ properties of the
field Qp of p-adic numbers, p a fixed rational prime; this was analogous to
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Artin and Schreier’s introduction in 1926 of the class of real closed fields,
which share all the ‘algebraic’ properties of R. Independently of Ax-Kochen,
also Y. Ershov (see [7]) introduced the p-adically closed fields in 1965. A more
general approach to p-adically closed fields can be found in [21].

In order to make precise what we mean by ‘algebraic’ properties, we would
have to introduce notions from Model Theory. Since, however, we want to keep
this book as self-contained as possible, we shall prove only the basic algebraic
theorems about p-adically closed fields. For the reader more advanced in model
theory it then will be clear that we have actually proved that every p-adically
closed field K is ‘elementarily equivalent’ to Qp. The basic theorem to be
shown below is the Embedding Theorem 6.2.3. It very much parallels the
basic Theorem 6.1.1 from the last section. As an application of 6.2.3 we shall
see, e.g., that for a fixed prime p and a fixed positive integer d, the field Qp

is C2(d) if and only if every p-adically closed field K is C2(d). Solvability of
systems of equations (including also valuation conditions) transfers from one
p-adically closed field to any other.

This transfer property in particular implies that the absolute Galois group
G(Ks/K) of a p-adically closed field is (as a profinite group) isomorphic to
that of the field Qp. Actually, also the converse can be shown: the p-adically
closed fields are exactly those fields having the same absolute Galois group
as Qp. For the long history of this impressing theorem we refer the reader to
[12].

Now, what is a p-adically closed field?
It is a henselian valued field (K, v) such that

(i) the residue class field K is the finite prime field Fp,
(ii) the value group v(K) is discrete2 with v(p) as minimal positive element

(hence charK = 0), and
(iii) to every m ≥ 2 and every a ∈ K× there exists ν such that 0 ≤ ν ≤ m− 1

and v(ap−ν) is divisible by m in v(K).

The last condition means that we can find b ∈ K× such that v(a) =
v(pν) +mv(b). Hence

a = epνbm ,

for some unit e ∈ O×
v . If the value group v(K) happens to be Z (with v(p) = 1),

then we may clearly take b = pl and ν = v(a)− lm, where we let

v(a) = lm+ ν

with l ∈ Z and 0 ≤ ν ≤ m− 1.
Examples of p-adically closed fields are

(a) the field Qp of p-adic numbers,

2 Not necessarily of rank one! Recall that by “discrete” we only mean that there
exists a minimal positive element.
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(b) the field Qa
p = Qp ∩ Q̃ of p-adic numbers algebraic over Q,

(c) the field of Puiseux series over the p-adic numbers Qp, and
(d) the ultrapower QN

p/F with F an ultrafilter on N.

Returning to the value group v(K) of a p-adically closed field, we see from
(ii) that Z ∼= v(p)Z is a convex subgroup of v(K), and from (iii) that the
(ordered) quotient

v(K)/Z

is divisible. In fact, given γ + Z ∈ v(K)/Z, we choose a ∈ K× with v(a) = γ.
Then for each m ≥ 2 we can find b ∈ K× and ν ∈ Z such that

γ − ν = v(ap−ν) = mv(b) .

We leave it as an easy exercise to check that the converse also holds, i.e., if
v(K) satisfies (ii) and v(K)/Z is divisible, then (iii) holds.

The next lemma is very useful for finding more examples, and for what we
are planning to prove.

Lemma 6.2.1. Let (K∗, v∗) be a p-adically closed field. For any subfield K
with induced valuation v, the following are equivalent:

(1) (K, v) is p-adically closed,
(2) K is relatively algebraically closed in K∗, and
(3) v(K) is pure in v∗(K∗) and (K, v) is henselian.

Proof. (3) ⇒ (2): Is clear by Theorem 4.1.10. In fact, assume that K had
a proper finite extension L inside K∗. Then by condition (3) and Theo-
rem 3.2.4 (1), this extension would be immediate. This, however, contradicts
Theorem 4.1.10, as v∗|K is finitely ramified.

(2) ⇒ (1): By (2), K is henselian, since K∗ is so. It remains to prove
condition (iii) of the definition of p-adically closed fields. Thus let a ∈ K× and
m ≥ 2 be given. As K∗ is p-adically closed, there is ν such that 0 ≤ ν ≤ m−1
and ap−ν has an m-divisible value in v∗(K∗). Hence

v∗(αm) = v(ap−ν) ,

for some α ∈ K∗. Thus β := αmpν/a has value zero in K∗. As v(p) = 1 is
minimal positive in v∗(K∗) and K∗ = Fp, we can “develop” β as

β = c0 + c1p+ · · ·+ c2sp
2s + 
 ,

with s ∈ N, ci ∈ {0, . . . , p − 1}, c0 	= 0, and v∗(
) ≥ 2s + 1. Let d :=
c0 + c1p + · · · + c2sp

2s. Then d ∈ K and v(d) = 0. From v∗(β − d) ≥ 2s + 1
we therefore get

v∗
(

1− β

d

)
≥ 2s+ 1 .

Now we apply Hensel’s Lemma (version (5) of Theorem 4.1.3) to the poly-
nomial
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f(X) = Xm − β

d

over the field K∗. If we choose s = v(m) and substitute 1 for X, we find

2v(f ′(1)) = 2v(m) = 2s < v

(
1− β

d

)
= v(f(1)) .

Thus there exists ε ∈ K∗ such that εm = β/d. Hence( ε
α

)m

=
pν

ad
∈ K .

By (2), this implies ε/α ∈ K. Thus

v(ap−ν) = v(adp−ν) = mv
(α
ε

)
∈ mv(K) .

(1) ⇒ (3): Let γ ∈ v∗(K∗), and assume mγ = δ ∈ v(K). Since (K, v) is
assumed to be p-adically closed, there exists ν such that 0 ≤ ν < m and

δ − ν = mε ,

for some ε ∈ v(K). Hence we have

ν = m(γ − ε) .
This is possible only for ν = 0, since 1 = v(p) is minimal positive also in
v∗(K∗). Thus we find δ = mε, and therefore γ = ε ∈ v(K). 
�

The value groups of p-adically closed fields are sometimes called Z-groups.
To be more precise, an ordered abelian group Γ is called a Z-group if Γ has a
minimal positive element 1, and the quotient group Γ/(1 ·Z) is divisible. The
subgroup 1 · Z generated by 1 clearly is convex in Γ . Thus the ordering of Γ
canonically induces an ordering on Γ/(1 ·Z). In the following we identify 1 ·Z
with Z.

Divisibility of Γ/Z just means that, given m ≥ 2, to every γ ∈ Γ there
exists ν ∈ Z such that

γ − ν = mδ

for some δ ∈ Γ . Clearly it suffices to choose ν from the set {0, 1, . . . ,m− 1}.
The next lemma is basic.

Lemma 6.2.2. Let ∆ be a subgroup of the Z-group Γ . Assume 1 ∈ ∆. Then
∆ is pure in Γ if and only if ∆ is a Z-group.

Proof. The proof of (1) ⇒ (3) in Lemma 6.2.1 shows that ∆ is pure in Γ in
case ∆ is a Z-group. Conversely, let ∆ be pure in Γ . Fixing m ≥ 2 and δ ∈ ∆,
we find ν ∈ Z and γ ∈ Γ such that

δ + ν = mγ .

Since ν ∈ ∆, also δ + ν ∈ ∆. Since ∆ is pure in Γ , this implies γ ∈ ∆. 
�
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We are now able to prove the

Embedding Theorem 6.2.3. Let (K, v, Γ ) and (Ki, vi, Γi) (i = 1, 2) be
p-adically closed fields. Assume that (K, v, Γ ) ⊆ (Ki, vi, Γi) for i = 1, 2. As-
sume, moreover, that

(i) K1 is countable, and
(ii) (K2, v2, Γ2) is an ultraproduct of p-adically closed fields, with respect to a

non-principal ultrafilter.

Then there exists an embedding 
 : Γ1 −→ Γ2 as ordered abelian groups with

|Γ = id, and there exists a value-preserving embedding σ : K1 −→ K2 (i.e.,
v2(σ(x)) = 
(v1(x)) for all x ∈ K1) with σ|K = id.

Proof. We first assume that we already have obtained the embedding 
 :
Γ1 −→ Γ2, and thus identify Γ1 with its image. Then we are in a simi-
lar position as in the proof of Theorem 6.1.1. Our K1 here is the field F ′

there, and the embedding σ : F −→ K2 there is the identity on K here. By
Lemma 6.2.1, v1(K) is pure in Γ1. As in the proof of 6.1.1 we then maximize
the embedding id : K −→ K2 to an embedding of K1 into K2. The arguments
are just the same. The most important reminder is that Theorem 4.1.10 also
holds for valued fields with v(p) minimal positive in the value groups.

Thus let us return to the embedding of Γ1 into Γ2 over Γ . All three groups
are Z-groups by assumption. Thus Γ is pure in Γ1. By Zorn’s Lemma there
exists a maximal order-preserving group-embedding

τ : ∆ −→ Γ2

of a pure subgroup∆ of Γ1 with τ |Γ = id. Assume that∆ 	= Γ2, say γ ∈ Γ2�∆.
Then the group ∆γ generated from ∆ and γ is a direct sum

∆γ = Zγ ⊕∆ .

We shall extend τ to ∆γ in an order-preserving way by the saturatedness of
Γ2.

What is needed is some η ∈ Γ2 such that

mγ + δ > 0 iff mη + τ(δ) > 0, (∗)

for all m ∈ Z and all δ ∈ ∆.
If we have such an η, it cannot be torsion over τ(∆). Thus sending γ to η

then yields an order-preserving group isomorphism

τγ : Zγ ⊕∆ −→ Zη ⊕ τ(∆) ⊆ Γ2 .

In order to be able to apply the saturation property of Remark A.7, we need
to realize finitely many conditions (∗) by some η ∈ Γ2, i.e., we have to find
some η such that
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miγ + δi > 0 iff miη + τ(δi) > 0 (∗∗)

for all i such that 1 ≤ i ≤ n. Passing to the divisible hull of ∆γ , the left hand
side of (∗∗) becomes

1
m′

1
δ′1, . . . ,

1
m′

s
δ′s < γ < 1

m′′
1
δ′′1 , . . . ,

1
m′′

r
δ′′r , (+)

for certain elements m′
i,m

′′
j ∈ N�{0} and δ′i, δ

′′
j ∈ ∆. It remains to find η ∈ Γ2

satisfying the corresponding conditions on the right hand side of (∗∗).
By our assumption, τ is order-preserving. Thus the “position” of the el-

ements δ′i and δ′′j does not change by applying τ . Therefore, assuming that
1

m′
s
δ′s is maximal on the left hand side of (+) (unless it is empty), and that

1
m′′

1
δ′′1 is minimal on the right hand side (unless it is empty), it follows that

1
m′

s

τ(δ′s) <
1
m′′

1

τ(δ′′1 ) ,

and it suffices to find η ∈ Γ2 between those two elements.
Let us assume that the left hand side of (+) is nonempty. Then we have

1
mδ < γ where we simply write m for m′

s and δ for δ′s. Since ∆ is a Z-group
by Lemma 6.2.2, there exists ν ∈ N such that δ = ν +mδ′ for some δ′ ∈ ∆.
Choose µ ∈ N such that ν

m < µ. Then we get

1
m
δ =

ν

m
+ δ′ < µ+ δ′ ≤ γ .

The last inequality holds, since otherwise we would have

ν

m
+ δ′ < γ < µ+ δ′

or, equivalently,
ν < m(γ − δ′) < mµ .

This, however, implies that m(γ − δ′) = t ∈ N, as Z is convex in ∆. Hence
mγ = mδ′ + t ∈ ∆, contradicting the purity of ∆ in Γ1.

Thus we obtained
1
m
δ < µ+ δ′ ≤ γ ,

and we may take η := µ+ τ(δ′) as realizing element on the right hand side of
(∗∗). Thus we have extended τ to ∆γ .

In order to get a contradiction to the maximality of τ , we still have to pass
to the relative divisible hull of ∆γ in Γ1, i.e., to

∆̂γ = { ε ∈ Γ1 | mε ∈ ∆γ for some m ∈ N } .
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Here we use the same method as in the proof of Theorem 6.1.1, case 2. By
the saturation of Γ2 it suffices (Remark A.7) to prove that τ extends to every
finitely generated subextension ∆′ of ∆̂γ/∆. Adding γ to ∆′ if necessary, we
have that ∆′/∆γ is finite. Thus ∆′ = Zγ′⊕∆ for some γ′ ∈ Γ2 (same exercise
as in the proof of Theorem 6.1.1, case 2). By what we just proved, τ extends
to an order-preserving embedding of ∆′ into Γ2. Thus by saturatedness τ
extends to ∆̂γ , contradicting the maximality of τ . Hence ∆ = Γ1 and we are
done. 
�

As an application of the Embedding Theorem we shall now prove that
the algebraic property C2(d) of a field carries over from one p-adically closed
field to any other. In particular, for each d ≥ 1, Qp is C2(d) if and only if all
p-adically closed fields are C2(d).

Theorem 6.2.4. Let (Ki, vi) (i = 1, 2) be p-adically closed fields, and let d
be a positive integer. Then K1 is C2(d) if and only if K2 is C2(d).

Proof. In Appendix A we choose S = N and F a non-principal ultrafilter on
N. We then consider the ultrapowers

K∗
i :=

∏
s∈S

K
(s)
i /F (i = 1, 2) ,

where all the factors are the same, i.e., K(s)
i = Ki. Then by Theorem A.4, K∗

i

is C2(d) if and only if Ki is C2(d). Indeed, since all factors are equal, the set{
s ∈ N

∣∣ K(s)
i is C2(d)

}
is either empty or equal to N. Moreover, the valued

fields (K∗
i , v

∗
i ) are p-adically closed (Theorem A.4). Thus we may replace the

valued fields (Ki, vi) by (K∗
i , v

∗
i ). What we gain by this is the ℵ1-saturatedness

of (K∗
i , v

∗
i ) (Theorem A.6). As in Sect. 6.1, we now assume that K∗

1 is not
C2(d), while K∗

2 is C2(d). This will then lead to a contradiction.
In order to be able to apply the Embedding Theorem, we look for a com-

mon p-adically closed subfield of K∗
1 and K∗

2 . This is obtained as follows.
First observe that Q is a common subfield. The valuations v∗1 and v∗2 coin-
cide on Q with the p-adic valuation vp. The relative algebraic closures Li

of Q in K∗
i are p-adically closed by Lemma 6.2.1. Clearly, the valuations v∗i

restricted to Li have value group Z. Hence each Li with this valuation is a
henselian immediate extension of (Q, vp). Thus the Li are henselizations of
(Q, vp) (Theorem 4.1.10), therefore are value-preserving isomorphic (Theorem
5.2.2). Identifying L1 with L2 and simply writing L for this field, we obtain
the following diagram of p-adically closed fields

K∗
1 K∗

2

L
�

�
��

�
�

��
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Now let h ∈ K∗
1 [X1, . . . , Xd2+1] be a homogeneous polynomial of degree d

that has no non-trivial zero in K∗
1 . Let c1, . . . , cN be the coefficients of h in

some fixed order. Next let K be the relative algebraic closure of L(c1, . . . , cN )
inK∗

1 . Clearly,K is countable, and by Lemma 6.2.1,K is also p-adically closed.
Thus by the Embedding Theorem we may embed K, in a value-preserving
way, into K∗

2 over L. Let us identify K with its image. Thus we have the new
situation

K∗
1 K∗

2

K
�

�
��

�
�

��

i.e. h is also a polynomial from K∗
2 [X1, . . . , Xd2+1]. By assumption, h has a

non-trivial zero in K∗
2 , say x1, . . . , xd2+1. Now we interchange the role of K∗

1

and K∗
2 , take the relative algebraic closure of K(x1, . . . , xd2+1) in K∗

2 , and find
an embedding σ of this field into K∗

1 over K. But then (σ(x1), . . . , σ(xd2+1))
would be a non-trivial zero of h in K∗

1 . This is the desired contradiction. 
�

6.3 A Local-Global Principle for Quadratic Forms

In this section we shall first prove a general local-global principle for quadratic
forms over arbitrary real fields and then specialize it to function fields over R.
In order to do so we begin with a brief introduction to quadratic forms and
the so-called “semiorderings”3.

Let K be a field with charK 	= 2. As usual we understand by a quadratic
form of dimension n over K a homogeneous polynomial∑

1≤i,j≤n

aijXiXj

with symmetric coefficients aij = aji from K. Two quadratic forms of dimen-
sion n are called isometric if one is obtained from the other by an invert-
ible homogeneous linear substitution. As one learns in linear algebra, every
quadratic form of dimension n over the field K is isometric to a diagonal
quadratic form


 =
n∑

i=1

aiX
2
i .

Such a form is usually abbreviated by 
 = 〈a1, . . . , an〉. If 
 represents 0 non-
trivially, i.e., 0 =

∑n
i=1 aix

2
i for some xi ∈ K, not all xi = 0, then 
 is called

isotropic in K. This notion is, of course, only interesting if 
 is regular, by

3 See also [19].
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what we mean that ai 	= 0 for all i ≤ n. By an (m-fold) multiple of 
 we mean
the quadratic form

m
 := 〈a1, . . . , an, a1, . . . , an, . . . , a1, . . . , an〉 ,

where each entry is repeated m times. 
 is called weakly isotropic if m
 is
isotropic for some m ≥ 1. This just means that

0 =
n∑

i=1

σiai

where each σi is a sum of m squares from K and at least one of these nm
squares is different from zero. This notion clearly is only interesting, if the
field K is real, i.e., if

∑m
j=1 x

2
j = 0 always implies that all xi are 0. These are

exactly the fields that admit at least one ordering (cf. [9], [15] and [20]). Thus
let us assume that

K is a real field in this section .

We are then going to present a general local-global principle, similar to the
classical Hasse-Minkowski Principle, saying that a quadratic form 
 over Q
is isotropic in Q if it is isotropic in all completions of Q with respect to
its absolute values, i.e., 
 should be isotropic in R and in all p-adic number
fields Qp. As we have seen that henselizations are a good substitution for
completions in case of higher rank valuations, the following theorem in fact
generalises the classical situation. It should be mentioned, however, that local-
global principles for true isotropy (instead of weak isotropy) do hold only in
very restricted situations, like e.g. for number fields or function fields in one
variable over R (see [20], Theorem 3.4.12). Thus weak isotropy is the best we
can hope for.

Theorem 6.3.1. (Local-Global Principle for Weak Isotropy 4). Let K be a real
field and 
 = 〈a1, . . . , an〉 a regular quadratic form over K. Then 
 is weakly
isotropic in K if and only if 
 is (weakly) isotropic in R for every embedding
of K into R and 
 is weakly isotropic in every henselization (Kh, vh) of (K, v)
where v is a non-trivial valuation on K with real residue class field K.

For the proof we need two preparatory lemmas. The first one connects weak
isotropy with so-called semiorderings. The second one connects semiorderings
with valuations. Thus let us start by introducing semiorderings.

A subset M of a field K is called a quadratic module of K if

(1) M +M ⊆M

(2) K2M ⊆M

(3) 1 ∈M and − 1 	∈M .

4 The principle is also known as the “Bröcker-Prestel Local-Global Principle”
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For instance, if we let M be the set ΣK2 of finite sums of squares from the
field K, we see at once that M is a quadratic module of K if and only if
−1 is not a sum of squares in K, or equivalently if K is real, i.e., admits an
ordering. Another more general example is obtained when we consider the set
of values of arbitrary multiples m
 of a quadratic form 
 = 〈1, a1, . . . , an〉
with a1, . . . , an ∈ K×, i.e., the set

M = {σ0 + σ1a1 + · · ·+ σnan | σ0, . . . , σn ∈ ΣK2} .

This set is a quadratic module if 
 is not weakly isotropic in K. In fact, if
−1 ∈M , we would then have −1 = σ0 + σ1a1 + · · ·+ σnan or equivalently

0 = (12 + σ0) + σ1a1 + · · ·+ σnan .

Hence 
 would be weakly isotropic.
A quadratic module S of K is called a semiordering of K, if S satisfies in

addition

(4) S ∪ −S = K

(5) S ∩ −S = {0} .

By Zorn’s Lemma every quadratic module M of K is contained in a max-
imal such module S. This maximal quadratic module S then has to be a
semiordering. Indeed, if there existed some a ∈ K such that neither a nor −a
belonged to S, the two sets

S + aΣK2 and S − aΣK2

both contain −1. Otherwise at least one of them would be a quadratic module,
properly containing S, which by the maximality of S is impossible. Thus we
find s1, s2 ∈ S and σ1, σ2 ∈ ΣK2 such that

−1 = s1 + aσ1 and − 1 = s2 − aσ2 .

From these two equations we get

0 = σ1(aσ2) + σ2(−aσ1) = σ1 + σ1s2 + σ2 + σ2s1 ,

and hence −σ1 = σ1s2 + σ2 + σ2s1 ∈ S. But then

−1 = σ−1
1 (−σ1) ∈ S ,

a contradiction. Note that we used here the elementary fact that the inverse
of a sum of squares is again a sum of squares. In fact, if σ1 = Σc2i then

σ−1
1 =

Σc2i
σ2

1

= Σ

(
ci
σ1

)2

.
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This proves axiom (4) for S. In order to show (5), assume that a 	= 0 and
a,−a ∈ S. Then also

−1 = a

(
a−1 − 1

2

)2

− a
(
a−1 + 1

2

)2

∈ S ,

a contradiction.
Adding up what we have shown so far, we get

Lemma 6.3.2. Let 
 = 〈1, a1, . . . , an〉 be a regular quadratic form over K.
Then 
 is weakly isotropic in K if and only if 
 is ‘indefinite’ with respect to
every semiordering S of K, i.e., −ai ∈ S for at least one i ≤ n.

Proof. If 
 is not weakly isotropic, then we just constructed a semiordering S
of K with a1, . . . an ∈ S.

Conversely, if 
 is weakly isotropic in K, there are σ0, . . . , σn ∈ ΣK2, not
all σi = 0, such that

0 = σ0 + a1σ1 + · · ·+ anσn .

If then all a1, . . . , an belonged to some semiordering S of K and say σn 	= 0,
we would get

−anσn = σ0 + · · ·+ an−1σn−1 ∈ S .
But then anσn ∈ S ∩ −S = {0}, a contradiction. 
�

This lemma already gives a criterion for weak isotropy of 
. It is, however,
not very informative as the totality of semiorderings of a field is in general
much bigger than the collection of orderings, and even this set is very difficult
to control.

As for orderings, we shall now see that semiorderings are intimately con-
nected with valuations. To draw the parallel to orderings, let us first define

a ≤S b iff b− a ∈ S
where S is a given semiordering of K. If it is clear to which semiordering we
refer, we shall drop the index S and simply write a ≤ b. From the properties of
S we see immediately that ≤ defines a linear order on K such that in addition
we have for all a, b, c ∈ K:

(i) a ≤ b =⇒ a+ c ≤ b+ c

(ii) 0 ≤ a =⇒ 0 ≤ ac2 .

Clearly every ordering as defined in Sect. 2.2.2 satisfies these conditions.
The stronger property

(ii∗) 0 ≤ a, b =⇒ 0 ≤ ab

satisfied by all orderings need not be true for semiorderings. We shall call a
linear order of K satisfying (i) and (ii) as well a semiordering, since the set
S = {x ∈ K | 0 ≤ x} then actually is a semiordering for our purpose.
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Lemma 6.3.3. Let ≤ be a semiordering on K. We then define

O(S) = {x ∈ K | n− x, n+ x ≥ 0 for some n ∈ N} .
(a) If O(S) = K, then ≤ is an archimedean ordering of K.
(b) If O(S) 	= K, then O(S) is a non-trivial valuation ring of K; its maximal

ideal is M(S) = {x ∈ K | 1
n
− x, 1

n
+ x ≥ 0 for all n ≥ 1}.

Proof. Before we can prove (a) and (b) we need to know more about how
to work with semiorderings. We shall prove a sequence of elementary claims.
First note that 0 < a implies 0 < aa−2 = a−1. Iterated use of this will show

0 < a < b =⇒ ba2 < ab2 . (6.3.1)

In fact, from 0 < b− a and 0 < a we get

0 <
1

1
b−a + 1

a

· b2 = ab2 − ba2 . (6.3.2)

From the conclusion of (6.3.2) we find

1
b

= ba2

(
1
ab

)2

< ab2
(

1
ab

)2

=
1
a
.

Thus we have proved

0 < a < b =⇒ 0 < b−1 < a−1 . (6.3.3)

Observing that n, n−1 ∈ ΣK2 for all natural numbers, we shall obtain

n < a < m =⇒ n2 < a2 < m2 . (6.3.4)

In fact, from a < m we obtain ma2 < am2 by (6.3.2), and thus a2 < am
(dividing by the sum of squares m). In addition, multiplying a < m by m
gives am < m2. Together this yields a2 < m2. Similarly we conclude n2 < a2

from n < a.
(a) As for orderings one concludes from O(S) = K that the rational num-

bers are dense in K with respect to ≤. What remains to be shown is (ii∗).
Thus let 0 ≤ a, b and assume that a < b. Setting x = b− a and y = b+ a,

we get 0 < x < y. Choose n,m ∈ N such that x < n
m < y. This then gives

mx < n < my .

Applying (6.3.4) yields m2x2 < n2 < m2y2, and thus in particular

x2 < y2 .

Hence (b− a)2 < (b+ a)2, which gives 0 ≤ 4ab. Therefore 0 ≤ ab.
(b) Clearly O(S) is closed under addition. By the equation
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ab =
(
a+ b

2

)2

− (a− b
2

)2

it suffices to show that O(S) is closed by squaring in order to find that O(S)
is closed under multiplication. Thus if x ∈ O(S), we have x,−x < n for some
n ∈ N. But then (6.3.4) implies x2 < n2. Hence x2 ∈ O(S). Now (6.3.3)
implies that O(S) is a valuation ring. Indeed, if 0 < x 	∈ O(S), then n < x,
and hence 0 < x−1 < 1

n for all n ≥ 1. Thus x ∈ M(S). Moreover, this gives
the desired description of the maximal ideal M(S) of O(S). 
�

We are now ready for the

Proof of Theorem 6.3.1. For the non-trivial implication of the theorem assume
that the regular quadratic form 
 = 〈1, a1, . . . , an〉 is not weakly isotropic
in K. Then by Lemma 6.3.2 there exists a semiordering S of K such that
a1, . . . , an ∈ S. Let ≤ be the linear order defined by S, i.e., a ≤ b iff b−a ∈ S.
We then distinguish three cases.
Case 1: ≤ is archimedean:

Then by Lemma 6.3.3 (a), (K,≤) is order isomorphic to a subfield of R
with the ordering induced from R. Thus 
 cannot be (weakly) isotropic in R,
contrary to the assumption of the theorem.
Case 2: The valuation ring O(S) defined in Lemma 6.3.3 is non-trivial and
has a rank 1 coarsening O:

We then first observe that the maximal ideal M of O is convex with
respect to ≤. Indeed, let 0 < x < y ∈ M with x ∈ K. Then by (6.3.3) above,
0 < y−1 < x−1. Since O(S) ⊆ O, we have M ⊆ M(S). Thus y−1 	∈ O(S),
and as O(S) is convex, x−1 	∈ O(S). Therefore 1 < x−1, and thus x2 < x < y.
Hence we get 1 < y

x2 .
On the other hand x 	∈ M would imply x−1 ∈ O. This together with

y ∈ M gives y
x2 ∈ M ⊆ M(S). The convexity of M(S) thus gives y

x2 < 1, a
contradiction.

Knowing thatM is convex gives us the possibility to push the semiordering
S down to the residue class field K = O/M: Let S′ = S ∩ O. We then
immediately see all properties of a semiordering to be true for S′, except
perhaps−1 ∈ S′. This however is impossible, because it would imply 1+s ∈M
for some s ∈ S. Now 1 ≤ 1 + s and the convexity of M imply 1 ∈ M, a
contradiction.

Let v be a rank 1 valuation with valuation ring O, and let (K̂, v̂) be
the completion of (K, v). By Theorem 1.3.1 the completion is a henselian
field. Thus by Corollary 4.1.5 and Corollary 5.2.3 the henselization (Kh, vh)
is contained in (K̂, v̂). Thus if we can show that there is a semiordering Ŝ on
K̂ with a1, . . . , an ∈ Ŝ, the form 
 cannot be weakly isotropic in Kh. This
then would contradict our assumption, since (K, v) also has a real residue
class field K. (Note that K carries the semiordering S′.)
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Let now Ŝ be the topological closure of S in K̂. In order to see that Ŝ is
a semiordering, the only non-obvious property is Ŝ ∩ −Ŝ = {0}. As we have
seen before Lemma 6.3.2, 0 	= a ∈ Ŝ ∩ −Ŝ would imply −1 ∈ Ŝ. But then
there exists a sequence an ∈ S such that limn→∞ an = −1. This, however, is
impossible, since as we saw above, 1 +M⊆ S and thus −1 +M⊆ −S. Thus
no an ∈ S can ever enter into −1 +M.
Case 3: The valuation ring O(S) has no rank 1 coarsening:

Then by Proposition 2.3.5 there is a neighbourhood system of 0 consisting
of the maximal ideals M of non-trivial valuation rings O, coarsening O(S).
Since a1, . . . , an 	= 0 we may choose O such that

a1, . . . , an ∈ O �M ,

i.e., they are all units in O. Thus the quadratic form


 = 〈1, a1, . . . , an〉
is a regular quadratic form over the residue class field K = O/M.

As already seen in case 2, S induces a semiordering S′ = S ∩ O onK. Thus
K is real and all a1, . . . , an lie in S′. Thus 
 cannot be weakly isotropic in K.
But then 
 cannot be weakly isotropic in the henselization Kh of (K,O). In
fact, assume that (taking a0 = 1)

0 =
n∑

i=0

ai

mi∑
j=1

x2
ij

with not all xij ∈ Kh being zero. Let then xi0j0 have minimal value in the
valuation corresponding to Oh. After dividing by x2

i0j0
we obtain

0 =
n∑

i=0

ai

mi∑
j=1

y2
ij

with yij ∈ Oh and yi0j0 = 1. From the fact that Kh = K and

0 =
n∑

i=0

ai

mi∑
j=1

y2
ij

we conclude that 
 is weakly isotropic in K, a contradiction. 
�
By the above local-global principle the weak isotropy of the quadratic form


 = 〈1, a1, . . . , an〉 in K was reduced to the weak isotropy on henselian fields.
The advantage of this reduction is that weak isotropy over a henselian valued
field (K, v) can be checked in the residue class field K of (K, v). Such residue
class fields are in general much simpler than the field K itself. For instance
the residue class field of the p-adic number field Qp is the finite field Fp. In
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order to be more precise let us introduce the so-called “residue class forms”
of a regular quadratic form 
 = 〈a0, a1, . . . , an〉 over K.

Let v : K � Γ ∪ {∞} be a non-trivial valuation of K. We first choose
elements ci (1 ≤ i ≤ s) such that the values v(ci) yield a set of representatives
of the subset

{v(aν) + 2Γ | 0 ≤ ν ≤ n}
of Γ/2Γ . As a representative of 0 + 2Γ we always choose 1. We then group
the elements aν (0 ≤ ν ≤ n) into blocks aij (1 ≤ i ≤ s, 1 ≤ j ≤ ri) such that
for fixed i and all j

v(aij) ≡ v(ci) mod 2Γ .

Next we choose elements bij ∈ K× such that

aijc
−1
i b2ij =: uij

is a unit in (K, v), i.e., v(uij) = 0. Finally we see that the quadratic form

 = 〈a0, . . . , an〉 is isometric to the orthogonal sum

c1

(1)⊥ . . .⊥cs
(s)

with 
(i) = 〈ui1, . . . , uiri
〉. The regular quadratic forms


(i) := 〈ui1, . . . , uiri
〉

overK are called the residue forms of 
. Note that these forms are not uniquely
determined, as the element bij can only be chosen up to a unit. Thus uij is
determined only up to a unit square inK×. Concerning isotropy, this, however,
is irrelevant. The form corresponding to c = 1 is called the first residue form
of 
.

Lemma 6.3.4. Let (K, v) be a henselian field with non-trivial valuation v and
charK 	= 2. Then 
 is isotropic in K if and only if at least one of the residue
forms of 
 is isotropic in K.

If K is real, the same holds for weak isotropy.

Proof. Assume first that 
 is isotropic. Thus there exist xij ∈ K, not all zero,
such that

s∑
i=1

ci

ri∑
j=1

uijx
2
ij = 0 .

One of the terms ciuijx
2
ij has minimal value in (K, v), say c1u11x

2
11. We then

divide by c1x2
11, and obtain

r1∑
i=1

uij

( xij

x11

)2

+
s∑

i=2

ri∑
j=1

ci
c1
uij

( xij

x11

)2

= 0 .

Passing to the residue class field, gives
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r1∑
j=1

u1j

( xij

x11

)2

= 0 ,

as the terms in
∑s

i=2 . . . all have positive values. Thus we have shown that
the residue class form 
(1) is isotropic in K.

Conversely, let some residue class form 
(i) of 
 be isotropic in K, say 
(1).
Thus we get

r1∑
j=1

u1jz
2
1j = 0

for some z1j ∈ Ov, not all lying in Mv. Say z11 ∈ O×
v . Hence the quadratic

polynomial

f(Z) = u11Z
2 +

r1∑
j=2

u1jz
2
1j

has a simple zero in K (note that charK 	= 2). Thus by Hensel’s Lemma 4.1.3
(4), we find z ∈ K× such that

0 = f(z) = u11z
2 +

r1∑
j=2

u1jz
2
1j .

This clearly implies that 
 is isotropic.
Concerning weak isotropy, we just deal with a suitable multiple m
 of 


and apply what we just proved. In order that a sum of squares only vanishes
in K if all squares are zero, we need, however, the stronger assumption that
K should be real. 
�

Let us now consider the case of a function field F over R, i.e., F is finitely
generated over R. In this case every valuation v of F having a real residue class
field must be trivial on R by Corollary 2.2.6. Thus the Dimension Inequality
3.4.3 applies. Hence the transcendence degree over R of the residue class field
F must be strictly smaller than that of F . Hence the Local-Global Principle
6.3.1 together with Lemma 6.3.4 reduces the problem of weak isotropy in F to
fields of smaller transcendence degree over R. It should be observed, however,
that F need no longer be a function field over R, i.e., in general we cannot
guarantee that F is finitely generated over R, even if F/R was. In case we
have equality in the Dimension Inequality (3.4.2), i.e.,

tr.deg(F/R) + rr(v(F )) = tr.deg(F/R) ,

we know from Theorem 3.4.3 that v(F ) is a finitely generated Z-module and
F/R is finitely generated.

In any case we can conclude from Corollary 3.4.6 that the valuation ring
Ov admits a rank 1 coarsening O. With this last information we can prove
another version of the local-global principle above, which parallels even more
the classical one from Hasse-Minkowski for number fields.
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Theorem 6.3.5. Let K/R be a proper field extension of finite transcendence
degree, and let 
 = 〈1, a1, . . . , an〉 be a regular quadratic form over K. Then 

is weakly isotropic in K if and only if 
 is weakly isotropic in the completion
of K with respect to any non-archimedean absolute value of K.

Proof. Let us check the conditions of Theorem 6.3.1. Since K/R is proper, K
contains transcendental elements over R. Thus every ordering of K has to be
non-archimedean, or in other words, an embedding of K into R is impossible.
Thus it remains to show that 
 is weakly isotropic in the henselization Kh of
every valuation ring O of K that has a real residue class field. As remarked
above, there exists a rank 1 valuation v ofK such thatO ⊆ Ov. By assumption

 is weakly isotropic in the completion (K̂, v̂) of (K, v), say

0 =
∑

i

ai

∑
j

x2
ij (a0 = 1)

with xij ∈ K̂, not all zero. Assume that ai0xi0j0 has minimal value in (K̂, v̂).
Dividing by this term gives the equation

0 = 1 +
∑

(i,j)�=(i0,j0)

ai

ai0

y2
ij , with yij =

xij

xi0j0

.

As K is dense in K̂, we may replace yij ∈ K̂ by some zij ∈ K which are
so close to yij that

1 + b with b =
∑

(i,j)�=(i0,j0)

ai

ai0

z2
ij

lies in the maximal ideal of Ov̂. Hence the polynomial f(Z) = Z2 + b has a
simple zero in the residue class field of Ov̂ which actually is K.

By Corollary 4.1.5 and Corollary 5.2.3 the henselization Kh of (K, v) is
contained in K̂ and also has residue class field K. Thus f has a zero z ∈ Kh.
This gives 0 = z2 + b and thus

0 = ai0z
2 +

∑
(i,j)�=(i0,j0)

aiz
2
ij ,

showing that 
 is weakly isotropic in Kh. By showing now that the henseliza-
tion of (K,O) contains Kh, we shall finish the proof.

Let us extend O and Ov in such a way to Ks that Os is contained in Os
v

(see Lemma 3.1.5), and denote by Z and Zv the decomposition groups of O
and Ov, respectively. By Galois theory it suffices to show that Z ⊆ Zv. Let
σ ∈ Z. As σ(Os) = Os, we get vs(x) = vs(σ(x)) for all x ∈ Ks (cf. Proposition
3.2.16). Thus σ fixes all prime ideals of Os (as they are determined by their
values, according to Lemma 2.3.1). Since Os

v is a localization of Os with
respect to some prime ideal of Os, also the ring Os

v remains fixed by σ, i.e.,
σ ∈ Zv. 
�



A

Ultraproducts of Valued Fields

In this appendix we shall present a very useful but less known general con-
struction in algebra – the ultraproduct of given algebraic structures. This
method allows to form a kind of ‘product’

A∗ =
∏
s∈S

A(s)/F

of given structures (all of the same type) indexed by elements s from an infinite
set S, ‘modulo’ an ultrafilter F on the collection of all subsets of S. The main
properties of such a product are:

(I) an ‘algebraic’ statement P holds in A∗ if and only if it holds in F-many
factors, i.e., if the set { s ∈ S | P holds in A(s) } belongs to F ;

(II) given a countable sequence of ‘definable’ subsets Mi (i ∈ N) of A∗;
then the intersection

⋂
i∈NMi is non-empty if every finite subsequence

Mi1 , . . . ,Mim
has a non-empty intersection (ℵ1-saturatedness).

The precise meaning of ‘algebraic’ and ‘definable’ actually depends on the
type of structures we consider.

The notion of ultraproduct was first introduced in Model Theory. There
the meaning of ‘structures’, ‘type’, ‘algebraic’ and ‘definable’ gets a general
definition in the framework of first-order logic. Since we shall need only special
cases in our applications, we shall avoid these general notions and, instead,
concentrate on the cases that interest us. Here we are working with valued
fields. Thus it is not surprising that the structures of interest are

• fields
• ordered abelian groups
• valued fields.

In the following we introduce ultraproducts of valued fields. By restriction,
it will then be clear to the reader how to introduce ultraproducts of fields and
ordered abelian groups.
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In this section we understand by a valued field a triple

(K, v, Γ ) ,

where K is a field, Γ an ordered abelian group, and v : K −→→ Γ ∪ {∞} is a
valuation.

Let S be an infinite set of indices (e.g., S = N or S = P = the set of all
prime numbers). Assume that for any s ∈ S we are given a valued field(

K(s), v(s), Γ (s)
)
.

We then consider the direct products

K =
∏
s∈S

K(s) and Γ ′ =
∏
s∈S

(
Γ (s) ∪ {∞(s)

})
,

with operations defined componentwise on sequences(
a(s)

)
s∈S

∈ K and
(
γ(s)

)
s∈S

∈ Γ ′ ,

respectively. We also consider the map v : K −→ Γ ′ defined by

v
((
a(s)

)
s∈S

)
:=

(
v(s)

(
a(s)

))
s∈S

.

Clearly K is a commutative ring, but no field. We shall, however, obtain a field
once we identify certain sequences

(
a(s)

)
s∈S

and
(
b(s)

)
s∈S

from K. Actually
we shall introduce an equivalence relation on K and “divide” through this
relation. The equivalence classes then will form a field. In order to do so, we
first need to introduce the notion of an ultrafilter on S.

A filter F on S is a system of subsets of S satisfying

(F1) ∅ 	∈ F , S ∈ F
(F2) U ∈ F , V ∈ F =⇒ U ∩ V ∈ F
(F3) U ∈ F , U ⊆ V ⊆ S =⇒ V ∈ F .

A filter F is called an ultrafilter if it satisfies in addition

(F4) U ⊆ S, U 	∈ F =⇒ S � U ∈ F .

There are two important examples for a filter on S:

(1) Fa = {U ⊆ S | a ∈ U }, a ∈ S fixed
(2) Fcf = {U ⊆ S | S � U is finite } .

The filter Fa above is actually an ultrafilter; it is called a principal ultra-
filter. One easily sees that an ultrafilter F containing Fcf, the filter of cofinite
sets, cannot be principal; conversely, an ultrafilter containing a finite subset
of S is principal. We shall be mainly interested in non-principal ultrafilters.

By Zorn’s Lemma, every filter may be extended to a maximal one (with
respect to inclusion).
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Lemma A.1. Every maximal filter F on S is an ultrafilter. If F is a maximal
filter containing Fcf, then F is a non-principal ultrafilter.

Proof. Let F be a maximal filter on S, and assume that U ⊆ S is not a
member of F . What we will then do is to construct a new filter F ′ containing
F ∪ {U ′}, where U ′ = S � U . Since F by assumption is maximal, it follows
that U ′ ∈ F ′ = F .

In order to construct the extension filter F ′, consider first the set

U = F ∪ {U ′ ∩ V | V ∈ F } .

This set satisfies (F1) and (F2), and contains U ′. What is missing is (F3).
Thus we simply add all bigger sets, i.e., we define

F ′ = {W ⊆ S | V ⊆W for some V ∈ U } .

Clearly, F ′ is a filter. 
�
Let us note two easy consequences of the ultrafilter axioms:

(F5) U 	∈ F iff S � U ∈ F
(F6) U1 ∪ · · · ∪ Un ∈ F =⇒ Ui ∈ F for some 1 ≤ i ≤ n .

Let us also note an important corollary to the proof of Lemma A.1.

Corollary A.2. To every infinite subset U ′ of S there exists a non-principal
ultrafilter F on S such that U ′ ∈ F .

Proof. As above let Fcf be the filter of cofinite subsets of S. If U ′ 	∈ Fcf, then
we pass to the filter F ′ of the last proof and take a maximal extension F of
F ′. By Lemma A.1, F is an ultrafilter containing Fcf ∪ {U ′}. 
�

Let us return to the ultraproduct of the valued fields

(K(s), v(s), Γ (s)) (s ∈ S)

with respect to a fixed ultrafilter F on S. At a later stage we shall also require
that F be non-principal.

We define a binary relation ∼ on the product K as follows: for two se-
quences

(
a(s)

)
s∈S

and
(
b(s)

)
s∈S

from the fields K(s), we declare that(
a(s))s∈S ∼ (b(s))s∈S iff

{
s | a(s) = b(s)

} ∈ F .

We also define the relation ∼ on the product Γ ′ in an analogous way. The
relation ∼ (whether the one on K or the one on Γ ′) is actually an equivalence
relation. Transitivity of this relation is obtained as follows: if also

(
b(s)

)
s∈S

∼(
c(s)

)
s∈S

, then
{
s
∣∣ b(s) = c(s)

} ∈ F . But then by (F2) and (F3), and
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s
∣∣ a(s) = b(s)

} ∩ {
s
∣∣ b(s) = c(s)

} ⊆ {
s
∣∣ a(s) = c(s)

}
,

we find
(
a(s)

)
s∈S

∼ (
c(s)

)
s∈S

. Many of the proofs below use the same scheme
of arguments. Therefore we shall sometimes not be as explicit as we were here.

In order to ease notations let us write from now on
(
a(s)

)
for a sequence(

a(s)
)
s∈S

. By
[(
a(s)

)]
we denote the equivalence class of the sequence

(
a(s)

)
.

Hence [(
a(s)

)]
=

[(
b(s)

)]
iff

(
a(s)

) ∼ (
b(s)

)
.

On the set of equivalence classes of K we define the field operations by
referring to representatives; e.g.,[(

a(s)
)]

+
[(
b(s)

)]
:=

[(
a(s) + b(s)

)]
.

As above, (F2) and (F3) imply that these definitions do not depend on the
choice of the representatives from the equivalence classes. With these opera-
tions the set

K∗ =
{ [(

a(s)
)] ∣∣ (a(s)

) ∈ K }
inherits from K the properties of a commutative ring.

Similarly we proceed with Γ ′ =
∏

s∈S

(
Γ (s) ∪ {∞(s)

})
, and obtain that{ [(

γ(s)
)] ∣∣ (γ(s)

) ∈ Γ ′ } = Γ ∗ ∪ {∞∗} , (∗)

with Γ ∗ =
{[(

γ(s)
)] ∣∣ (

γ(s)
) ∈ ∏

s∈S Γ
(s)

}
and ∞∗ =

[(∞(s)
)]

. Here Γ ∗

inherits from
∏

s∈S Γ
(s) the properties of an abelian group.

In order to see (∗), one should observe that for an arbitrary sequence
(
γ(s)

)
from Γ ′, we have{

s
∣∣ γ(s) ∈ Γ (s)

} ∪ {
s
∣∣ γ(s) = ∞(s)

}
= S ,

and the union is disjoint. Thus by (F6) we have that either
[(
γ(s)

)] ∈ Γ ∗, or[(
γ(s)

)]
=∞∗. This is the first time that we use the assumption that F is an

ultrafilter.
We still need an ordering on Γ ∗ ∪ {∞∗}. This is obtained by defining[(

γ(s)
)] ≤ [(

δ(s)
)]

iff
{
s
∣∣ γ(s) ≤ δ(s)

} ∈ F .

Again it is easy to check that this definition is independent of the choice of
representatives. Clearly ≤ is a partial ordering, i.e.,

γ ≤ γ

γ ≤ δ, δ ≤ γ =⇒ γ = δ

γ ≤ δ, δ ≤ ε =⇒ γ ≤ ε ,

for all γ, δ, ε ∈ Γ ∗ ∪ {∞∗}. Moreover, we have

γ ≤ δ =⇒ γ + ε ≤ δ + ε .

In order to see that this ordering is total we shall need again (F4).
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Lemma A.3. Let F be an ultrafilter on S. Then we get

(i) K∗ is a field, i.e., to every a∗ ∈ K∗ � {0} there exists b∗ ∈ K∗ such that
a∗b∗ = 1∗.

(ii) ≤ is a total ordering on Γ ∗ ∪ {∞∗}, i.e., γ∗ ≤ δ∗ or δ∗ ≤ γ∗ for all
γ∗, δ∗ ∈ Γ ∗ ∪ {∞∗}. In particular, (Γ ∗,≤) is an ordered abelian group.

By 1∗ we mean the equivalence class of the constant sequence (1)s∈S .
Similarly, 0∗ = [(0)s∈S ].

Proof. (i) Let a∗ = [(a(s))] 	= 0∗. Then
{
s
∣∣ a(s) = 0

}
is not in F . Hence by

(F5), we get
{
s
∣∣ a(s) 	= 0

} ∈ F . If we define the sequence (b(s)) by

b(s) =

{
1/a(s) if a(s) 	= 0
0 otherwise ,

we see that {
s
∣∣ a(s)b(s) = 1

}
=

{
s
∣∣ a(s) 	= 0

} ∈ F .

Hence
[(
a(s)

)][(
b(s)

)]
= 1∗.

(ii) Since Γ (s) ∪ {∞(s)} is totally ordered for each s ∈ S, we get{
s
∣∣ γ(s) ≤ δ(s)

} ∪ {
s
∣∣ δ(s) ≤ γ(s)

}
= S ∈ F .

Thus by (F6), at least one of those sets is in F . Hence γ∗ ≤ δ∗ or δ∗ ≤ γ∗. 
�
Finally, it is easy to see that the map v∗ : K∗ −→ Γ ∗ ∪ {∞∗} defined by

v∗([(a(s))]) = [(v(s)(a(s)))]

is actually well-defined and yields a valuation on K∗ with values in Γ ∗∪{∞∗}.
As an example, let us check the third axiom:

v∗(a∗) ≤ v∗(b∗) =⇒ v∗(a∗ + b∗) ≥ v∗(a∗) .

Indeed, from the assumption we get that the set
{
s
∣∣ v(s)

(
a(s)

) ≤ v(s)
(
b(s)

) }
belongs to F . Hence also the possibly bigger set{

s
∣∣ v(s)

(
a(s) + b(s)

) ≥ v(s)
(
a(s)

) }
belongs to F , showing that v∗(a∗ + b∗) ≥ v∗(a∗). Thus we end up with our
valued field

(K∗, v∗, Γ ∗) .

This field is called the ultraproduct of the valued fields
(
K(s), v(s), Γ (s)

)
(s ∈

S). The value group Γ ∗ is clearly the ultraproduct of the value groups Γ (s)

(s ∈ S). In order to indicate that K∗ and Γ ∗ are products of fields and groups,
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respectively, “modulo” the equivalence relation ∼ corresponding to F , we also
write

K∗ =
∏
s∈S

K(s)
/F and Γ ∗ =

∏
s∈S

Γ (s)
/F .

Next we show that the ultraproduct
∏

s∈S K
(s)/F of the residue class

fields is actually the residue class field of the ultraproduct K∗. Recall that the
valuation ring corresponding to v∗ is given by

O∗ = { a∗ ∈ K∗ | v∗(a∗) ≥ 0∗ } .
Let us define the map

: O∗ −→
∏
s∈S

K(s)
/F

by a∗ :=
[(
a(s)

)]
. Clearly, this map is well-defined,1 and is a homomorphism

from the ring O∗ to the field
∏

s∈S K
(s)

/F . Its kernel consists of those equiv-
alence classes

[(
a(s)

)]
for which

{
s

∣∣ a(s) = 0 } ∈ F ; i.e., it consists of the
maximal ideal M∗ of O∗. Hence the residue class field K

∗
of (K∗, v∗, Γ ∗) is

the ultraproduct
∏

s∈S K
(s)

/F .
We now come to property (I) of the beginning of the section. As already

mentioned above, we shall not try to define what is meant by an ‘algebraic’
property. Instead we just prove (I) for those properties used in Sects. 6.1 and
6.2.

Theorem A.4. Let (K∗, v∗, Γ ∗) be the ultraproduct defined above. Then

(i) charK∗ = p iff
{
s
∣∣ charK(s) = p

} ∈ F (with p ∈ P fixed);
similarly for K∗;

(ii) K∗ is C2(d) iff
{
s
∣∣ K(s) is C2(d)

} ∈ F ;
(iii) K∗ is not C2(d) iff

{
s
∣∣ K(s) is not C2(d)

} ∈ F ;
(iv) if all K(s) are henselian, then so is K∗;
(v) if all K(s) are p-adically closed, then so is K∗ (with p ∈ P fixed).

Proof. (i) follows at once from the equivalence

1∗ + · · ·+ 1∗︸ ︷︷ ︸
p times

= 0∗ iff
{
s
∣∣ 1 + · · ·+ 1︸ ︷︷ ︸

p times

= 0 in K(s)
} ∈ F .

(ii): We first assume that
{
s
∣∣ K(s) is C2(d)

} ∈ F , and show that K∗ is
also C2(d). Thus let m = d2 + 1 and h ∈ K∗[X1, . . . , Xm] be homogeneous
of degree d. Let c∗1, . . . , c

∗
N be the coefficients of h (in some order). Fixing

1 If the sequence
(
a(s)

)
represents a∗ ∈ O∗, then the set A =

{
s
∣∣ v∗(a(s)

) ≥ 0
}

belongs to F . Thus only for s ∈ A is the residue class a(s) defined. This, however,
creates no problem, as we may simply replace a(s) by 0 for s /∈ A, and thus obtain
another sequence also representing a∗.
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a representing sequence
(
c
(s)
i

)
for each c∗i and replacing the coefficients c∗i

in h by c
(s)
i , we obtain for each s ∈ S a homogeneous polynomial h(s) ∈

K(s)[X1, . . . , Xm]. The set A =
{
s

∣∣ h(s) has a non-trivial zero in K(s)
}

contains the set
{
s
∣∣ K(s) is C2(d)

}
, and hence belongs to F . For each s ∈ A

we choose a non-trivial zero
(
a
(s)
1 , . . . , a

(s)
m

) ∈ (
K(s)

)m of h(s), and define
the equivalence classes a∗i :=

[(
a
(s)
i

)]
, for 1 ≤ i ≤ m (cf. footnote 1). Then

(a∗1, . . . , a
∗
m) is a non-trivial zero of h. In fact,{

s
∣∣ h(s)

(
a
(s)
1 , . . . , a(s)

m

)
= 0

} ∈ F
shows that (a∗1, . . . , a

∗
m) is a zero of h. It remains to see that at least one a∗i

is different from 0. This, however, follows from{
s
∣∣ a(s)

1 	= 0
} ∪ · · · ∪ {

s
∣∣ a(s)

m 	= 0
} ⊇ A

and (F6).
Next, we assume that

{
s

∣∣ K(s) is C2(d)
}

is not in F . Then by (F5),
B =

{
s

∣∣ K(s) is not C2(d)
} ∈ F . We consider the general homogeneous

polynomial hm,d of degree d in the variables X1, . . . , Xm (recall m = d2 + 1),
with general coefficients C1, . . . , CN (in some fixed order). For every s ∈ B

we choose a set of coefficients c(s)1 , . . . , c
(s)
N ∈ K(s) such that the homogeneous

polynomial
h(s) = hm,d

(
c
(s)
1 , . . . , c

(s)
N ;X1, . . . , Xm

)
has only the trivial zero in K(s).

Now we form the equivalence classes c∗i =
[(
c
(s)
i

)]
for 1 ≤ i ≤ N (cf.

footnote 1), and define

h = hm,d(c∗1, . . . , c
∗
N ;X1, . . . , Xm) .

This homogeneous polynomial overK∗ is of degree d and has no non-trivial
zero in K∗. Indeed, since{

s
∣∣ c(s)1 	= 0

} ∪ · · · ∪ {
s
∣∣ c(s)N 	= 0

} ⊇ B ,

it follows from (F6) that at least one c∗i is non-zero. Thus h has degree d.
Assume that a∗1, . . . , a

∗
m ∈ K∗ is a non-trivial zero of h, i.e., h(a∗1, . . . , a

∗
m) = 0∗

and a∗1 	= 0∗ or . . . or a∗m 	= 0∗. From this it follows that

C =
{
s
∣∣ h(s)

(
a
(s)
1 , . . . , a(s)

m

)
= 0

}∩({ s ∣∣ a(s)
1 	= 0

}∪· · ·∪{ s ∣∣ a(s)
m 	= 0

}) ∈ F .

Then also C ∩ B ∈ F . Hence C ∩ B 	= ∅, which contradicts the choice of the
h(s) for s ∈ B.

(iii) follows from (ii) by (F5).
(iv): Let

(
K(s), v(s), Γ (s)

)
be henselian. In order to show that (K∗, v∗, Γ ∗)

is henselian, we use (7) of Theorem 4.1.3. Thus let
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f(X) = Xn+1 +Xn + c∗n−1X
n−1 + · · ·+ c∗0 ,

with c∗i =
[(
c
(s)
i

)] ∈ K∗ and v∗(c∗i ) > 0∗. We want to find a zero a∗ ∈ K∗ of
f . By our assumption

A =
{
s
∣∣ v(s)

(
c
(s)
0

)
> 0

} ∩ · · · ∩ {
s
∣∣ v(s)

(
c
(s)
n−1

)
> 0

} ∈ F .

By Theorem 4.1.3, for every s ∈ A there exists a zero b(s) ∈ K(s) of

f (s)(X) = Xn+1 +Xn + c
(s)
n−1X

n−1 + · · ·+ c
(s)
0 .

Defining

a(s) =

{
b(s) if s ∈ A
0 otherwise,

it follows that
A ⊆ {

s
∣∣ f (s)

(
a(s)

)
= 0

}
.

Thus the latter set belongs to F too, proving that f(a∗) = 0∗.
(v): By (iv),K∗ is henselian. Let p∗ be the equivalence class of the constant

sequence (p)s∈S . Then clearly 1∗ + · · ·+ 1∗︸ ︷︷ ︸
p times

= p∗, and v∗(p∗) > 0 since

{
s
∣∣ v(s)(p) > 0

}
= S ∈ F .

Next we show that v∗(p∗) is minimal positive in Γ ∗, and that to every m ≥ 2
and every a∗ ∈ K∗ there exists a ν such that 0 ≤ ν < m and

v∗(a∗(p∗)−ν) = mv∗(b∗) ,

for some b∗ ∈ K∗. Assume that γ∗ =
[(
γ(s)

)] ∈ Γ ∗ is positive; i.e.,
{
s
∣∣ γ(s) >

0
} ∈ F . Then from{

s
∣∣ γ(s) > 0

}
=

{
s
∣∣ γ(s) ≥ v(s)(p)

}
we find γ∗ ≥ v∗(p∗).

Next let a∗ =
[(
a(s)

)] ∈ K∗ � {0}, and fix m ≥ 2. Then

{
s
∣∣ v(s)

(
a(s)p−0

) ∈ mΓ (s)
} ∪ · · · ∪ {

s
∣∣ v(s)

(
a(s)p−(m−1)

) ∈ mΓ (s)
}

=
{
s
∣∣ a(s) 	= 0

} ∈ F .
By (F6) we see that one of these sets belongs to F , say

B =
{
s
∣∣ v(s)

(
a(s)p−ν

) ∈ mΓ (s)
} ∈ F .

If we choose
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b(s) =

{
some c(s) with v(s)

(
a(s)p−ν

)
= mv(s)

(
c(s)

)
0 otherwise,

it follows that B ⊆ {
s
∣∣ v(s)

(
a(s)p−ν

)
= mv(s)

(
b(s)

) }
. Hence

v∗(a∗p−ν) = mv∗(b∗) .

It remains to prove that the residue class field ofK∗ is Fp. Thus let a∗ ∈ K∗

have value v∗(a∗) ≥ 0, and let a∗ be represented by the sequence
(
a(s)

)
. Then

A =
{
s
∣∣ v(s)(a(s)) ≥ 0

} ∈ F . As all fields K(s) are supposed to be p-adically
closed, we get

A =
{
s
∣∣ v(s)

(
a(s) − 0

)
> 0 } ∪ · · · ∪ {

s
∣∣ v(s)

(
a(s) − (p− 1)

)
> 0

}
.

Hence by (F6),
{
s
∣∣ v(s)

(
a(s) − i

)
> 0

} ∈ F , for some i ∈ {0, 1, . . . , p − 1}.
Therefore v∗(a∗ − i) > 0. This finishes the proof. 
�

The reader may wonder why we did not prove equivalences in (iv) and
(v) above, and why we did not include charK∗ = 0 in (i). In particular, he
may wonder whether these properties are not ‘algebraic’. And the reader is
actually right. Let us try to explain this.

The class of statements P for which (I) (p. 173) holds is quite narrow.
It very much depends on the structures under consideration. The algebraic
properties that work can be expressed by a single formula in a formal lan-
guage suitably chosen for the given structures. For example, “charK = p” is
such a property. Also “charK 	= p” works. Many other properties that every
algebraist would immediately accept as an ‘algebraic’ property cannot be ex-
pressed by a single formula, but perhaps by infinitely many. Such a property is
“charK = 0”. In fact, this can be expressed by an infinite collection of formu-
las, namely by “charK 	= p,” for all p ∈ P. For such an infinite collection, (I)
need not hold any longer. Other instances for such collections are “henselian”
and “p-adically closed”.

Returning to “charK = 0”, we actually have the following

Corollary A.5. If F is a non-principal ultrafilter on S = P, then the ultra-
product

F ∗ =
∏
p∈P

Fp

/F
has characteristic zero.

Proof. For a fixed prime q, the set { p | char Fp = q } contains just one element.
Hence it does not belong to F . Therefore (F5) and (i) of Theorem A.4 imply
charF ∗ 	= q for all primes q. Thus charF ∗ = 0. 
�

The reader should note that in Corollary A.5, we restricted for the first
time to a non-principal ultrafilter F on S. As we shall soon see, these filters
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are responsible for the intersection property (II) mentioned at the beginning
of this section.

Just as we did not give the most general version of (I), so also we shall not
give the most general version for (II). We shall use only those ‘definable’ sets
we need for the applications in Sects. 6.1 and 6.2. Moreover, it turns out that
for our purpose it will be more convenient to work with ‘definable’ relations
between countably many objects. Before giving the precise definitions, let
us look at the application in Theorem 6.1.1, Case 2. There we considered
an ultraproduct (K2, v2, Γ2) with respect to a non-principal ultrafilter. We
already had a value-preserving embedding σ′′ of a countable field M into
K2. (Recall that M was contained in the valued field (K1, v1, Γ1) having the
same value group as (K2, v2, Γ2).) Moreover, we were given another countable
subextension M∗ of K2/M , and we wanted to extend σ′′ to a value-preserving
embedding of M∗ into K2. We had already proved that σ′′ is extendible to
every finitely generated subextension of M∗/M in a value-preserving way.
Since these extensions may in general be incompatible, we have to look for
a way to paste them together. This can be done by the ℵ1-saturatedness of
(K2, v2, Γ2), as proved in Theorem A.6 below.

Now what do we want? We want to assign to each element a of M∗ an
image y(a) in K2 in such a way that we obtain a value-preserving embedding
that coincides on M with σ′′. Thus the element y(a) is not yet determined.
Therefore we treat it as an “indeterminate” corresponding to a. Since M∗ is
countable, we may choose an injective enumeration aν (ν ∈ N) of M∗.

Thus we have countably many indeterminates Yν , one for each aν ∈ M∗.
Moreover, let

γν = v1(aν) ∈ Γ1 = Γ2 .

The basic “relations” we want to be respected are now chosen so that possible
realizations yν of Yν in K2 yield, via the assignment

aν
τ�−→ yν ,

a value-preserving extension of σ′′. These relations are

(1) Yν + Yµ = Yλ if aν + aµ = aλ,
(2) Yν · Yµ = Yλ if aν · aµ = aλ,
(3) Yν = σ′′(aν) if aν ∈M , and
(4) v2(Yν) = γν ,

for all ν, µ, λ ∈ N. If we are given realizations yν ∈ K2 for Yν(ν ∈ N), then
defining τ(aν) = yν yields a homomorphism from M∗ to K2 by (1) and (2),
extending σ′′ by (3), and preserving values by (4). Clearly this homomorphism
is injective, as M∗ is a field.

Theorem A.6 below will state that such a simultaneous realization yν for
Yν , for all ν ∈ N, can be found in K2 if every finite subset R of the countably
many relations (1)–(4) has a realization in K2. This, however, is true, since
R can only involve finitely many Yν ’s, say Yν1 , . . . , Yνt . We then consider the
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finitely generated subfield M(aν1 , . . . aνt
) of M∗. By what we already proved,

there exists a value-preserving embedding


 : M(aν1 . . . aνt
) −→ K2

extending σ′′. Now the realization

yνi
:= 
(aνi

)

of Yνi
(1 ≤ i ≤ t) respects the finite set R of relations.

What we just explained settles the application of ℵ1-saturatedness in
Theorem 6.1.1, Case 2. The application in Case 3 is even simpler. There we
are only looking for a realization y ∈ K2 of the relations

(4′) v2(Y − σ′′(aν)) = v2(σ′′(bν)) ,

where aν(ν ∈ N) runs through an enumeration of all elements of M , and
bν ∈ M× was chosen such that v1(x − aν) = v1(bν). Thus here we have
just one indeterminate Y , but still countably many relations. As we showed
in the proof of Case 3, finitely many such relations are always realizable by
some element of K2. Thus by the saturation theorem A.6 below, there is a
realization y ∈ K2 for all relations (4′) simultaneously.

Saturation Theorem A.6. Let (K∗, v∗, Γ ∗) be an ultraproduct of valued
fields

(
K(s), v(s), Γ (s)

)
, s ∈ S, with respect to a non-principal ultrafilter on

S, and assume S ⊆ N (e.g., S = P or S = N). Let Rn (n ∈ N) be a se-
quence of relations in the indeterminates Yν (ν ∈ N) with parameters from
K∗ and Γ ∗. If every finite set R0, . . . , Rm of relations has a realization for
the Yν in K∗, then there is a realization yν ∈ K∗ working simultaneously for
all relations Rn, n ∈ N.

Recall that every relation Rn involves only finitely many indeterminates
and only finitely many parameters. For our purpose the type of relations (1)–
(4), (4′) mentioned above actually suffice. In order to keep the proof below
readable, let us write the n-th relation as

Rn((Yν), a) .

By (Yν) we indicate the sequence of all indeterminates Yν , ν ∈ N. The element
a stands as a representative of all possible parameters. Choosing a representing
sequence

(
a(s)

)
for a, i.e., a =

[(
a(s)

)]
, we may define

R(s)
n

(
(Yν), a(s)

)
as the corresponding relation on the factor

(
K(s), v(s), Γ (s)

)
. For example, (4)

then reads
v
(s)
2 (Yν) = γ(s)

ν .

With these conventions let us start the proof.
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Proof. For each m ∈ N let (yν,m)ν∈N be a sequence of elements from K∗ re-
alizing the relations R0((Yν), a), . . . , Rm((Yν), a) simultaneously. By assump-
tion, such elements exist. Actually, in our assumption we meant elements that
realize the finitely many indeterminates occurring in R0, . . . , Rm. For the non-
occurring indeterminates, we may choose anything (e.g., 0∗).

From the nature of our relations and from the definition of equality in K∗

and inequality in Γ ∗, it follows that

Vm :=
{
s
∣∣ R(s)

0

((
y(s)

ν,m

)
, a(s)

)
, . . . , R(s)

m

((
y(s)

ν,m

)
, a(s)

) } ∈ F .

Clearly Vm+1 ⊆ Vm. We want the Vm to have empty intersection. This is
achieved by defining

Um = Vm ∩ { s | s ≥ m } .
Since { s | s ≥ m } is cofinite and F is non-principal, we get Um ∈ F . Now
clearly Um ⊆ Vm, Um+1 ⊆ Um, and

⋂
m Um = ∅. Thus in particular,

Um =
⋃

k≥m

(Uk � Uk+1) .

We are now ready to define the sequence yν ∈ K∗ (ν ∈ N) that satisfies all
Rn simultaneously. We use a “diagonal” argument:

y(s)
ν =

{
y
(s)
ν,m if s ∈ Um � Um+1

0 otherwise .

Let us look at the set

Wm =
{
s
∣∣ Rm

((
y(s)

ν

)
, a(s)

) }
.

By the very definition, we find Um �Um+1 ⊆Wm, since Um �Um+1 ⊆ Vm. If
k ≥ m, then

Uk � Uk+1 ⊆ Vk ⊆ Vm .

Thus R(s)
m

((
y
(s)
ν

)
, a(s)

)
holds as well for s ∈ Uk � Uk+1. Therefore

Um =
⋃

k≥m

(Uk � Uk+1) ⊆Wm ,

implying that Wm ∈ F . This, however, just means that the sequence (yν)ν∈N

realizes Rm. Since our argument is independent of m, it realizes all Rm simul-
taneously. 
�
Remark A.7. The same saturation property just proved for valued fields ap-
plies also to ordered abelian groups:

In the proof of Theorem 6.2.3, we had an order-preserving embedding
τ : ∆ −→ Γ2 of a countable subgroup ∆ of Γ1 into Γ2, where Γ2 was a non-
principal ultraproduct of ordered abelian groups. We wanted to extend τ to an
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order-preserving embedding of ∆̂γ , and showed that such an extension existed
to every finitely generated subextension ∆′ of ∆̂γ/∆. In this situation we can
apply Theorem A.6 as follows:

We choose an enumeration (γν)ν∈N of ∆̂γ , and look for a simultaneous
realization δν of the indeterminates Yν , ν ∈ N, in Γ2, satisfying the relations

(1) Yν + Yµ = Yλ, if γν + γµ = γλ

(2) Yν < Yµ, if γν < γµ

(3) Yν = τ(γν), if γν ∈ ∆
for all ν, µ, λ ∈ N. Then the assignment

γν �−→ δν

clearly defines an order-preserving embedding of ∆̂γ into Γ2 that extends τ .



B

Classification of V -Topologies

Absolute values as well as (general) valuations canonically induce a topology
on their field of definition for which all field operations are continuous with the
extra property that a product of two elements can only be small if at least one
of the factors is already small. Such field topologies are called V -topologies. In
this appendix we show that, conversely, every V -topology on a field K must
be induced by an absolute value or a valuation of K.

Recall that a topological field is a field K endowed with a Hausdorff topol-
ogy that makes addition, multiplication, and non-zero division (x �→ x−1,
x 	= 0) continuous. In view of the continuity of addition, such a topology may
be specified merely by giving a fundamental system T of neighbourhoods of
0 ∈ K. In fact, from T one gets, via the translation x �→ a + x, a system of
neighbourhoods of each element a ∈ K. Therefore, for a field K, we shall refer
to a fundamental system T of neighbourhoods of 0 ∈ K as a topology on K,
and to the pair (K,T) as a topological field.

Given a topological field (K,T), the complete system of neighbourhoods
of 0 consists of all subsets U ⊆ K that contain some W ∈ T. We shall not
distinguish between a fundamental system and a complete system of neigh-
bourhoods of 0, and just refer to either of them as a topology T on K.

Recall that for two subsets R, S of K we use the notations:

R± S = {x± y | x ∈ R, y ∈ S } ,
RS = {xy | x ∈ R, y ∈ S } ,
R−1 = {x−1 | x ∈ R } if 0 /∈ R .

Moreover, for R = {x} we simply write x± S and xS, respectively.

A (non-discrete) topology T on a field K is called a V -topology if the
following axioms hold:
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(1)
⋂

T :=
⋂
U∈T

U = {0}; {0} /∈ T.

(2) For any pair U ,V ∈ T, there is W ∈ T such that W ⊆ U ∩ V.
(3) For every U ∈ T there is W ∈ T for which W −W ⊆ U .
(4) For all U ∈ T and every pair x, y ∈ K there is W ∈ T

satisfying (x+W)(y +W) ⊆ xy + U .
(5) For U ∈ T and x ∈ K×, there exists W ∈ T

such that (x+W)−1 ⊆ x−1 + U .
(6) For all W ∈ T there exists U ∈ T such that

x, y ∈ K and xy ∈ U implies x ∈ W or y ∈ W .

(B.1)

It follows from axioms (1) to (4) that T is a Hausdorff topology and,
taking K×K with the product topology, that addition and multiplication are
continuous maps. The fifth axiom means that the map x �→ x−1, K× → K×

is continuous. The last axiom will be responsible for the “valued” origin of
the topology.

To avoid repeating arguments let us fix the following consequences from
the axioms (1) to (4) above.

(3a) For every U ∈ T there is W ∈ T for which W,−W ⊆ U .
(3b) For all U ∈ T, there is W ∈ T such that W +W ⊆ U .
(4a) For all U ∈ T there is W ∈ T satisfying WW ⊆ U .
(4b) For U ∈ T and x ∈ K×, there exists W ∈ T such that xW ⊆ U .

(B.2)

In fact, (3a) follows from W,−W ⊆ W −W. To get (3b), let U be given.
From (3) follows the existence of V satisfying V − V ⊆ U . From (3a) there
is W such that W,−W ⊆ V. Thus W +W = W − (−W) ⊆ V − V ⊆ U , as
desired.

Next, taking x = 0 = y in (4) one gets (4a), while taking y = 0, for given
U and x, it follows that xW ⊆ (x+W)W ⊆ U .

Actually (4b) says that, for a fixed x ∈ K×, the set {xW | W ∈ T } is also
a fundamental system of neighbourhoods of 0 for the topology T.

It may be convenient to observe that axiom (5) can be formulated in the
following simpler way, which sometimes is easier to use.

For U ∈ T there exists W ∈ T such that (1 +W)−1 ⊆ 1 + U . (B.3)

Clearly (5) implies (B.3). However, (B.3) together with (4a) and (4b) im-
plies (5). Indeed, let x ∈ K× and U ∈ T be given. From (B.2) (4b) there exists
V such that x−1V ⊆ U . By (5a) there is V ′ such that (1 + V ′)−1 ⊆ 1 + V.
Again (B.2) (4b) implies the existence of W such that x−1W ⊆ V ′. Putting
everything together one gets
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(1 + x−1W)−1 ⊆ (1 + V ′)−1 ⊆ 1 + V ⊆ 1 + xU .
Multiplying by x−1, (5) follows as required.

A typical example of a V -topology is the topology given by an absolute
value | |. The open balls {x ∈ K | |x| < r }, with r > 0 are the elements of T.

Another example of a V -topology is the topology generated by a valuation.
Take the neighborhoods Uγ(0) in the place ofW ∈ T, as discussed in Sect. 2.3.
In Remark 2.3.3 it was already stated that this topology satisfies the axioms
in (B.1). We shall prove next that, conversely, a V -topology derives from a
valuation or an absolute value. Our main goal in this section is Theorem B.1,
due to Kowaslky and Dürbaum [13], which gives the promised classification
of V -topologies.

Theorem B.1. Let K be a field and T a topology on K. Then T is a V -
topology if and only if there exists either an archimedean absolute value or a
valuation on K whose induced topology coincides with T.

In order to prove this result we shall introduce the concepts of bounded
sets, almost valuations, and nilpotent elements. Then we prove some prop-
erties of these elements that will be needed for the proof. The first result
concerns the system T of neighborhoods of 0.

Lemma B.2. Let T be a V -topology on a field K. Then there exists U ∈ T
such that

K× = (K � U) ∪ (K � U)−1 .

Proof. Assume, on the contrary, that for everyW ∈ T there is xW ∈ K× such
that xW ∈ W and x−1

W ∈ W. According to (B.2) (4a), for every U there exists
W such that WW ∈ U . Consequently, 1 = xW x−1

W ∈ U , for every U ∈ T.
Since this contradicts (B.1) (1), the statement is proved. 
�

We say that a subset S of a topological field (K,T) is bounded if for every
W ∈ T there exists U ∈ T such that

US ⊆ W .

Using bounded sets we can give a new and useful reformulation of ax-
iom (6).

For every W ∈ T, the set (K �W)−1 is bounded. (B.4)

Note that (K�W)−1 is bounded for allW ∈ T if and only if for allW ∈ T
there is U ∈ T such that U(K �W)−1 ⊆ W. Thus, for all x, y ∈ K, if xy ∈ U
and x ∈ (K �W), then y = xyx−1 ∈ U(K �W)−1 ⊆ W. This proves (6).
Conversely, for W ∈ T, pick U ∈ T satisfying (6). Then U(K �W)−1 ⊆ W.
In fact, if x /∈ W and u = x(ux−1) ∈ U , then ux−1 ∈ W.

Bounded subsets have the following properties:

Lemma B.3. Let M and N be subsets of a topological field (K,T).
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(1) M is bounded if and only if for every U ∈ T there exists x ∈ K× such that
xM ⊆ U .

(2) If M is a finite set, then M is bounded.
(3) If N ⊆M and M is bounded, then so is N .
(4) If M and N are bounded, then so are M ±N and MN .

Proof. (1) The implication “=⇒” is clearly true. For the other implication,
given U ∈ T, it follows from (B.2) (4a) that there exists V ∈ T such that
VV ⊆ U . For V, the assumption implies that there is x ∈ K× such that
xM ⊆ V. Thus VxM ⊆ U . Now, according to (B.2) (4b), x−1W ⊆ V for some
W. Putting the two inclusions together it follows that WM ⊆ VxM ⊆ U , as
required.

(2) and (3) are clearly true.
(4) Let U ∈ T. Now (B.1) (3) implies that V1 − V1 ⊆ U for some V1,

while (B.2) (3b) yields V2 + V2 ⊆ U for some V2. By (B.1) (2) there exists
V ⊆ V1 ∩ V2. Thus V ± V ⊆ U .

Since M and N are bounded, there are W1 and W2 such that W1M ⊆ V
and W2M ⊆ V. For W satisfying W ⊆W1 ∩W2 it follows that

W(M ±N) ⊆ W1M ±W2N ⊆ V ± V ⊆ U ,

and so M ±N is bounded.
For the multiplication, take V and W such that WM ⊆ V and VN ⊆ U .

Then W(MN) ⊆ U . 
�
Corollary B.4. K is not bounded.

Proof. The corollary follows from (1) of the previous lemma and (B.1) (1). 
�
The next property is a crucial aspect of V -topologies.

Lemma B.5. If T is a V -topology, then there exists a bounded neighbourhood
W ∈ T.

Moreover, for any bounded W ∈ T, the set

O := {x ∈ K | xW ⊆W }

has the following properties:

(1) O is a bounded neighbourhood,
(2) 1 ∈ O 	= K and OO ⊆ O,
(3) K× ⊆ Ȯ(Ȯ)−1, where we set Ȯ = O � {0},
(4) there exists d ∈ Ȯ such that for every x ∈ K either x ∈ O or x−1 ∈ d−1O.

Proof. According to Lemma B.2 there exists W ∈ T such that

K× = (K �W) ∪ (K �W)−1 .
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Consequently, W � {0} ⊆ (K � W)−1. Hence W = (W � {0}) ∪ {0} is a
bounded set, by (B.4) and Lemma B.3.

Define next O := {x ∈ K | xW ⊆ W } for any bounded neighbourhood
W ∈ T.

By the very definition of bounded subsets, there is U ∈ T such that UW ⊆
W. Thus U ⊆ O and hence O is a neighbourhood. Moreover since OW ⊆ W,
for 0 	= x ∈ W it follows that O ⊆ Wx−1. Hence O is bounded, by Lemma B.3.

By Corollary B.4, O 	= K. Furthermore, the construction of O implies that
1 ∈ O and OO ⊆ O, showing the first two properties.

Let x ∈ K×. By (B.2) (4b) there is V ∈ T such that xV ⊆ O. Let V ′ ∈ T
such that V ′ ⊆ V ∩ O. Then for 0 	= y ∈ V ′ and z := xy ∈ O one gets
x = zy−1 ∈ Ȯ(Ȯ)−1. Therefore (3) is true.

Returning to the neighbourhood U ⊆ O from above, one sees that

(K � O)−1 ⊆ (K � U)−1 .

Hence (K � O)−1 is bounded by Lemma B.3 (3). Thus, (1) of Lemma B.3
implies that d(K � O)−1 ⊆ O, for some d ∈ K×. Consequently (K � O)−1 ⊆
d−1O. 
�

One sees that O is “almost” a valuation subring of K. In the next lemma
we shall see that O is also almost closed under addition. For further references
we shall call a subset O of a field K with the above properties (1) to (4) an
almost valuation of K.

Lemma B.6. If O is an almost valuation, then there exists c ∈ Ȯ such that

c(O± O) ⊆ O .

Proof. By (B.1) (3) and (B.2) (3b) there is V ∈ T such that V ± V ⊆ O. On
the other hand, as O is bounded, by Lemma B.3 (1) there is c ∈ K× such
that cO ⊆ V. Consequently

c(O± O) ⊆ cO± cO ⊆ V ± V ⊆ O .

Since 0, 1 ∈ O, it follows that c ∈ O. 
�
Remark B.7. Let K be a field admitting an almost valuation O. Define TO =
{xO | x ∈ K× }. One can prove that T has the properties (B.1) and so defines
a V -topology on K.

Furthermore, for an almost valuation O, constructed as above from a
bounded neighbourhood of a topology T, the fundamental system TO induces
the same topology as T. Therefore we may say that O “generates” T.

Example B.8. For a field K with an archimedean absolute value | |, the closed
ball O := {x ∈ K | |x| ≤ 1 } is an almost valuation of K.
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Next, given a topological field (K,T), we call an element x ∈ K (analyt-
ically) nilpotent if either x = 0 or the sequence (xn)n∈N converges to 0 in
the topology T, i.e., for every W ∈ T there is n0 ∈ N such that xn ∈ W for
all n ≥ n0. An element x ∈ K× is said to be neutral if x and x−1 are not
nilpotent.

Example B.9. Let O be a rank one valuation ring. Every non-zero element
of the maximal ideal M of O is nilpotent, since the value group Γ of O is
archimedean. The elements from O �M are neutral.

Another example is given by an archimedean absolute value | |. In fact,
if x ∈ K× satisfies |x| < 1, then x is nilpotent. Observe that x is a neutral
element if and only if |x| = 1.

Lemma B.10. Let (K,T) be a V -topological field.

(1) If there exists any nilpotent element t 	= 0 in K, then there exists a neigh-
borhood W such that all x ∈ W are nilpotent.

(2) Let O be an almost valuation of K. If x ∈ Ȯ is not nilpotent, then the set
{x−n | n ∈ N } is bounded.

Proof. (1) Take a neighbourhood O which is an almost valuation of K and
set U := tO.

As O is bounded, given W ∈ T there exists V such that OV ⊆ W. Next,
as t is nilpotent, there exists n0 ∈ N such that tn ∈ V for all n ≥ n0. Since
OO ⊆ O for every u ∈ U and all n ≥ n0, we have un ∈ tnO ⊆ VO ⊆ W.
Therefore u is nilpotent, as required.

(2) According to (B.4) and Lemma B.3, it is enough to show that there
exists W ∈ T such that {xn | n ∈ N } ⊆ (K �W)−1. Observe now that if u ∈
K× and xr ∈ uO for some r ∈ N, then xr+1 ∈ uOO ⊆ uO. Thus, recursively
xn ∈ uO for every n ≥ r. Since by (B.2) (4b) the set {uO | u ∈ K× } is also
a fundamental system of neighbourhoods of 0 for the topology T, it follows
that x is nilpotent, a contradiction. Thus, there exists u ∈ K× such that no
power xr lies in uO, i.e., {xn | n ∈ N} ⊆ (K � uO)−1, as desired. 
�

We list some properties of nilpotent and neutral elements which will be
used in the proof of Theorem B.1.

Lemma B.11. Let (K,T) be a topological field and x, y ∈ K×.

(1) If x and y are nilpotent, then so is xy.
(2) Suppose there exists a nilpotent element x 	= 0. Then the set N0 consisting

of all nilpotent elements is a bounded neighbourhood in T.
(3) Suppose there exists a nilpotent element x 	= 0. Then the set N consisting

of all nilpotent and neutral elements is a bounded neighbourhood in T.
(4) If x is nilpotent and y is neutral, then xy is nilpotent.
(5) If x, y are neutral, then xy is neutral.
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(6) The set N∗ = N �N0 of all neutral elements is a subgroup of the multi-
plicative group K×.

(7) If x 	= 0 is nilpotent, then to every y 	= 0 there is m ∈ N such that xmy−1

is nilpotent.

Proof. (1) Given W, by (B.2) (4a), there is V such that VV ⊆ W. For this V
there are n0, n1 ∈ N such that xn, yn ∈ V for every n ≥ max{n0, n1}. Thus
xy is nilpotent as desired.

(2) By Lemma B.10 (1) there exists a neighbourhood W of nilpotent ele-
ments. Thus W ⊆ N0 and N0 is a neighbourhood for T. On the other hand,
every z ∈ (W×)−1 cannot be nilpotent by (1). Hence N×

0 ⊆ (K�W)−1, which
is bounded by (B.4). Thus N0 is bounded, by Lemma B.3.

(3) The neighbourhood W from item 2 even gives W ⊆ N and N ⊆
(K �W)−1.

(4) Clearly yn is neutral for every n ∈ Z. Otherwise, if for some m, ym

or y−m is nilpotent, then y or y−1 would be nilpotent, too. Thus yn ∈ N for
every n ∈ N.

On the other hand, as N is bounded, for every W ∈ T there is V such that
NV ⊆ W. There exists some n0 ∈ N such that xn ∈ V for every n ≥ n0. Thus

xnyn ∈ VN ⊆ W

for all n ≥ n0. Hence xy is also nilpotent.
(5) We assume that xy is not neutral. Then either xy is nilpotent, or

(xy)−1 is nilpotent. Neither case can occur. For if (xy)−1 were nilpotent, then
by the previous item, x−1 = y(xy)−1 would be nilpotent, a contradiction; and
if xy were nilpotent, then x = y−1(xy) would be nilpotent, a contradiction as
well. Consequently, xy is neutral.

(6) Clearly 1 is neutral, and z−1 has to be neutral, if z is neutral. Thus,
the last item completes the proof that N∗ is a subgroup of K×.

(7) By item (2), N0 is a neighbourhood. Since yN0 is also a neighbourhood
for T, there is n ∈ N such that xn ∈ yN0. Thus xny−1 ∈ N0 is a nilpotent
element. 
�

We are now ready to prove Theorem B.1. Actually, we shall prove slightly
more. In fact, Proposition 2.3.5 implies that we have to distinguish two cases.

Theorem B.12. Let K be a field and let T be any Hausdorff topology on K
making the field operations continuous. Then

(1) T is a V -topology without non-zero nilpotent elements if and only if the
topology is induced by a valuation ring O of K whose chain of prime ideals
is a fundamental system of neighborhoods of 0 for this topology.

(2) T is a V -topology with at least one non-zero nilpotent element if and only if
there exists either an archimedean absolute value or a rank-one valuation
on K whose induced topology coincides with T.
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Proof. (1) Let (K,T) be a V -topological field without non-zero nilpotent el-
ements, and take an almost valuation O that generates this topology (Re-
mark B.7). Let d ∈ Ȯ satisfy the condition (4) of Lemma B.5, i.e., (K�O)−1 ⊆
d−1O. Next, take

Õ := {x ∈ K | xO ⊆ d−nO for some n ≥ 0 } .

From OO ⊆ O, it follows that O ⊆ Õ. Therefore Õ is a neighbourhood in T.
Since 1 ∈ O, one gets

Õ ⊆
⋃
n≥0

d−nO .

By Lemma B.5, O is bounded. Assuming that there is no non-zero nilpotent
element for T, Lemma B.10 implies that { d−n | n ∈ N } is bounded. Conse-
quently, Õ, being a subset of O{ d−n | n ∈ N }, is bounded, by Lemma B.3.
Moreover, ÕÕ ⊆ Õ. We may therefore conclude that Õ has the properties (1)
and (2) of Lemma B.5. To show that it also satisfies properties (3) and (4),
we use that (K � Õ)−1 ⊆ Õ. In fact,

O ⊆ Õ implies (K � Õ)−1 ⊆ (K � O)−1 ⊆ d−1O ⊆ Õ .

Consequently, x ∈ Õ or x−1 ∈ Õ for every x ∈ K.
Now, by Lemma B.6 there is c ∈ Õ

×
such that

c(Õ± Õ) ⊆ Õ .

Hence,

Õ± Õ ⊆ c−1Õ ,

Õ± Õ± Õ± Õ ⊆ c−1(Õ± Õ) ⊆ c−2Õ,

and in general

Õ± · · · ± Õ︸ ︷︷ ︸
2n times

⊆ c−nÕ .

Finally we let O be the subring of K generated by Õ. Clearly

O = {x1 + · · ·+ xm | m ≥ 1, x1, . . . , xm ∈ Õ ∪ −Õ } .

Thus O ⊆ Õ{ c−n | n ∈ N }. As Õ is bounded and c is not nilpotent, by
Lemma B.10 and Lemma B.3 also O is bounded. Since Õ ⊆ O, this subring is
also a neighborhood in T. Hence, like Õ, the subring O generates T. Moreover,
for every x ∈ K we have x ∈ Õ ⊆ O or x−1 ∈ Õ ⊆ O; i.e., O is a valuation ring
of K. To finish the proof, recall that, according to Example B.9, the topology
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generated by a rank 1 valuation ring or an archimedean absolute value has
nilpotent elements.

(2) We shall first prove that the set N consisting of all nilpotent and
neutral elements, is an almost valuation of K.

According to Lemma B.11, (1) to (5), N is a multiplicatively closed
bounded neighborhood, i.e, N has the properties (1) and (2) of Lemma B.5.

Next, let x ∈ K×. If x is not neutral, then either x or x−1 is nilpotent.
Consequently, if x 	∈ N , then x−1 ∈ N . Hence N also satisfies the properties
(3) and (4) of Lemma B.5, and so N is an almost valuation of K, as desired.

Now consider the following relation:

y  x iff x ∈ yN ,

for all x, y ∈ K×. This relation is reflexive, and since we have provedNN ⊆ N ,
it is also transitive. Moreover, if x  y and x1  y1, then xx1  yy1.

Next, note that x  y and y  x if and only xy−1 ∈ N∗. Hence

x ≡ y iff x  y and y  x

defines ≡ as an equivalence relation. Hence the quotient

Γ := K×/N∗ = K×/ ≡

is an ordered abelian group with the ordering ≤ induced by  . Actually, Γ is
even an archimedean ordered group: if x 	= 0 is nilpotent and y ∈ K×, then by
(7) of Lemma B.11 there is m ∈ N such that yN∗ ≤ (xN∗)m. Consequently,
there is an injective homomorphism Γ −→ R into the additive group of real
numbers, by Proposition 2.1.1. Let us denote the composition

K× −→ Γ −→ R

by ϕ.
In order to treat archimedean and non-archimedean absolute values simul-

taneously, we define

|x| =
{

0 if x = 0
e−ϕ(x) otherwise.

It is now clear that |x| ≥ 0 for every x ∈ K, and |x| = 0 iff x = 0. Moreover,
|xy| = |x||y| for all x, y ∈ K. It remains to prove the triangle inequality. The
proof of this inequality needs some preparation.

The function | | naturally induces a topology on K by taking the balls
S(ε) = {x ∈ K | |x| < ε }, with 0 < ε ∈ R, as the neighbourhoods of 0 in K.
We prove that this topology coincides with the original topology T.

Every S(ε) contains some W ∈ T: Take a such that |a| > ε−1. Since N0

is a neighbourhood in T, there is W ∈ T such that aW ⊆ N0, by (B.2) (4b).
Hence |x| < |a|−1 < ε for every x ∈ W, and so W ⊆ S(ε).
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Every W contains some S(ε): As N0 is bounded, for every W there is
b ∈ K× such that bN0 ⊆ W, by Lemma B.3 (1). Put ε = |b| and observe that
S(ε) = bN0. Thus S(ε) ⊆ W, as desired.

Consequently, the set of balls S(ε) satisfies axioms (1) to (6) of (B.1). In
particular, the field operations are continuous. We shall use this to show that
for some real ν > 0, | |ν is an absolute value.

Now it is time to use Lemma B.6. Let c ∈ N× be such that c(N±N) ⊆ N .
We claim that |x+ y| ≤ |c−1|max{ |x|, |y| }, for all x, y ∈ K.
For x, y ∈ K assume, without loss of generality, that |x| ≤ |y|. Then y  x,

and thus there is z ∈ N such that x = yz. Therefore

x+ y = y(z + 1) ∈ yc−1N .

Hence yc−1  (x+ y) and so

|x+ y| ≤ |c−1||y| ,

proving our claim.
On the other hand, as c ∈ N , it follows that |c| ≤ 1. Thus |c−1| ≥ 1. Hence

we can choose a real ν > 0, so small that |c−1|ν ≤ 2. Replacing | | by | |ν ,
we get

|x+ y| ≤ 2max{|x|, |y|} .
Iterating the above inequality, for n = 2m and x1, . . . , xn ∈ K we find

|x1 + · · ·+ xn| ≤ nmax
i
|xi| . (B.5)

Now let n be arbitrary, and add xi = 0 for i = n+ 1 to the next power of
2. Then (B.5) gives

|x1 + · · ·+ xn| ≤ 2nmax
i
|xi| . (B.6)

In particular, we obtain |x| ≤ 2x for every positive integer x. From (B.6) we
then obtain

|x+ y|n = |(x+ y)n| ≤ 2(n+ 1)max
i

{∣∣∣∣(ni
)
xiyn−i

∣∣∣∣}
≤ 4(n+ 1)max

i
{|x|i|y|n−i}

≤ 4(n+ 1)
n∑

i=0

(
n

i

)
|x|i|y|n−i

= 4(n+ 1)(|x|+ |y|)n .

Taking n-th roots, this yields

|x+ y| ≤ n
√

4(n+ 1) (|x|+ |y|) .
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As n tends to infinity, this gives

|x+ y| ≤ |x|+ |y|

for all x, y ∈ K.
Thus | | is an absolute value. 
�
It may be interesting to point out the particular nature of the almost

valuation N in the proof of (2) of the last theorem. If O is any other almost
valuation of K, then O ⊆ N . In fact, otherwise we would have an x ∈ K
such that x ∈ O and x 	∈ N . From x 	∈ N it follows that x−1 is nilpotent.
Take now any U ∈ T. Since O is bounded, there is V such that OV ⊆ U . As
x−1 is nilpotent, there is n0 such that x−n ∈ V for every n ≥ n0. Since O is
multiplicatively closed, xn ∈ O for every n. Thus 1 = xnx−n ∈ OV ⊆ U for
every U , contradicting (B.1) (1).
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Standard Notations

N : natural numbers including 0
Z : integers
Q : rational number field
R : real number field
C : complex number field
Fp : finite field with p elements
K[X] : polynomial ring over K
K(X) : rational function field over K
K((X)) : formal power series field over K
Qp : p-adic number field
Zp : p-adic integers
Kn : set of n-th powers in K
L/K : field extension
Aut(L/K) : group of automorphisms of L over K
G(L/K) : Galois group of L/K
[L : K] : degree of L/K
tr.deg. L/K : transcendence degree of L/K
NL/K : norm of L/K
TL/K : trace of L/K
K̃ : algebraic closure of K
Ks : separable closure of K
(Γ : ∆) : group index of ∆ in Γ
rk(G) : rank of G
rr(G) : rational rank of G
Ẑ : Prüfer group
v : valuation
O : valuation ring
M : maximal ideal of O
K : residue class field of K
v|F : restriction of v to F
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(K̂, v̂) : completion of (K, v)
e(O2/O1) : ramification index of O2/O1

f(O2/O1) : residue degree of O2/O1

Kh : henselization of (K, v)
Kt : inertia field of (K, v)
Kv : ramification field of (K, v)
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archimedean 6
dependent 6
non-archimedean 6
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algebraically maximal 92
almost valuation 191
Approximation Theorem 8, 48
archimedean 6, 26, 38
Artin-Schreier polynomial 96
Artin-Whaples 8

Baer-Krull Representation 37
bounded set 189
Bröcker-Prestel 164

canonical henselian valuation 106
Cauchy sequence 9, 50
Chevalley 57
coarsening 42, 104
coarser, valuation ring 104
cofinal 50
cofinality 50
cofinite 174
comparable, valuation 104
complete 9, 50
completion 12, 50
composition of valuations 45
cone see positive cone
Conjugation Theorem 69
continuity of roots 53
convergence 9, 50
convex 36

P -convex 36

≤-convex 36
convex hull 36

convex subgroup 26

decomposition field 121
decomposition group 121
defect 75
defectless 75
degree of inseparability 65
degree of separability 65
degree valuation 30
dependence class 42
dependent absolute values 6
dependent valuation rings 42
diagonal quadratic form 163
Dimension Inequality 80
discrete 27
discrete (of rank 1) 23
discriminant 66
divisible hull 78

equivalent norms 13
equivalent valuations 29
euclidean field 94, 100
exact functor 128
extension, valuation 28
extension, valuation ring 59

F.K. Schmidt 103
field of formal Laurent series 24
field of p-adic numbers 23
filter 174
finer, valuation ring 104
finitely ramified 92
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first exact sequence 113, 124
first residue form 170
formal power series 83
fundamental inequality 72

Gauss extension 33
Gelfand-Mazur 15
group

Z-group 159
decomposition 121
inertia 124
Prüfer 117
procyclic 115
profinite 115
pronilpotent 115
prosolvable 115
ramification 129

Hensel’s Lemma 20, 88
henselian valuation 86

N -henselian 85, 93
p-henselian 94

henselization 121

immediate extension 61
independent absolute values see

dependent absolute values
index of a subgroup 118
inertia field 124
inertia group 124
inverse limit 115
inverse system 114
isometric 163
isotropic 163

Koenigsmann 109, 137
Krasner’s Lemma 91

left-exact contravariant functor 128
lexicographically ordered 27
lies over, valuation ring 59
local parameter see uniformizer

maximal Galois p-extension 94
maximal valued field 92

neutral element 192
nilpotent element 192
non-archimedean absolute value 6
norm 13

equivalent 13

order
profinite 116

ordered abelian group 25

p-adic absolute value 6
p-adic valuation 18
p-adically closed field 157
p-character group 128
p-component 129
p-extensions 94
p-generic polynomial 96
p-henselian 94
p-rank 131
p-Sylow extension 108
p-Sylow subgroup 118
place 55
positive cone 36
Prüfer completion 117
Prüfer group 117
primitive polynomial 87
principal ultrafilter 174
pro-p completion 117
pro-p group 115
procyclic group 115

P′-procyclic 117
profinite group 115
projective limit see inverse limit
projective system see inverse system
prolongation, valuation 59
pronilpotent group 115
prosolvable group 115
pseudo-Chauchy sequence 82
pseudo-complete 82
pseudo-limit 82
pure 151
pythagorean 111

quadratic form 163
quadratic module 164
quadratic system of representatives 37

ramification field 129
ramification group 129
ramification index 61
rank, ordered group 26

rank 1 valuation 26
rank, valuation 28



Index 205

rank, valuation ring 29
rational rank 78
real closed field 99
real closure 100
real field 36
relatively complete 52
residue class field 19, 28
residue degree 61
residue forms 170
restriction, valuation 28
rigid element

T -rigid 39
ring of p-adic integers 23

saturatedness
ℵ1-saturatedness 173

second exact sequence 113, 129
semiordering 165
separable polynomial 52
supernatural number 116
support, power series 83

tamely branching at p 137
topological field 187

V -topology 187
trivial absolute value 5
trivial valuation 28
trivial, valuation ring 29

ultrafilter 174

ultrametric inequality 5

ultraproduct 177

uniformizer 23

usual absolute value 6

valuation 28

almost 191

canonical henselian 106

coarsening 42

comparable 104

composition 45

equivalent 29

extension 28

henselian 86

p-adic valuation 18

prolongation 59

restriction 28

valuation ring 19

coarser 104

dependent 42

extension 59

finer 104

value group 19, 28

weakly isotropic 164
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